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A Generalization of the Weddle Surface, of its 
Cremona Group, and of its Parametric Ex- 
pression in Terms of Hyperelliptic 
Theta Functions. 

By ArtHur B. CoBLe. 


1. Introduction. The two surfaces of greatest interest which occur in 
the study of the hyperelliptic theta functions of genus two are the two quartic 
surfaces discovered respectively by Weddle and by Kummer. The simplest 
definition of the Kummer surface with 16 nodes is transcendental—the codrdi- 
nates of a point on the surface are proportional to theta functions of order 
two and like characteristic. The simplest definition of the Weddle surface 
with 6 nodes is projective—the surface is the locus of nodes of quadrics on 
six given points. These are the nodes of the locus. The most natural ex- 
tension of the Kummer surface or 2-way is to the Kummer p-way, a variety, 
K,™®, of order m(p) in a linear space, Syp), of dimension v(p), where 


(1) v(p)= 2? — 1, m(p)= p!2r. 


The codrdinates of a point on Kp are proportional to theta functions of order 
two, of like characteristic, and of genus p (i.e. functions of p variables). This 
extension has been made by Wirtinger (for references cf.1 pp. 94-109). On 
the other hand a natural extension of the Weddle surface is not immediately 
apparent, either in its projective definition or in such transcendental defini- 
tions as have been given. 

The author has indicated? very briefly an extension which is based on 
the connection between a point of the Weddle surface and a projectively 
canonical form of the plane curve of genus two, the nodal planar quartic 
curve. It is the purpose of this article to elaborate this indication, and to 
study the generalized Weddle manifold W, in the linear space Sz», in part 
for a general value of p, but with greater particularity for p—3. The 
canonical plane curve is the hyperelliptic curve H,’*® of order p + 2, genus p, 
and with a p-fold point (cf. pp. 125-135). A fundamental difference between 
Ky and Wy is to be noted. The manifold K, depends upon the p(p+ 1)/2 
moduli of the general theta function while W, depends upon the 2p—1 
moduli of the hyperelliptic theta functions which are particular cases of 


the abelian theta functions defined by the algebraic curve of genus p with 
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3p—3 moduli. Whether there exists a type of manifold W, for the more 
general manifold Ky is an open question. It is certain however that the 
peculiarities of the hyperelliptic Kp are more easily studied as a birational 
transform of the W, we are about to discuss than as a particular case of the 
K, with general moduli. 

The Weddle surface is invariant under an abelian Cremona group (32 of 
type (1, 1, 1, 1, 1) which contains a particular element, or G., for which 
every point of We. is invariant. The factor group of G2 with respect to 
this invariant G. is a gig. The permutations of the points of W. under this 
Jie are precisely those effected by adding the 16 half-periods to the arguments 
U1, U2 of a point of the surface when the ccdrdinates of the point are expressed 
in terms of theta functions. In $1 we discuss the extension of this group, 
an abelian of type (1, 1,---,1) in a space For n= 2 this 
group has been noted by Autonne (* p. 103) ; for n= 3, by Kantor (* p. 213). 
The group is defined by n + 3 points. When n is odd, it contains a particular 
element, or G2, distinguished from the others by the fact that it involves 
all n-+ 3 of the points symmetrically as F'-points (fundamental or singular 
points) of the transformation. For n > 4 this element, and the additional 
regular transformation, 


are the only types of Cremona transformation defined symmetrically by a 
finite number of F-points (*II, p. 369). When n—2p—1 this element 
has a manifold of fixed points of dimension p which we define to be Wy. 
When W, in S2p-1'is projected from one of the 2p + 2 F-points upon a W,’ in 
Sop-2, the Wy’ is invariant under the G2"? of this Sn (n—=2p—2). The 
latter group is simply isomorphic with the group of the addition of the 27? 
half-periods of the functions of genus p. 

In § 2 a point of W, is related to a type of planar hyperelliptic curve 
H,?*? with p-fold point at O and branch points of its unique linear series 
at 11,°° Projective conditions on the branch points and 
expressed in terms of theta functions, are translated to W, to obtain the 
parametric expressions for the codrdinates of a point on W, in terms of theta 
functions, analogous to those given by Schottky for the Weddle surface 
(°;7 pp. 122-124). 

The projective situation in Sz), then implies the existence of certain 
three-term relations connecting theta products. Such relations are immediate 
consequences of the general theory only in the case of small values of p. 
A systematic application of available three-term relations to geometric mani- 
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folds has been made by Schottky. These comprise products of genus two, 
and the Weddle surface (+ pp. 122-124) ; products of genus three with w1, U2, Us 
subject to #(w)— 0, and Cayley’s dianodal surface (1 pp. 181-184) ; modular 
products (i.e., products of even thetas for zero arguments) of genus three, 
and the planar quartic curve (‘ pp. 173-177); modular products of genus 
four when #(0)— 0, and the space sextic of genus four on a quadric cone 
(1 pp. 268-271) ; and modular products of genus four, and the ten nodes of 
a Cayley symmetroid (1 pp. 273-276). To these cases treated by Schottky 
we are adding in §3 the hyperelliptic types. A mapping of W, upon the 
hyperelliptic Kummer manifold Ky is immediately apparent. 

In § 4 the particular case, p= 3, is developed in greater detail. Prop- 
erties of the manifolds, W; in S;, and W,’ in S,, of orders 19 and 10 re- 
spectively, are derived. On W,’ in S, there appears a notable surface of 
order 11 with seven triple points, which is intimately related to the Weddle 
surface. 


§1 
THE CREMONA G."2 IN Sn. 


2. The F-spaces of regular transformations in S,. An F-point of a 
Cremona transformation of order m in Sp, 


is a point f common to all the members, ¢; = 0, which define the homaloidal 
system. The correspondent of f under the transformation is indeterminate. 
The manifold common to the loci, ¢; 0, must be made up of irreducible 
manifolds of various dimensions which are called the F-loci of JT. These 
F-loci may meet in various loci of smaller dimension each of which is to be 
included among the F-loci of T. When we speak of a point on an F-locus 
of T it will be understood that the F-locus is irreducible and that the point 
is a generic point of it. No analysis of the nature and relative situation of 
these F-loci for transformations in higher space has been made and we pursue 
the matter only so far as is necessary for our immediate purpose. 

Let f be any F-point, say a multiple point of order & on the generic 
member of the homaloidal system. It is a linear condition on the system 
that the members pass through f in such wise that a generic direction at f 
be on a member of the system. This linear condition on the system ¢ corre- 
sponds to a linear condition on the Sn-,’s, 7; = 0, and is satisfied by all the 
S,.’s on a definite point x which thus corresponds to a direction at f. 
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If y is a point on an Sy_, which is not on f and the direction at f is that 
of the line fy, the codrdinates of the point x’ are 


(4) avi’ = *(piy)*. 


Thus as y runs over the 0” points of Sn+(y) the point a may run over 
a manifold P of dimension n—1. In this case f is an F-point of the first 
kind, and P is the principal manifold or P-locus of the first kind which 
corresponds to it. The number of such F-points is necessarily finite. Other- 
wise two generic lines in the space 2’ would correspond to two algebraic curves 
in the space z which would have different directions at an infinite number 
of common points. These F’-points of the first kind are in general isolated 
from each other, though naturally, in particular cases, either coalescences may 
occur, or they may be located on one or more F-loci of higher dimension. The 
P-locus is the map of the Sn-1(y) by the linear system 


= Ai (pif) ™* (diy)* = 0. 


It may happen however that the mapping just mentioned is singular in 
that as y runs over Sy1(y) the point 2’ runs over a manifold M of dimension 
n—1—r. Then f is an F-point of the (r+ 1)-th kind and the directions 
about f correspond only to the points of M. If f is generic on an F-locus, F,, 
of dimension r, then, as f runs over F’,, either the manifold M may run over 
a system oo” which makes up a P-locus of dimension n — 1 of the (r-+1)-th 
kind, or the manifold M may remain fixed and itself constitute an Fn-r-1-locus 
of the inverse transformation 7-1. It is this latter case only which occurs in 
regular transformations. We disregard the possibility that M may vary within 
the limits «* and 9°, and prove that 


(5) The regular transformations T in Sy have, and are determined by, 
a finite number of F-points of the first kind. They have also a finite number 
of F-loci of the (r+ 1)-th kind (r=1,- - -,n—2), which are determined 
by the F-points of the first kind. An F,-locus of the (r+ 1)-th kind of T 
is paired with an Fy-r-s-locus of the (n—r)-th kind of T-! in such a way 
that the directions about each point of F, correspond to all the points of Fars 
under T, and vice versa. 


A regular transformation of order n in S» is by definition a transforma- 
tion of the involutorial type (2) (when 2, a are in the same S,) preceded 
or followed by a collineation. Hence the projective properties of this type 
can be deduced from the type (2). A regular transformation in Spy is a 
product of regular transformations of order n. In forming such regular pro- 
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ducts SZ’ as we shall have occasion to use, the isolated F-points of 7’ are 
placed in part at the isolated F’-points of S-1 and, for the rest, in general 
position. The theory of the isolated F-points and the P-loci of the first kind 
of such regular transformations is developed in (*II §§4, 5). We first 
prove (5) for the simple type (2) in the form 


(6) = El /2: 
j=0 


The members of the homaloidal system contain the n+ 1 isolated F’-points 
at the vertices of the reference (n + 1)-edron to the multiplicity n —1, the 
weg, F,’s joining any two of the vertices to the multiplicity n —2,--- ; 
in general the ( er F,’s joining any r + 1 of the vertices to the multiplicity 
n—r—1 (r—=0,:-:,n—2). Let 2%, 0,0,°°*, 0 bea 
generic F’-point on one of these F,’s. A generic direction at this F-point on 
the line zy is determined by infinitesimal ¢ in 


(7) Lo + tr + yr, €Yn- 


The transform of this by (6), after factoring out «"*1, then setting «—0 
and removing the further factor * Yn, 18 


(8) 0, -, 0, 1/Yrs15° 1/Yn. 


Thus as y runs over any Sy-1, not on the F-point, the point, which corresponds 
to the direction from F on F, to y, runs over the Fn-r-s-locus determined by 
the n — r vertices complementary to the r+ 1 which determine Ff’, and this 
quite irrespective of the choice of F on F',. Hence opposite F, and Fnr+ of 
the reference (n + 1)-edron correspond as in (5). In particular the point 
F, and opposite S,_, are isolated /'-point and corresponding P-locus of (2). 

When (2) is preceded or followed by a collineation the resulting trans- 
formation 7’ of order n has n + 1 isolated F'-points which form one (n + 1)- 
edron, and their (n-+ 1) P-loci form a dual (n+ 1)-edron whose vertices, 
paired with those of the other, are the isolated F-points of T-1. Then (5) 
holds as before except that opposite F and F'y_,-1 are in different (nm + 1)- 
edrons. 

In a product of transformations 7 of order n the F-loci of the product 
must arise from F’-loci of the particular factors. If a manifold M, is con- 
verted, by applying the first & factors, into an F,-locus of the (k-+ 1)-th 
factor, this factor converts it into an Fn-r-1 which is in general transformed 
by further factors into an Mn-r+. Then M,, Mn++. are F-loci paired as in 
(5). If, as factors are applied, Mn_--. passes back into an M,’ then M,, M,’ 
are ordinary images under the product. If however n is odd and r= 
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n—r—i1, or r—=(n—1)/2, a particular examination is necessary to see 
whether M,, M,’ are F-loci. If they turn out to be F-loci they are paired as 
in (5). Hence (5) applies to all regular transformations. 

We shall use from time to time two properties of the transformation (2) 
whose restatement for the general regular transformation of order n is obvious. 
These are: 


(9) A linear space Sri. on F, which meets the opposite Fn» in y is 
transformed by (2) into a linear space S’r,, on Fy which meets Furs in y’. 
The transformation (2’) between y, y/ in Fn-r-+ 1s of the type (2) and order 
n—r—1 with (n—r)-edron composed of the isolated F-points of (2) in 
The transformation between point x in Sri: and point in 8'r41 4s 
a regular transformation of order r+ 1 whose r+ 2 isolated F-powmts in 
Sri1 consist of the r + 1 F-points of (2) in F, and y; and whose r + 2 isolated 
inverse F-points in S’r41 consist of the r+ 1 F-points of (2) in F, and y. 


For, let an S,,, on the F, used in connection with (7) and (8) be de- 


fined by the equations 2r41/Ars1 In/An =k. It meets the opposite 
Fa-r-1 in the point y= 0,- - -,0, This S41 is transformed by 
(2) into the 8’,,, defined by = * = 1/k, which meets Fy_y-1 


in the point 7 =0,- - -,0,1/Ars,° * *,1/An, which proves the first property. 
From this point of view the transformation (2) in S, has been called the 
dilation of the transformation (2’) in Fn-r-+ (® pp. 256-258). When Sr, 
is fixed by the choice of -,An, a point z on has codrdinates in S, 
Ze, * and coordinates in Sr.1, Z, °°, Sr, ke. 
Its image in (2) has codrdinates in Sy, 1/2, 1/41,° +,1/2r, * 
1/kAn, and codrdinates in 1/20, +, 1/ar, 1/k, which proves the 
second property. Thus the transformation (2) in S, appears as the product 
of subsidiary transformations of similar type in Sn---, and S;,1. 


3. The group defined by a set, P",,, of n+ 3 points in 
Let 91, P2,* * *, Pnss be the individual points of P",,3. They are on a unique 
rational norm-curve, NV", in Sn. If ¢ is a parameter on N” these points are 
determined by ¢ = to,’ -, tnss respectively. Let Ji; (i, 7 =1,-- -,n+ 8) 
be the involutorial transformation of type (2) which interchanges pi, p; and 
which has isolated F-points at the remaining n+ 1 points of P",,3. If these 
n -+ 1 points are the reference (n + 1)-edron and pi, p; are y, z respectively 
the equations of J;; are 
(10) = Yiri (i=0,---,n). 


The group generated by these ("{3)) involutions 7;; is characterized as follows: 
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(11) The group generated by the involutions Ii,i, contains 2* involutorial 
elements Tisi,...ige (n+ 2)/2 if n is even; 
(n+ 3)/2 if n is odd) where ix, *,%21 are any 21 numbers selected 
from 1,---,n-+3. This G."* ts abelian of type (1, 1,--+,1) and the 
law of multiplication 1s 


where k.,: * +, kon are the numbers found in one but not in both of the sets 
and ji***jom. The order of the subscripts in Ii,...ig, 18 not 
material. 

Thus = = Ios, = etc. Given this law 
of multiplication, the elements are necessarily involutorial and the number of 
elements is +--+ += In order to prove the law it is 
necessary to be able to define the individual elements. This may be done most 
conveniently by introducing the principal loci or P-loci of the set of points 
P43. The P-loci of Pn,3 are the P-loci which correspond to directions about 
the isolated F-points pi,° under any regular transformation 7’ whose 
isolated F-points are all included in the set P"n,s. Since T' is generated by 
elements of type J;,i,, all P-loci of the set P"n,s are obtained by applying these 
generating elements to the sets of directions at points p and by repeating 
the application to the new P-loci as they arise. The P-loci are all comprised 


in the aggregate, 


(12) Tis... tone am + gk nig) 


2k+1 2k+2 


where the symbol on the right indicates a manifold of dimension n — 1, and 
order k, with multiple points of order & —1 at pi,,* * *, Pig, and of order k at 
Ping Included in the aggregate is 


(13) wi, = na 

which represents the set of directions at p;. That this P-locus, 7i,... in. 
exists and is uniquely determined by. the given order and multiplicities will 
be clear in the sequel where it appears that it can be transformed into the 
unique linear space on nm given points. The rule for transforming these 
P-loci by the generating involutions is as follows: 


(14) The P-locus wi,... in. 18 transformed by the involution I;,;, into the 
P-locus provided that in the aggregate of subscripts, 11° ** 2» 
like subscripts cancel. 
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Because of the symmetry of 7 in (12) in the two complementary sets 
of indices it is sufficient to verify (14) for the three cases Lig,is., Lisnaiones 
and Under 7 becomes 


from which, due to the given multiplicities of 7 at the F-points of Jig,is.., 
the linear spaces 7i,igis., for 7=1,°-*,2k—1 must each factor k—1 
times, and the linear spaces for = 2k + must each 
factor & times. The order of the residual factor is k—1—nk 
—(k—1) (2k —1)— k(n + 3 — 2k —1); The multiplicity of the factor at 
Diy’ Dias is (n—1)k— (kK —1)(2k—2) —k(n— 2k + 2) = k—2; 
and the multiplicity at Pins 18 (n—1)k— (k—1)(2k—1) 
—k(n—2k+1)—k—1. Hence the image of mi,... 18 Ti... ing OF 
Ti,... teratoriogn according to the rule (14), provided there is a unique mani- 
fold of this type. The second and third cases can be verified similarly if in 
the second case account is taken also of the interchange of pi,,,, and Piz,» 
Thus by a sequence of properly chosen involutions J;,;,, 7 can be transformed 
into 7i,i,, Which, as a linear space on pi,,* * *, Pins, exists and is unique. 
Hence z exists and is unique. 

A product of involutions J;,;,, or general member of the group (11), is 
defined when the P-loci corresponding to its isolated F-points, p.,° +, 
are given; i.e., if the images of the P-loci wi, are given. Under the product 
I,2T,3 according to the rule of (14), 7; becomes zz and then 7123; 2 becomes 
m, and then 73; 73 becomes 723 and then while (i—4,:--,n-+ 3) 
becomes zj12 and then Hence = = I23. Under the product 
T,2I34, mi becomes and then This result, symmetric in the two 
sets of indices, 1 = 1, 2, 3,4 and i= 5,- - -,n + 3, shows that = Isgal12 
== The continuation to complete the proof of (11) is 
obvious. 


(15) The general element Ii,i,... ., of Go? converts linear spaces into 
members of the homaloidal system 


21 21+1 n+3 n-1 


The P-locus of the isolated F-point pi, is mi,...in,3 of the isolated F-point 


For, the theorem is true when 1/0 (the identity), and when /—1 
(a generating involution). Assuming that it is true for values of 7 up to 
and including k—1, we find by actual multiplication that Ji, ... 
has a homaloidal system of the form (15) for J—k. If then J;,...4,, is 
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expressed as a product Ji,i.°Jisi,*...*igssior, the effect upon the sets of 
directions 7; is obtained from the rule (14). 
Specific equations for the involution J;,...i,, in terms of the P-loci can 


be given. If we choose as reference points, * * Pisis > Pine the 
reference spaces opposite these points are respectively * Tizizisy 
Tizigingy Then the image of 7i,i,i, under Ji,i,...i,, is composed 


of the proper image cf wi,ii, which, according to (14), is mi,... i, and of 
the P-loci of the n isolated F-points on If the (n+ 1) P-loci of 
the reference points are divided out, the equations of Ji,...i,, take the form 


Tig... 


, Wig... , 
T kis 2 T — Kista 
Tizigis... 421 
(16) 
T izigigs “iar T — Vine ° 
4e1-1 Tizigis... 


In order to obtain specific equations for the P-loci themselves we must 
observe that their geometric definitions as given in (12) in terms of the 
multiplicities at the points of P"n,3 are too precise. For example, 7i,... ix. 
of order & with k-fold points at pig....° °°, Pims has k-fold points at all the 
points of the linear Sn4:-o% on these given (n + 2— 2k) k-fold points. Also 
if N” is the unique rational norm curve of order n on P"y,3, then a has 
(k —1)-fold points not merely at pi,,- - *, Pix, but also at all points on N”. 
This is a consequence of the following theorem in which the points 
* * Go not appear explicitly. 


(17) The P-locus wi,... ix. [0< k= (n+ 2)/2] is the locus of the o*1 
linear spaces Sn which are (n+ 1—k)-secant to N", and on the fixed 
group of n+2—2k points, Piss’ Pings Which determines the k-fold 
locus Sns1-2% Of the P-locus. 

For, the spaces projected from Sn4i-2%, become spaces Sz-2 in S2x-2 
which are (k —1)-secant to the unique N?*? on the projections of pi,,-- -,; 
Pix. According to the lemma (18) these spaces Sx-2 make up the manifold 
of order & with (k—1)-fold points at the Of Pima 
the proof of (17) is complete. 


(18) In the space Sox-2 the manifold of dimension 2k —3 and order k 
with (k—1)-fold points at pi,° has (k —1)-fold points all along 
the N2*-2 on the vane and is the locus of the Sx-2’s which are (k —1)-secant 
to N?*-2, If the coefficients of a binary (2k — 2)-ic are taken as codrdinates 
im Sox-2 and perfect powers represent points on N?*-?, the equation of this 
manifold is given by the vanishing of the canonizant of the binary (2k — 2)-ic. 
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Let the binary (2k — 2)-ic be represented symbolically by 
(19) (a,t)2*-2 —=(ast)2*2 —- - 


We use only one type of symbolic factor which, for two cogredient symbols, 
for two cogredient variables, and for contragredient symbol .and variable, is 
to indicate respectively 


(20) = Aindj1 — (tit; tiotj: — tirtjo; 
(ait;) = Giotjo + distin. 


The canonizant of the (2k — 2)-ic is, symbolically, 


and nonsymbolically, 


Ap Ax-1 
ax 
(22) 
* * Aok-2 


The two-row minors of the determinant (22) of order & are of the form 
Qi0i.j+% — i4;i,x, and vanish when the (24 — 2)-ic is a perfect power. Hence 
the manifold (22) of order & has (k —1)-fold points on N?*?. The mani- 
fold of order & with (&—1)-fold points at pi,- + -, Por is a P-locus in 
Sox-2 and is uniquely determined. It must therefore coincide with (22). If 
the canonizant vanishes, the (24— 2)-ic can be represented as a sum of 
(& —1) perfect powers, and the point in S.%-2 represented by the (2k — 2)-ic 
is in the Sx-2 determined by the corresponding & —1 points on N2*-2. 


(23) In the coérdinate system in S, with reference tc N" described in 
(18)-(20), the equation of the P-locus mi,... ix, 18 


(Artin) (Axtion.c) (dxti,.s)= 0, 


Where tines’ ting are the parameters on Of Piss’ * Pins: 

For, if, as in (17), a point of a is on an Sy»% which is (n + 1 — k)-secant 
to N”, the corresponding binary n-ic can be expressed as a sum of (n + 1—k) 
perfect n-th powers of which n + 2 — 2k are the powers, (tin,.¢)",°°*, (tingt)”. 
The polar of (tin,.¢) (tint) as to this n-ic is a (2k —2)-ic which can 
be expressed as a sum of perfect (24 — 2)-th powers of the remaining t —1 
linear forms, whence the catalecticant of this polar vanishes. 


4, Conjugate sets of F-loci of (."* of the j-th kind. The isolated 
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F-points and the P-loci of P",; may be classed together as the F-loct of 
the first kind of G.™*. Of course a P-locus cannot be an actual F-locus of 
any element of G2, but it is conjugate to the isolated F-points under G."* 
and for that reason may be classed with them. 

We shall define the k-th F-locus of G2. of the j-th kind, 
=(m+1)/2] to be, when jeke(n+j+1)/2, 
the locus of dimension n—j which is described by the o*/ §S,’s on 
Pings and on &—j variable points of N"; and when (j —2)/2 
=k <j, the locus of dimension j —1 which is described by the o*/1 S's 
and on j—k—1 variable points of N”. Of especial 


On Pix 

simplicity are the cases k =j and k = j—1 for which the F-loci are linear 
spaces of respectively dimension m—j OD Ping» and dimension 
j—1 on ++, pi, These are corresponding F-loci under the element 


Tijsijg Of Gon (cf. 2). Of interest also are the end cases in which the 
points of P",,3 occur symmetrically. These occur, for k>j, when 2k —j 
=n-+ 1 and the F-locus consists of the o*/ 8,’s which are (k — j)-secant 
to N”, and, for k < j, when 2k = j — 2 and the F-locus consists of the 04/2 
S(j-2)/2’8 which are (j/2)-secant to VN". Thus for 72 we have the norm- 
curve itself, i.e., N". 

These F-loci are all of the same character as the P-loci, i.e. they are 
loci of muiti-secant spaces of N”. If we use the theorem of Castelnuovo 
(cf. * p. 155) which states that the spaces Sm, m-secant to N", make up 


n-m+1 
an ul = ) on which N” is a curve of multiplicity *). it is easy to 


2m- 


show that 


(24) The F-locus ri... isje (K SJ), has the order (5) the multi- 
plicity (>) on the Sn-oxsj defined by Pinas and the multi- 
plicity ‘wee along N". The F-locus, ti, <7), has the order 
the multiplicity on the defined by 5 
and the multiplicity along N*. | 

For, in the first case, the F-locus is made up of the o*/ §,4’s on 
Sn-oxg Which are further (4—j)-secant to N”. Projected from the Sy-2x.j, 
they become the o*J §;;,’s which are (k—j)-secant to the projected 
N?*-i-1,_ The latter locus has the order (,*,) and contains N?*s1 with 
multiplicity (FH » which determine the order and multiplicities of the 
original locus. In the second case, the F-locus is made up of the o/*1 
on Sox-j41 which are further (7 —%—1)-secant to Projected from 
Sox-j41, they become the oof-*1 which are (j —k—1)-secant to the 
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projected N*?*+i-2, The latter locus has the order ) and contains 
to the multiplicity 

Equations, analogous to those of (23), of linear systems of manifolds of 
dimension n — 1, whose base is a particular F-locus, can be given. We observe 
that if a point of S» lies in an S;,s-1 which is (r+ s)-secant to N” at 
r-+-s points of which r are fixed at pr, then the binary n-ic, (at), 
whose coefficients determine the point, can be expressed as a sum of r+s 
perfect n-th powers, r of which are (¢:t)",- - -, (¢t)". The polar (n —1r)-ic, 
(a:t,) (qtr) can therefore be expressed as a sum of s perfect 
(n—r)-th powers. If then (at)""-** is an arbitrary binary form of the 
order indicated, the polar 2s-ic, (ditr) (ait)**, can be 
expressed as a sum of s perfect 2s-th powers, and its catalecticant vanishes 
for all values of the coefficients «. Naturally we must have r+ 2s=n. The 
locus of such S;,s-1’s is then defined by the linear system of manifolds of 
order s+ 1 [i.e., degree s+ 1 in the coefficients of (at)"], 


(25) (12)? (ads) 2 (01%, ) "7-28 (@s41%e41)™ 7-78. 


i.e., the coefficients of the combinations of degree s+ 1 of the coefficients 
of (at)"*-?* are themselves members of a linear system which has for its 
base the locus of the (r-+ s)-secant spaces. On applying this to the F-loci 
(24) we find that 


(26) For r=n—2k+j+1, s=k—j, and try = jigs’ bins 
the F-locus, ti... isn-j0 (kK SJ), is defined by the linear system (25) in 
which the coefficients of (at)""-?* (at)! are the parameters; the F-locus 
<j), ts similarly defined when r = 2k —j + 2, s = j—k—1, 


The number of F-loci of the j-th kind is either the number of even, or 
the number of odd, combinations of n+ 3 things; and thus is always 2”*?, 
except when n is odd and j =(n + 1)/2. In this case the 2”*? types coalesce 
in pairs into 2"*1 types (see table at the end of this section). That they 
form a conjugate set under 2" is a consequence of the theorem: 


(27) The F-locus, ri, ... isx-52 is transformed by Ij,...j,, into the F-locus, 
WD ss. tests... in Where in the result like subscripts are to be deleted. 


It is sufficient to prove that the behavior of the F-loci is as stated in 
(27) for the generating involutions alone. We also have noted already that 
the linear F-loci for k = j — 1 and k = j are interchanged, i. e., that rj, .. 
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is transformed by J;,,i,,. into r‘/;,...i;., and vice versa. We have to prove 
further only that, for kSj, (a) 18 transformed by Lig, 
into and that (b) 18 transformed by 

In the case (a) both the original and transformed F-loci are made up 
of linear spaces on the Sn-ox+j-1 determined by the n—2k-+j points 
According to (9) it is sufficient to prove the theorem for 
the projections of the F-loci from Sn-2x.j;-.. Thus the proof for case (a) is 
reduced to the proof for case (a’): in S2x-; to prove that the o*/ S;_;’s on 
ANG variable points of N?*/ is transformed by Jig, Into 
the On and k—j variable points of N?*/, Similarly 
case (b) is reduced to case (b’): in S2x-j41 to prove that the o*/ 8,_;,,’s 
OD and &k—j variable points of is transformed by 
Unto the on kK—j-+1 variable points of 
Similar projections for cases (c) and (d) convert them into cases (c’) and 
(d’) which arise from cases (a’) and (b’) by setting k—n—k and 
j=n—j-+1. If now in case (a’) we set 2k—j—n and k—j—r, and 
in case (b’) we set 2k —j +1—n and k—j+1=r they read as follows: 
Case (a”): in Sn to prove that the oo” S,’s on pass and r variable points 
of N” is transformed by In,2,n13 into the oo” S;’s on pase and r variable points 
of N"; case (b”): in Sp to prove that the on Pais and r—1 
variable points of N” is transformed by Ins2,n13 into the oo” S,.’s on r 
variable points of VN". Thus the proof of (27) for the entire set of values 
of & is made to depend on the proof for the extreme value of & only and for 
the extreme generating involution In,2n.s. The proof for case (a”) can be 
carried through precisely like the proof for case (b”) which we proceed to give. 

In case (b”) let Mor-, be the manifold described by the oo” r-secant 
S,-1’s of N*, and M’or_-, that described by the oo”! (r+ 1)-secant S,’s of N* 
ON Pns2, The involution has isolated F-points at pi,° - Pns- 
Let g be any set of n— 2r of these n+ 1 F-points, say Pn-or, in 
an Syor-1- If this Sn-2r-1 be joined to each point of Mer-+, and to each point 
of M’sr1, by an Spor, the loci which thus arise are the two P-loci of, 
respectively, the oof ON * *, Pn-2r and r variable points of N*, 
and the oo”? Sn+’s On * *, Pn-2ry and r—1 variable points 
on N*, i.e., the P-loci neg ANd According to (14) 
these two P-loci are interchanged by Ins2,n13. If we prove that M2,_, is the 
complete intersection of the various P-loci obtained from the (=) choices 
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of the set g, and that M’2,, is a similar complete intersection, then these 
two complete intersections are interchanged by Ins2,n+s- We examine the case 
of Mor. first. Let x be any point of S, on all the P-loci determined by Mor, 
and the choice of the set g, and let x be determined by the coefficients of the 
binary n-ic, (at)". Since z is on the particular P-locus given above, (at)" 
can be expressed in terms of the n-th powers 


(tn-2r-1t)"» (tn-ort)”, (s:t)",° (st). 


Thus the polar of - as to (at)" is of order 2r-+1, and 
either tn-2r is a root of the canonizant (of order r+ 1) of this polar, or the 
canonizant vanishes identically. But, as g varies, tn-2, can be replaced by 
* and the canonizant with these 2r-+ 2 distinct roots must 
vanish identically. But (t,t): (tn-erst) is any one of ,) products 
which may be formed from (t:t),- ++, (¢nut) and any form of order 
nm — 2r—1 can be expressed linearly in terms of such products. If every 
polar of (at)" of order 2r-+ 1 can be expressed in terms of less than r+ 1 
(2r + 1)-th powers, then (at)” can be expressed in terms of less than r+ 1 
n-th powers, and z is on M2,.,. The proof that M’sr, is a-complete inter- 
section can be carried through in the same fashion and the proof for case (b”) 
is complete. The analogous proof for case (a”) completes the proof of (27). 

The following tabular description of these F-loci in S2, 83, S4, Ss will 
be useful both by way of illustration and in connection with the more detailed 
discussion later of the manifolds W; in S; and W,’ in S,: 


j k No. Notation Description 
For P;? in S82: 


1 0 5 1 *9,; 

8,(45)?; 

1 2 1 712345 M,(1---5)?. 
For P,* in 8;: 

1 1 20 7123 8.(456)?; 

6 M,(1--- 567)? —8,’s on pg to points of N°; 

1 a) N°; 


For P,* in S,: 


1 0 v4 
7128 8;(4567)?; 
| 56777)? — on pep; to points of N*; 
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1 M,(1?--+ 77)? == bisecants of N*; 
2 1 21 55 S8,(12)'; 
2 2 35 S2(567)?; 
67%)? on p; to points of N*. 
For P,;° in S; 
1 1 56 7128 
i M,(1--- 5627282)? = on peprps to points of N°; 
8 M,(1?:-- 778°) S,’s on ps to two points of N*; 
8,(12)?; 
ar?) M,(1--- 6798*)* on to points of N°; 
2 4 1 M; (1°: bisecants of N°; 
8 ar), on p, to points of N°; 
3 2 56 S8.(123)?; 
3 3 56 S.(678)?; 
3 4 8 on pz to points of N°. 


The doubling up of the types for 72 in S, and-for j=3 in §; is 
evident. This for odd spaces is an immediate consequence of the definition 
of the F-loci. 


5. The symmetrical element in (."7 when n is odd. If n is odd, 


say 
(28) n+ 3=2p-+ 2, 

the group contains the symmetrical element J;,2,..., 22.2 =I whose homaloidal 
system (cf. 15), 

(29) (1299-1), 2p+ ; 


contains all the points of PS symmetrically. Under J the P-loci of the set 
of points are paired as follows: 


(3) Wit... tena Wien... 


Since J is invariant in the abelian group these pairs are permuted by G.™* 
as entities. 

According to the definition (12) of the P-loci, and according to (17), 
(18), the product of the members of a pair (30) is a spread of order p with 
(p—1)-fold points at and with the (p— 2)-fold curve N??1. The 
pairs for which k—0 are somewhat exceptional. The member 7i,, the 
directions at pi,, is a spread, of order 0.with multiplicity at pi, of virtual 
order —i. The complementary member, 7i,... i,.., has at pi, a point of 
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order p, and has N??-1 as a (p—1)-fold curve (cf. 18). Thus in the linear 
system & of spreads of order p with (p— 1)-fold points atin the appearance 
of pi, to multiplicity p in zi,...ig.. is the algebraic equivalent of the ap- 
pearance oi the complementary member 7i,. 

According to (18) the linear system  % will contain a one-parameter 
system of spreads with (p—1)-fold points all along the curve N°". For, 
if ¢ is any point of N71, the locus of the 0? Sp_,’s which are p-secant to 
N??-1 and which pass through ¢ has the order p and the (p—1)-fold curve 
N??-1, The equation of this one-parameter system with parameter ¢ is, in 
the notation of (19),- - -, (23), 


When ¢ takes the particular values ¢,, t2,- - +, tops2, the products (30) for 
k =0 and 1; —1,- - -,2p-+ 2 are obtained. 

The system & is an invariant linear system under the generators 1;,i, 
and therefore an invariant linear system under G@,"*. The one-parameter 
system (31) is characterized by the fact that it contains the F’-locus of the 
second kind, N??-1, to a multiplicity one greater than the normal multiplicity 
for spreads of 3. But the system (31) also contains the F-locus of the second 
kind, the of 1 §,.’s which are (p—1)-secant to N??1, 
simply, i.¢., to a multiplicity one greater than the normal multiplicity for 
spreads of 5. Hence 


(31a) The linear system % of spreads of order p with (p—1)-fold points 
at rt invariant under G.™* contains 27? members which break up into 
the members of a pair (30). The F-loci of the second kind of G2 divide 
into 27? pairs, each a pair of conjugates under I, 


(2), ar?) 


The members of &% which contain one of these pairs of F-loci of the second 
kind to a multiplicity one greater than the normal multiplicity of & for the 
pair constitute a linear system of dimension p which contains a non-linear 
system of dimension one and degree p. Lach of these non-linear systems 
contains 2p -+ 2 of the pairs (30) whose parameters are projective to the 
fundamental (2p -+ 2)-ic. Under I each member of % is invariant. Under 
the factor group of G.* with respect to I, a go, the 2” pairs (30), and 
the 2?” non-linear systems, are permuted regularly. 


We prove in the next section that J has a locus, Wp, of fixed points. 
Anticipating this result for the moment we find the loci of fixed points of the 
various involutorial elements of G." for n odd or even. 
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6. The loci of fixed points of elements of G,"* We consider first 1 


the rather well-known cases, n= 2, n= 3. For n= 2, the G2‘ in S2 has 10 | 
elements of type Ji; and five of type The | 
es F-loci are all of P-type, the five sets of directions 7;, the ten lines wijx = pipm, 
‘or, and the conic m234s. The quadratic involution Ji; is non-perspective since 4 
te pi, pi are not a line with any F-point. It has therefore four fixed points. ( 
ve The cubic involution J;;,: has, however, a cubic locus of fixed points. For, | 
under Jija: = the line pmpi is transformed into pmpi whence every line q 
of the pencil on pm is invariant. The line pip; is transformed into pxpi, ! 
whence the three degenerate conics, and therefore all conics, on pi,* °°, pi 7 
are invariant. The conics of this pencil are projected, each into itself, from ! 
or the center pm; and the locus of fixed points is generated by the pencil of q 
conics, and the pencil of polar lines of pm. Thus the locus is a cubic curve q 
on P;?, tangent at pm to mi2345, and on the diagonal triangle of pi,: - - , pr. 4 
For n=83 and with involutions Zijxi, I1...6, the well known 
ne cubic invoiution I;; has 8 fixed points which divide into two tetrahedra which, d 
y with the F-tetrahedron, make up a desmic system. The involution I1234 has 
d a curve of fixed points. For, under J1234:=Ji2l34 the pencil of planes on | 
1 Pope is invariant in such wise that the plane on pi (1—1,-- -,4) is trans- if 
E formed into itself. Hence every plane EF of the pencil is invariant, and in i 
E Iy234 is a quadratic transformation 7 with direct and inverse F’-points at if 
ps, Pe and with three corresponding pairs at the points where F cuts opposite i 
. edges of the tetrahedron, p,,- --, ps. This tetrahedron cuts EF in a four-line q 
. and the pencil of conic envelopes on the four lines determines at any point | 
‘ of FE an involution of pairs of tangents which contains the pairs of lines to 
the opposite points mentioned. The two involutions at points p,; and pe of E i 
construct the quadratic transformation 7 on EF. One conic of the pencil i 
| touches the line psp. and the third F-point is the meet of the two further | 
| tangents to this conic form p;, ps. The four fixed points of T are the meets | 


of the two tangents at p; to the two conics of the pencil on p; with the two 
tangents at p. to the two conics on ps. Hence the locus of fixed points of | 
T1234 is cut by a variable plane FE on psp, in a variable set of four points. | 

Under J12s4 the net of lines on pe, is invariant. Projecting from pa, i 
the points pi, ps pass into a P;? in and in determines the | 
transformation I,23, on the net of lines on ys. Hence under J1234 each line | 
of a cubic cone with vertex at p. and on p;,° ps5 is invariant. Similarly 
each line of a cubic cone with vertex at p; and on p1,° * *, Ps, Pe is invariant. ‘| 
If z is on both cones it is transformed by 1234 both along the line pez, and i 
along the line p;z, and therefore is fixed. The curve of intersection of the 
2 
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two cones, apart from the line psp, is an octavic curve with nodes at ps, pe 
and on 71,‘ °°, This curve will project from either of its nodes into a 
doubly covered cubic curve. 

Finally, as is well known, the involution J1234ss== J interchanges the 
planes m2; and 7456, and therefore leaves each member of the web of quadrics 
on P,® invariant. Thus J is the involution which interchanges the seventh 
and eighth base points of a net of quadrics on six given points, and its locus 
of fixed points is the locus of nodes of quadrics of the web, i.e., the Weddle 
surface We. 

The foregoing particular cases all illustrate the following theorem: 


(32) The element Ij,... ig, of Go? in Sn has a locus of fixed points of di- 
mension 1—1, which, if 1 > 2, is projected from the linear space Frs2-21 
determined by Ping to a Weddle manifold in an which 
is covered 2"*8-21 times, 


For, in the first place, if ] 1, the regular transformation J;,;, of order 
nm has 2" fixed points which, for the canonical form (6), have codrdinates 
+1,+1,:-:*,+1. When n is odd these 2” fixed points divide into two 
symmetrical sets of 2”! each according as the number of + signs in the 
codrdinates is even or odd. 

In the general case let I;,...i,, be represented as the product 
‘Tiga Each of these factors has F-points at pi...,° Dins 
in Fns2e-21 Each factor, and therefore also Ji,...i,,, transforms the linear 
system of spaces En,s-21 On F221 into itself [cf. (9)]. If the points 
Pig, are projected from into a set qi,,* in an Ser-s, 
the involution J;,... ,, in S2i-s has a locus of fixed points, Wi... Hence, 
under I;,...%, in Sn, 01 of the spaces E are fixed. If z is a fixed point 
of Ii,...%,, the space E on x must be fixed. Let EF be a particular fixed 
space on Frye-21, on which J;,...;,, effects the transformation 7. This £ is 
transformed by Ji,:, into Fi,:,, Ei, is transformed by into Fi,i,, ete.; 
finally is transformed by J;,,,i,, back into According to (9) 
these constituent transformations of EZ’ into EF” are regular and of order 
n-+ 3—2i. Each has the fixed set, Pis..5° Pines Of n + 3 — 21 F-points. 
Hence the product T' is a transformation of the same order n + 3 — 2] in E, 
which has a set of 2"*8-2! fixed points, all of which project into the same 
point of 


| 
the 
wit 
lin 
cut 
of 
| 
sat 
| 
ot! 
on 
th 
H. 
be 
tic 
0 
| 
b 
al 
Pp 
( 
Pp 
is 
0 


» Pe 
0a 


the 
rics 
oth 
cus 
dle 


—21 


in Terms of Hyperelliptic Theta Functions. 


§ 2 


A TRANSCENDENTAL DEFINITION OF W, SUGGESTED BY THE PLANAR 
HYPERELLIPTIC CURVE. 


7%. The manifold W, and the planar hyperelliptic curve Hy. The 
theory of the hyperelliptic plane curve, H,y?**, of order p+ 2 and genus p 
with a p-fold point at O, under Jonquiéres transformation of the pencil of 
lines on O into itself is found in (1 pp. 125-133). The curve possesses a 91”, 
cut out by the lines on O, whose branch points, 71,- - *, T2p.2 are the contacts 
of tangents from 0. We follow the exposition cited except that the branch 
point 7,, which figures [cf. 1 p. 131 (1)] as the fixed lower limit of the 
p normal integrals of the first kind, is here replaced by Tepy2. 

The planar set of points, consisting of *, and O = 
satisfies p—1 projective conditions [cf. ? p. 127 (9)], and therefore depends 
upon (4p + 6)— 8 —(p— 1)= 3p — 1 absolute projective constants. On the 
other hand, it is well known that two curves Hy, whose 2p + 2 branch lines 
on O are projectively equivalent, are themselves birationally equivalent; and 
thus Hp depends on only 2p —1 absolute birational constants. T'wo curves, 
H,, Hy’ which are birationally equivalent, but not projectively equivalent, can 
be transformed into each other by a Cremona transformation of that par- 
ticular type known as a Jonquiéres transformation J [cf. + p. 128 (12)]. If 
on Hy a p-ad of points be chosen, J can always be determined so that this 
p-ad is converted into the p-fold point O’ of H,’. As this p-ad varies on Hp 
the oo? curves H,’, all projectively distinct but birationally equivalent, are 
obtained. We denote the parameters of the 2p + 2 branch lines of Hp on O 
by t1, t2,° * +, tops2. These may be regarded as fixed for the oo? curves Hy’. 

The planar set of points, R72y,3, is “ associated” with a set of 2p+ 3 
points in a space in such wise that the points pi,- - Popss, 
and 2 = Of correspond respectively to the points 11,° Tops2, 
and O = Of (cf. pp. 42-45). In the parameters of 
Popse On the rational norm-curve, determined by them, are 
projective to the lines of the pencil in from O to *,Topse 
(cf. 1 p. 43 (c)). These parameters may therefore be taken to be t,,--- , taps. 
Thus as H, varies through the system of oo” curves H,’, the set ee associated 
with R’2,3 has a set of 2p + 2 points fixed at pi,- - -, Popo and a variable 
point z which takes up oo” positions. We wish to prove that the locus of z 
is the manifold Wp, the locus of fixed points of the element J—T,,...., 2942 


of 5. 


The conditions on the planar set R?.»,; that its points be the branch points 
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and multiple point of an H, are the conditions that a Jonquiéres trans- 
formation J**? of order p+ 2 exist for which the set is congruent to itself 
in the identical order. In fact, if H, exists, the J?*? is precisely that Cremona 
involution which has Hy for a locus of fixed points. Moreover this J?** can 
be expressed as the product (cf. * p. 129), 


(33) = (12) Agss(34) Ao,2p+1,2p+2 (2p + 1, 2p + 2); 


where it is understood that Aoi. represents the quadratic involution with 
F-points at O, 72, and with respective corresponding P-loci, Ore, Ori; 
and that (12) represents the permutation of 7, rz. Thus 'Aoi2(12) represents 
the perspective quadratic involution for which every line on OQ is fixed. 

If R2y,3 is congruent to a set of points R’2p,; under Aoi2 (cf. + p. 10), 
its associated set a. is congruent to a set of points P’ = under the regular 
transformation As,4,..., 29:2 of order 2p — 1 in Sop (cf.? p. 40 and p. 45 (8)) 
with F-points at ps, °°, Pop.2. Also the transposition (12) of ri, r2 entails 
the transposition of 1, p2 in S2p1. Hence to the transformation Ag12(12) 
in there corresponds in the element J;2 of the group If R2»,5 
is self-congruent in the identical order under the product (33), then gt 
is self-congruent in the identical order under = 1. 
x of the set Por 8 a fixed point of J. Conversely, if x is a fixed point of 
I = the set is self-congruent under J, and in the 
associated set R,, is self-congruent under the product (33). Hence 
(J*2)? is a collineation which may be taken to be the identity, since only 
projective distinctions are being observed. Then J?*? is involutorial, and has 
a curve Hy of fixed points for which R?2y,; is the set of branch points and the 
multiple point. Hence 


(34) The locus of fixed points of the element I of G.™* (n= 2p—1) tsa 
manifold W, of dimension p determined by the set Pore Of points whose 


parameters on their norm-curve N??1 are +, topi2. As x varies on Wy 
the set Por Pip & 1s associated with the sets R's of branch points 


and multipie point of the ? projectively distinct hyperelliptic curves H,’ 
which have a fundamental (2p + 2)-ic with roots projective to 


The »—1 projective conditions on the planar set R?2»,, determined by 
Hy lead to geometric properties of the point x on Wy, which are just suffi- 
cient to confine it to Wy. For example, if p= 2, 11,- - -,7r¢ are on a conic. 
But are associated with the projection of p:,-- from x on 
the Weddle surface. Hence these projected points are likewise on a conic; 
i.e., © is the vertex of a quadric cone on p;,-*+,p. (cf. ? p. 184). If 
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p=8, t1,°°*,T. and O are the base points of a pencil of cubics 
(? p. 127 (9)), and if three of the nine points are on a line, the comple- 
mentary six are on a conic. Hence conics map the plane on a Veronese 
surface, V2*, and map the nine points, Ry”, upon the. associated P,* in Ss. 
They also map the pencil of cubics on R,” into a pencil of normal elliptic 
sextics, E*, on P,*, which pencil describes V2*. Thus a point z of Ws; forms 
with P,® the set of nine base points of «1 H®s; whereas a generic point of 
S; together with P,* is on a unique H® (cf. * pp. 16-18). The V2* is the locus 
of nodes of a cubic spread V,; and thus there is isolated at 2 a particular 
member of the linear system % of (31a). The corresponding particular 
member, in the case p = 2, is the nodal quadric on P,* with node at z on Wz. 


8. The loci on W, which correspond to discriminant conditions on 
the planar set R?.»,;. If R2p,3 is subjected to a projective condition, not 
dependent on the p—1 conditions which it already satisfies, the associated 
set P2?-! in Sep is also subjected to an additional projective condition. This 
additional condition may fall, as we shall see, upon the points of P3?* alone ; 
but in general it will also involve the point z of Wp, and will, for 
given P?1, confine x to a locus on Wy, of dimension p—1. 

It is clear that those conditions on R*2»,3, which are most intimately 
related to the theory of the set under Cremona transformation, will be of 
greatest importance. Such are the “ discriminant conditions ” of the set R*2p,s 
(cf. 1 p. 42). They are the conjugates under Cremona transformation of the 
condition that some two points of the set coincide. Nevertheless, in forming 
these conjugates, we use, not the general Cremona transformation with 
F-points in the set R2p,s, but rather the Jonquiéres types with center at O 
and simple points in the set r:,- - -,7ap.2. For it is only these latter types 
which convert an Hy into an Hy’. Thus we apply to these conditions only a 
sequence of quadratic transformations A or,,,. 

Under these circumstances we find (cf. * p. 130) two conjugate sets of 
discriminant conditions. The first set arises from the coincidence of r; and rj, 
and is composed of (p-+1)(2p-+1) pairs of conditions, 3;;—0 and 
3(Orir;)1 == 0, which indicate respectively that r; and r; coincide, and that 
O, ri, 7; are on a line. Then either H»y acquires a node at r; —7rj, or the line 
(Orir;)! factors out from H,; and the genus p is reduced. 

The second conjugate set arises from a coincidence of r; and O, which 
occurs when one of the p branches at O has a flex-point at O. The conjugates 
of this are of the form 8(O*r,- - - (kK =—1,0,: --,p—1) 
which represents the condition that there exists a curve of order & + 1 with 
k-fold point at O and on 2k-+ 3, rather than only 24+ 2, of the branch 
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points; except that, for s ——1, it represents the coincidence of O and 1, 
Then (cf. ? p. 130 (17)). 


(35) The set R23, under Jonquiéres transformation has a conjugate set of 
227*1 discriminant conditions which divide into 2” pairs, 


either of which implies the other. 


In fact, if one condition of a pair is satisfied, the existence of the Jon- 
quiéres involution J?*? defined by Hy implies that the other condition of the 
pair must also be satisfied. 

We now translate these discriminant conditions on R?2»,; to the corre- 
sponding discriminant conditions on the associated set rr. in Sep1. This 
is accomplished by observing that if two points of the one set coalesce, the 
corresponding two points of the associated set also coalesce; and that to the 
quadratic perspective element Ao,,r,(12) in the plane there corresponds in 
Sep-1 the element J,2 of the group G22 (cf. + p. 45 (8), (9)). If then, in 
Roy.3, 7: and O coincide while, in PR. pi and 2 coincide, we find, by 
applying the corresponding elements Aor,,,(23) and I23, that 8(rirers)1 = 0 
implies that x on Wy, is on the P-locus m123. Indeed the coincidence of z 
with p, means that z is on the P-locus 7, and 7, is transformed by Is into 
mi23 (cf. (14)). Continuing in this way we find that 


(36) The 2” pairs of discriminant conditions (35) imply for the associated 
set Pi that x of Wy is on the section of Wy by either one of the pair of 
P-loct 


2h+39 W2k+4,..., 2p+2- 


That each P-locus of a pair cuts Wp in the same manifold is immediately 
evident from the fact that W, is a locus of fixed points under J, and that the 
two P-loci are interchanged by J (cf. (31a)). 

Reverting to the first type of discriminant condition on R?2,;, we observe 
that 8;;—= 0 implies in S2)-, the coincidence of pi, pj; i.e., a double root of 
the fundamental (2p + 2)-ic which determines the set Pap on the norm- 
curve N???, Also 8(Orir;)1 0 implies that all of the 2p-+ 2 points p 
except pi, pj are on an S2p2. Hence N??1 must degenerate into an N2?-2 
containing 2p of the points, and into the line pip; which must meet N2?-2 
in a point p. On N??? the fundamental (2p -+ 2)-ic consists of the 2p 
points and of p counted twice. These special cases of lower genus are not 
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considered further as we assume throughout that the fundamental (2p + 2)-ic 
has distinct roots. 


9. The equations in terms of theta functions of the sections of W, 
by the P-loci of P3?%. We recall some parts of the transcendental theory 
of Hp as given in (* pp. 131-133) with the single change that the common 
lower limit r,; of the normal integrals of the first kind attached to Hy is here 
replaced by 

If u=w,°* *,Up denote the sums of the respective normal integrals 
of the first kind with upper limits at a p-ad of points on Hp, then in general 
the p-ad determines u,° *°,U, and conversely. The superposed p-ad, the 
correspondent of the given p-ad in the g,7 on H», then determines —wu. The 
given p-ad and the superposed p-ad determine the same projective form of Hp, 
being interchanged by any Cremona involution (cf. + p. 126 (7)) which 
effects on H, the involution whose pairs are in g,?. 

The oo? projectively distinct curves Hy’ which are birationally equivalent 
to H» are distinguished by the choice of the p-ad of points on Hp which passes 
into the multiple point on H,’. Thus the o? points of Wy (cf. (34)) can 
be named by the sets of values + u, each determined by a p-ad of points on 
Hy (or by its superposed p-ad). 

The P-curves of the planar set R?2»,, which correspond under Jonquiéres 
transformation to directions at O are 2??*! in number, and divide into 2? 
pairs (cf. + p. 129 (15), (16)), 


(37) Ik (1; Yoks2)» Tops2) 
(k = —1,0,- 


where Ly is a curve of order &+ 1 with a k-fold point at O and on 
T1,° ' *,Toxse, and L_, is the set of directions at O. The two curves of a pair 
cut out on H, the same additional p-ad, whose parameters w’ are related to u, 
the parameters of the p-ad at O, by the equations (cf. + p. 132 (7)): 


(38) u =u + Fis 2k+2 =U + ..., 2p+2> 


where P,2,..., 2j is a half-period of the hyperelliptic theta functions in the 
basis notation. Since the p-ad at O is converted into the p-ad on I by the 
Jonquiéres transformation Agi2(12) + 1, 24+ 2), the 
point x on Wp, which corresponds to the p-ad at O, is converted into the 
point 2’, which corresponds to the p-ad on Lx, by the element 12° - + Zoxs1,2%+2 
ok+2 OL G2. This element effects on W, the same transformation 
Hence 
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(39) If the points x of Wy are determined transcendentally by the value 
systems + Up, the factor group of G.»* under I 
(cf. (31a) ) effects on Wy the transformations expressed by the group (38) 
of additwe half-periods. 


With the proper half periods represented as in (38) by the sets of 
2k + 2, or the complementary set of 2(p—k) (k=0,1,--+,p—1), in- 
dices selected from 2p -+ 2 indices, the 2?” odd and even theta functions of 
the first order are represented in this basis notation by the sets of p + 1— 2k, 
or the complementary sets of p+ 1 -+ 2k, indices; i.e., they are 


(40) 1,2, p+i-2k == ..., op+2 (12) 
=0,1,- (p+ 1) /2]. 


They are even or odd according as & is even or odd. If then p is odd there 
is a function 0(u)= ..., which is even or odd according as p==3 
or 1 (mod. 4). The hyperelliptic thetas differ from the general thetas in that 
all of the even functions (40), for which & = 0, vanish for the zero argument 
(cf. * pp. 456-464). 


In (* p. 133) there is given a proof that the satisfaction of one of the 
27” distinct discriminant conditions (35) entails the vanishing of a theta 
function for the arguments u of the p-ad at O on Hy. According to (36) 
these are also the conditions that z on W, lie on a P-locus of the set sg wd We 
can therefore state at once that 


(41) If p ts even, the condition that x on Wy with parameters u is on the 
P-locus m,2,..., 2k+3, OF ON TWok+4,..., op+2 18 


ok+s (U) == Doss, ..., 2p+2 (u)= 0. 
If p is odd, the condition that x is on the same pair of P-loci is 
Dokss,..., 2p+1 (w) (u) = (). 


10. A provisional parametric representation of W,. In giving a para- 
metric representation of Wy, by means of the hyperelliptic theta functions, 
it would suffice to give the section of Wy by 2p linear spaces which form a 
2p-edron in So1. But greater symmetry is obtained by giving the sections 
cut out by all the linear spaces on 2p —1 points of the set Poo ‘These are 
the sections of Wp by the P-loci t2, ++, 2p+2). Accord- 
ing to (41) the parameters wu of a generic point on this section constitute 
a zero of 4 definite theta function. But this particular linear section is 
characterized also by the fact that it passes through all the points of rae 
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except the points pi,, pi, pi, This behavior of the section is naturally in- 
dicated by the fact that its parametric representation contains factors which 
vanish when those discriminant conditions are satisfied, which imply a co- 
incidence of z with a point p other than the three mentioned. The cases, 
p even, p odd, have somewhat different behavior. 

When p is even, the directions at the points of ti are those of 7;,, and, 
according to (41), these are determined by #i,(u)—=0. If then we set 


(42) p even: Wistats = 


we have a parametric representation of a p-way (wu) in terms of theta pro- 
ducts of order 2p and characteristic zero, which has the same behavior as Wp». 

When p is odd, the index 2p+2 is isolated. The directions at 
= 0, while the directions at pop,2 are determined by 0(u)—0. The generic 
point on the section 7i,,i,29+2 is determined by 3:,4,(u)—= 0. The generic point 
on the section (i; 2p + 2) is determined by 0. The 
parametric representation is then 


(43) Tizigis 2p+2 29120 ig, 29420 ig, 29425 


Again the p-way is given in terms of functions of order 2p and characteristic 
zeYO. 

In order to prove that the representations (42) and (43) are precisely 
those of the p-way, Wp, it is necessary to prove first that the functions to 
which the linear P-loci are equated satisfy the same linear relations as the 
P-loci. Secondly the coefficients of the linear relations satisfied by these 
functions must be such that the linear P-loci define a set of points projective 
to P2rt, Thirdly the new functions which arise when wu is replaced by 
u-+ Pie (Piz a half period) must have a rational representation in terms of 
the originai functions which is precisely that of the involution J1. of the 
Cremona G.™*. The p-way will then necessarily be a locus of fixed points 
of the symmetrical element J=;,2,..., op, Of and will coincide with 
These three requirements are disposed of in the following section. 
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§ 3 
TRANSCENDENTAL DEFINITION OF Ws. 


11. Three-term hyperelliptic theta relations. We divide the 2p+ 2 
indices of the basis notation into complementary sets of four, a, b, c, d; and 
of 2p—2, t1° * *top-2. If to the argument of any one of the 2?” odd and 
even theta functions of the first order we add the half period Ponca, this 
function is converted, to within an outstanding exponential factor, into an- 
other one of the set, such that the product of the two is a theta function of 
second order and characteristic abcd. Of these 272-1 products half are even 
and half are odd. Of the 2?) odd (or even) products only 2?-1 are linearly 
independent (1 p. 56 (9)). 


The odd products have the following typical forms: 


P=AE+1: Dass... ists... 


The theorem which we wish to prove reads as follows: 
(44) Any three of the following four products are linearly related: 


(b) P odd: ss Di 
(c) p Odd: Dis Digi Mizign Digi 


(t1,° 2p + 2). 


For, any 2?1-+- 1 of the 2?!) odd (or even) products must satisfy at 
least one linear relation, R = 0, with constant coefficients which are not all 
zero. If the 2?-1-++ 1 products can be arranged in a certain sequence, and if 
to each product, beginning with the first and continuing up to a certain 
point, there can be assigned a half period such that the product does not 
vanish for its assigned half period whereas the succeeding functions vanish 
for the half period, then there must exist a relation among the products to 
which such half periods have not been assigned. For, the substitution of the 
first half period in R —0 yields a zero in every term except the first, whence 
the coefficient of the first function is zero. Similarly by substituting the 
second half period in the simplified relation we find that the second function 
cannot appear, etc. We recall that the half period Po, ...,, substituted in the 
function yields 8a, ... a6,...8;(9), where is a non-vanishing 
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exponential; and that #a,...as6,...8,(0)—=0 except when the indices 
@,° 181° * By, with repeated indices deleted, number p-+ 1. 

When p= 2k we divide the 2p-+ 2 indices into three complementary 
setS 11,° Jip’ jok-13 @,0,¢,d; and form the following sequence 


of products: 


Vi, eee fey 5 Vi, eee eee ox-sacd 5 


It is to be understood that #:,... to,-cc%i,... iop-abca Tepresents the aggregate of 
products for the ( choices of 1,,° *,%ox-2 from the set %4,° ters 
etc. The order of precedence in such an aggregate is not material. An 
aggregate on the right follows one on the left. The number of products is 


“Cr 


To this sequence of products we adjoin a sequence of half periods: 


P > 3 
Pi, 5 Pe toR-109 


one for each product except the last three. An inspection of the two sequences 
shows that each half period is not a zero of its corresponding product and is 
a zero of each later product. Hence the last three products are linearly 
related which, for a,b,c,d=%,- -,%,, proves (44a). 

When p = 2k + 1 we divide the 2p + 2 indices into three complementary 
sets, i1,° Jox3 and a,b,c,d. The following sequence of pro- 
ducts and attached half periods serves the purpose: 
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Dj, eee eee Pj,03 
: P5155 Sond > 
joxdod 


Again the first products represent an aggregate determined by the choice of 
the indices 7, but the indices j, a, b, c, d are fixed as given. Thus the number 


of products is 

2k 2k 2h 2h 
The behavior of the products with respect to the attached half periods is 
the same as before whence there exists a linear relation among the last three 


which proves (44b). 
If, in the relations (44b), wu is replaced by w+ Pi,i,, the relations (44c) 


appear. 
12. Transcendental definition of Q",,;, wp, and wy’. We return to a 


consideration of the ee) theta products of order 2p, 7i,1,:,, which are 
defined in (42), (43). There follows from (44) that 


(45) (a) Any three of the four functions, Tiztsty Tirisigg Tirtaigg 
linearly related. (b) Of the (5) functions (41, te, 13 = 1,° only 


k—2 are linearly independent. ‘A typical independent set 18 Tiigiy 


For, if p is even, (45a) is an immediate consequence of (44a). If p is 
odd, it is consequence of (44b) or (44c) according as the index 2p-+ 2 is 
not, or is, included among 4,,---,%. Then (45b) is true for k= 4, and 
we assume that it is true for values up to and including &/—1. Given then 
in addition to wii, wii,i,, and similarly 
(47), can be obtained linearly. Hence 7; +¢,:, can be obtained when Wirtoty 
is added to the set mijtgis,* °°, Tiztgtp., aNd (45b) is true for the value hk. 
From this there follows that 


(46) Of the (7%?) functions m,:,1, only 2p are linearly independent. If 
2p independent functions are equated to the homogeneous codrdinates of a 
point x in Sep1, then for variable u this point x ranges over a variety wy in 
Sop-1 of which the functions 7,11, define linear sections. Of the ‘.% ) fune- 
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tions mitt, Which omit a fiwed index (j= only 2p—1 
are independent. They determine linear sections of wy by spaces Sop. which 
are on a point qi, The function zis, defines the linear section of wp by 
the Sop-2 on all the points qi, except qi Yiz, Yt Similarly 2p—1 wde- 
pendent functions of the set mis, which omit the index 2p-+ 2 defme a 
variety Wy’, and 2p-+1 points qi, +, 2p-+ 1), im which 1s 
the projection of Wp and qi, in Sop. from the point qops2- 


Equations (42), (43) are parametric equations of the variety wy. To 
obtain similar equations for wp’ we merely delete those linear spaces 7i,i,4, 
which contain the index 2p-+ 2. We have thus defined in S2p. a set of 
2p -+ 2 points gi,, and in Sp» a set of 2p-+ 1 points q’s,; i.e., in Sn a set 
Q"n41s- For odd n the set is identified in 14 with the set of § 1 whose para- 
meters t;,° °°, tops2, on the N?! containing the set, are projective to the 
roots of the fundamental (2p -+ 2)-ic which defines the functions. 


18. Transcendental equations of the P-loci of the set Q”,,; of wp and 
wy. We seek expressions, corresponding to the mi,s,4, of (42) and (43), for 
the sections of wy in Sop, by the entire system, 7i,... ta, Of P-loci of 
2. These are as follows: 


(47) When the coordinates x of a point of wy are taken in such wise that 
the linear sections are given by (42) and (43), then the section of w, by the 


P-locus wi,... ion Of ose of order k, is given by 


even: Tis eee fons Vi, Vina; 


The proof is given here only for the more symmetric case when p is even. 
If in (44a) wu is replaced by w+ Pi,i, the three functions, 


appear as linearly related. Then, multiplying by I? and dividing by 


are linearly related. Hence the first term must represent a quadric with 
nodes at * and simple points at qi,,: -,qs, By virtue of the 
symmetry of this term in %,,- - -,1,, and the consequent similar representa- 
tions, this quadric must have a simple point at qi, also and must coincide 
with the P-locus m,...i;, Thus we find the well known linear projective 
relation connecting the algebraic spreads, 
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(c) Tis eee 459 igisi5ss 


a relation which might have been obtained from the linear relation connecting 
Wixigiss by applying the involution J;,;,defined by 
By adding Pi,... ix, to wu in (a) we find that 


are linearly related. Multiplying by I?*? and dividing by 


the products, 
(e) Tis... tone + II / 
TWizigis eee igtgi5s fons Trigis eee igtsif5 eee tons 


appear as related. On comparing this latter relation with the projective 
relation derived from (c) by applying the involution Ji, . .. i,,,,, which connects 


(f) Tis... tons tena tone 


eee igisis5 eee tons 


we obtain the result (47) for p even. For, in these relations d and f, the 
coefficients of the last two terms must be such that, when in (d) the factor 
Di;... in. appears in the first term, then in (f) the factor 7:,...4,,,, must 
appear in the first term, provided (47) is assumed for smaller values of k. 
The residual factors, Ji,... ig, aNd 7i,...i9,, are then uniquely determined 
and must also correspond. 

The similar statement for w,’, the projection of wp from qepi2, in Sep-2 
with reference to the P-loci of ee): the projection of J from qzps2, 18 
obtained by considering only the P-loci whose indices do not contain 2p + 2. 


14. Identification of the set Q",,, with P",,, of §2. We have found 
in 12 that 7:,:,i, is the linear section of wp by the Szp-2 on all of the points 
of ot except 9i,, is, Yi. We wish to show that this set te is projective 
to, and therefore, if we please, identical with the set Ly of §2. It is 
necessary only to prove that the parameters ¢ of the points of Q on their 
norm-curve V’2?-1 are projective to the roots -, of the fundamental 
(2p + 2)-ic which defines the curve H,?*? of § 2 birationally, and which 
defines the theta functions used both in § 2 and § 3. 

We denote by 
(48) (tite * * * %) 


the determinant of the codrdinates of an ordered set of & points in an Sy-1. 
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In particular, on an with non-homogeneous codrdinate t, is t1, — ti, 
For certain products of such differences we use the notation: 
(49) +} = (tite) (tits) (tots) 

The set of § 1 with parameters - on N??-1 is associated 
with the set of 2p +2 points on S; with codrdinates ¢,,- -, 
whence 
(50) (txts * * top) == 
where ¢ is + 1 or —1 according as its indices are in an even or odd per- 
mutation from the natural order, and A is a factor of proportionality. 
If the reference system is so chosen that N??-1 takes the canonical form 

== (t=0,1,---,2p—1), then, 


(51) 


All of the even hyperelliptic theta functions of the first order vanish 
when u=0 except the functions tape Thomae® has 


proved that 


where » is a factor of proportionality (cf. also Zariski,° pp. 321 et seq.). 
These values enable us to determine the coefficients in the three-term relations 
(44) in terms of the differences of the roots t1,- - -, tepi2. In (44a), 


let « be Pississ... ina tam. -Then 

where in either term a minus sign may occur (cf. * p. 240, VIII). But, 
according to (52), 
(53) 

7 being an undetermined fourth root of unity. Thus the identity is 


Ar = [ (tate) (trig) (r,s, —=1,2, 3). 
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From 44(b) similar relations are derived: 
(54b) 29129 2942 + 9A 2p+2 + 27120 = 0; 


(54b’) B 10 i, ops2¥ ints + 4B ops2 ints =0; 
(54b”) By Ds, + + 9 = 0, 


where B, is obtained from A, by interchanging i, and izp,2. Of these (b) is 
proved like (a); (b’) is obtained from (b) by adding Pi, op.2 to wu and then 
interchanging 4, and 2p + 2; and (b”) is obtained from (b’) by adding Pi,i, 
to u. 

Let 2’ijx be the theta function defined earlier with respect to the set 
and set 


Then all of the theta relations (54) take the typical form: 
(55) (tate) + (tate) + (tate) = 0 


where G’i,i,i, is a linear space on all of the points of Cais except irs iss ig 


With respect to the points pun let Gi,i,i, be the linear space, 


on all of the points except pi,, pi, pi, The linear spaces, thus projectively 
defined, satisfy the projective relations, 


(tgtgis tops2) (ists ) + (tgtrts tops2) (tots lops2 ) 
+ (titets tops2) (ists 0. 
These can be modified by using (56) and (50) to read: 
(57) (txt) + (tote) + (tats) = 0. 


Hence, according to (55) and (57), corresponding double ratios of four 
linear spaces on Q"n,3 and P",,3 coincide to within fourth roots of unity; and 
the same is true of their respective associated sets, t,’,---,top.2, and 
t1,* * *, teps2, On S;. But this can happen only if the fourth roots all are 
’ unity and the two linear sets are projective. For, if t,’, t:’, ts’ and t:, te, ts 
are each projected into 0, 1, « the codrdinates of the remaining points are 
ty’ = mit, (t= 4,- - -,2p-+ 2), where the »’s are fourth roots of unity. Then 
also (0,1; t,’)—7(0,1; tts) which, for generic ¢,, ¢;, requires that 
7=%.=%75=1. Since the linear sets are projective, their associated sets, 

"1; and P",,3, are also projective, and may be taken as superposed. Hence 
(58) The set of points Q'n., defined in 12 by the use of the functions mijisis 
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has parameters on the unique norm-curve N” containing the set, which are 
projective to the roots (n= 2p —1), or to the roots tops 
(n= 2p —2), of the fundamental (2p-+ 2)-ic which defines the functions. 
This set is projectively identical with the set P"n.s of §$1, 2. 

We observe that the possible fourth roots of unity in the formulae (54) 
can be reduced, by the choice of the factor and the order of i, j, k in 
(59) Giga = {ijk}, 
to the square roots + 1 which occur in the projective relations (57). Un- 
fortunately the basis notation is not sufficiently precise to distinguish between 
these signs (cf. 1 p. 86). But this difficulty can be removed by a transition, 
as in (59), to the projective form in which the signs of the expressions used 
depend only on the order of the points concerned. 


15. Identification of w,, w,’ with the W,, W,’ of §2. Let the set of 
points defined by the linear spaces 7i,i,;, in (42), (43) be denoted now by 
P43. If they are expressed in terms of a codrdinate x in Sp, then (42), 
(43) can be solved for x to obtain explicit expressions for these codrdinates 
as theta functions of wu of order 2p. As u varies, the point x, thus determined 
by wu, runs over wy. We consider the relation between the two points z, 2’ 
on wy, determined by u and u’=u-+ Pi,i, The point 2’ is determined by 
the linear expressions, 7’i,i,i,, Which arise when u in (42), (43) is replaced 
by u-+ Pi, Hence, in the case p even, which is the only one we consider 
in detail, typical values of the 7’i,i,i, are: 


(a) pm = Hi, 


Tl’ = ViVi isicis 
From the following form of the equations (a) 
(a’) pm = (r= +, 2p+ 2), 


we see that 2’ is the image of z in the involutorial regular transformation of 
order 2p—1 whose 2p F-points are at pi,,* * *, Piso If the factors in I’ 
with three indices are expressed in terms of the 7i,i,i,, equations (a), (b), 


(c) become 
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Thus linear spreads on pi, become spreads of order 2p—1 on pi,, and vice 
versa; whence the involution is the element Ji,:, of Go"? (1 —=2p—1). Since 
Ii,i, leaves wp unaltered and on wy is represented by =u- then 
the symmetrical element I . . Of G2™* leaves wp unaltered and on wy, 
is represented by uw’ =u-+ Pi,... iong==U- Hence wp is the locus of fixed 
points of J and coincides with Wy. The corresponding proof for the case p odd 
can be formulated by a similar procedure. Hence 


(60) The equations (42), (43) furnish the parametric equations of the 
generalized Weddle manifold Wy in Szop1. If only those equations (42), 
(43) which omit the index 2p + 2 in zi,ii, are retained, they furnish the 
parametric equations of Wy’ in S2p-2, the projection of Wp from popi2. On Wy 
and W, the equation of the involution Ii,...., 18, im parametric form, 
wut 


16. Mapping of W, upon the generalized hyperelliptic Kummer mani- 
fold Ky. We revert to the formulae (47) for the transcendental equations 
of the P-loci of ri; and find that 


On the left we have the pairs (30) whose products are found in the linear 
system = of (31a). On the right we have, to within the factor of propor- 
tionality II?-1, the squares of the 22? odd and even functions of the first order. 
Of these only 2? are linearly independent and an independent set may be taken 
to be coordinates of a point in the linear space S.°,. For variable u this 
point runs over the manifold Ky, whence 


(62) The equations (61) represent a mapping of Wy upon Ky by means of 
the linear system % of spreads of order p with (p—1)-fold points at Pa 
The section of Wy by etther member of a pair of P-loci is mapped upon the 
section of Kp by one of its 2?” singular spaces. 


We'inquire as to the behavior of the singular points of K, with reference 
to Wy. As is known, these occur on Ky when w is a half period. With re- 
spect to W, we observe that the F-locus of the p-th kind of P= ht POEL 
Which is the linear space on pi,,* pi,, is cut by the 
system % in a system of p-ic spreads with (p—1)-fold points at pi,,- - -, pi,. 
But such a spread in Sp is unique. Hence the entire space Sp, is mapped 
upon a single point of K, which we proceed to identify with a singular point. 

Let the hyperelliptic curve H,?*? satisfy the p further projective con- 
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ditions that p + 2 of the branch points, ri,,.,° Tis. ate ona line L. Then 
the remaining p branch points are p flex-points at the p-fold point O, and 
the p-ad at O coincides with its superposed p-ad. Thus the parameters u of 
this p-ad must be a half period. When this situation arises, a number of 
the discriminant conditions are satisfied, and indeed, in many cases, are satis- 
fied in more than one way. 


Let the indices j:, be drawn from Of the two 
alternative forms (35) of the same discriminant condition we shall choose 
that which has more indices 7 than indices i (%1,°**,%). In 


this requires that k-+0+3>k—bd. Also 1=k+b+3=p+2 and 
0 =k—b=p. Hence 
b>—3/2, b=k, b= p—k—1. 

This permits of arranging the 2?” distinct types of discriminant conditions 
in the order 

(a): b=—1; k=0,1,---,p—1; 
(63) (b): 
6, 1,- (p—2)/2 or (p —1)/2]. 


The line Z must factor from the curve implied by the condition since 


The remaining part must be a curve of order k with k-fold point at O and 
On This part therefore consists of k—b fixed lines on O 
and b variable lines on O. Hence if 6 ——1, the discriminant condition 
is not satisfied, whereas if b > —1 it is satisfied in b +1 linearly inde- 
pendent ways. 

The point z on W, which corresponds to this H,?*? with ri,..,° °°, Tisps 
on must (cf. (36)) lie on all the linear P-loci 7;,;,;, [for b = 0, k in 
(63b)], and therefore must be a point of the linear F-locus of the p-th kind 
there correspond the conditions that x lies on m),... g.yot:...é-, and on 
The first of these two P-loci consists (cf. (17)) of 


the co* linear spaces which are (2p — k)-secant to N??" at 
Pi, and at variable points of N*?1. If, of these variable 
points, k —b are taken at pi,,- - -,pi,,, there must be of the spaces 


Sop-x-1 on 4,3; and thus is a (b + 1)-fold locus on x. The second 
of the two P-loci consists of the oo*?*? linear spaces S>y,, which are 
(p+k+1)-secant to at pj,,° Diss’ and at p—k—2 
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variable points of N21. None of these spaces Spx can contain the further 
p+b—k points p; on x whence the P-locus does not contain 7. Hence 


(64) The F-locus of the p-th kind, ...i, = 7 18 @ (D + 1)- 
fold locus of the P-locus of the first kind j,... ixsstr... ix, (0 and k chosen 
as in (63)), and is not on the complementary P-locus. Thus it is a (b +1)- 
fold locus on the corresponding product of the system (61). When x on W, 
is also on x’, the p+ 2 branch points, 1j,,° * *5 Tip, Of Hp?** are on a line. 


We have yet to identify this F-locus, 7 ;,...,, with a particular half 
period. The following theorem (cf. * p. 460) states the behavior of the 
hyperelliptic odd and even thetas with respect to the half periods, when these 
are expressed in the basis notation. 


(65) If the two sets of indices and jijo: contain p+1+ 
indices which do not appear in both sets, then if r>0 the theta function 
Dj,j,° °° vanishes, together with its derivatives up to the order r — 2 inclusive, 
for the half period Pi,... ts; 


The non-vanishing for 70 is normal, i.e., is common to all theta 
functions, as well as the vanishing of the functions for r = 1; but the further 
evanescences are characteristic of the hyperelliptic functions. 

When p is even we have identified in (42) the P-locus 7), ... jx.ssst1... ips 
with the theta function . By using the rule (65) we find that 
this function does not vanish for the half period Pi,...:, if b—=—1 but 
does vanish for b= 0, b—1. For values b > 1 it vanishes together with its 
derivatives up to and including the order )—1, Hence 7;,...i, is to be 
identified with the half period Pi,...i,. By applying the operations (27) 
and (60) we find that the half period w—0O is to be identified with the 
F-locus, the locus of the S(p2)/2’s on p/2 variable points of 

When Pp is odd, the P-locus is identified with 
If then the half period Pi,...i,,2p.2 is identified with 
the F-locus, 7 ;,...:,, the behavior of the P-loci and the theta functions 
with respect to respectively the F-locus and the half period coincides with that 
just described. This ascribes to the improper half period, u — 0, the F-locus. 
the locus of 0-1/2 ON Popr2 and (p— 1)/2 variable points 
of Hence 


(66). The 27 half periods determine on Wy the 27” F-loci of the p-th kind 
as follows: 


even eoe V2k+2-p T P eee tops2 Pi, V2k+2-p 
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These F-loct are mapped as in (62) into the 27” singular points of Ky. 


The mapping (62) furnishes a purely algebraic definition of the Kummer 
manifold Kp since W, itself is the locus of fixed points of a Cremona in- 
volution defined by aol This algebraic definition suggests properties of Ky 


1)- which may not readily appear from its transcendental definition. We ex- 
Wp amine in (83) one such situation for p= 3. 

alf 

the 54 

ese THe SpreaD W,’ IN 

17. Theta relations in the hyperelliptic case, p—3. In the present 
ar case the functions are hyperelliptic when 3(0)=c = ¢,2...3 == 0. The three- 
on term relations are obtained from those four-term relations connecting the 
Ye, four products of four pairs of odd functions in a Steiner complex [* p. 168, 

(3)]. With reference to the basis notation there are two types of Steiner 
ta complexes corresponding to the two types of half periods, P;s and Psezs. In 
BS the second-type the four pairs can be selected in two distinct ways so that 

three types of four-term relations exist which connect the functions indicated: 
ut B: Dosti, 24, 5 
ut C: Diss, DseVr8, 


The coefficients of the functions in these relations are, to within a + sign: 


C2347C2348, C3147C31489 C1247C1248, C1237C12385 


C2378C1478,  C3178C2478, CCi2s4; 


When c=0, Thomae’s values (52) of the cijxz enable us to express these 
coefficients in terms of the roots of the fundamental octavic as follows: 


[ (23) (14) [ (81) (24)]", [(12) (34) 0; 

C”: (12) (84) (58) (67) [(31) (24) (58) (67) ]™, 

[ (14) (23) (57)  [ (14) (23) (56) (78) ]¥/?. 


By adding a half period to wu in these relations other relations of dif- 
ferent form are obtained. We are concerned primarily with the three-term 
relations obtained from B, B”. The three terms are symmetric with respect 
to a division of the indices, 1234, 5678; and the addition of Pi234 leaves each 


475 
1)- i 
| 
sen | ih 
) 
e 
| iil 
| 
i 
| 


476 Coste: A Generalization of the Weddle Surface, 


term invariant. To secure typical results it is thus sufficient to add the half 
periods, Pre, Pss, Psa, Psazs. We secure the following five sets of three func- 


tions, each in a relation with coefficients B” : 


Bl: Dosa, 24, Di2D 545 
B2: 1478; 2478; sare 3 
B3: is, PsiasVo8, 5 
B4: Dosis, Dios, Drosad 5 


Since, for the odd value of p, the index 2p + 2=8 is isolated in the 
application we are about to make, the relations just mentioned yield others 


as follows: 


Pastis, Diodes (48) 3 

B2b: P2560 34565 D1 2570 3457, P1267) 3467 : (17) (826354) 3 
B3b: 245 34 : (48) 

B3d: Dose7Vi25 13 : (81 

B4b: Prose? : (48) (27) (16) (35) ; 
B5b: 34575 : (71825463). 


The substitution’ (in cycle form) on the right of each is that which converts 
Bi into the given form; and which therefore must be applied also to the 
coefficients B” to obtain the coefficients of the given terms. 

The three-term relations have been derived afresh to show their place 
in the relations among the non-hyperelliptic functions. Thy might have been 
obtained directly from (44b). 

18. The theta relations of 17 as projective relations in S,. The P-loci 


of the set P;* in S,, Ti... and Wis... (4; 7) are 
defined in (47) in terms of the thetas: 


It = Dez. 


Three-term relations among products of these P-loci are then derived from 
the theta relations. We have noticed already in (59), (57) an example of 
a projective relation in S, which is obtained from a theta relation. We now 
extend the definition of Gi,i,;, in (59) to cover all the P-loci of P;* by setting 


The factors, {t,- * * tx}, are defined in (49) in terms of the differences 
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(ij) of the roots ti, t; (t,j7—=1,---,7%) of the fundamental octavic. These 
differences are proportional to the quinary determinants formed from the 
codrdinates of the points of P;* as in (50) ; specifically 


(67c) i sigi (Uetz) 


In order that a relation involving these differences may be interpreted as a 
projective relation, it is necessary that a certain number (the same for each 
term) of the differences be interpreted as quinary determinants so that the 
terms may be homogeneous in each point of P;*; and that the products of 
the remaining differences in each term be homogeneous in each of the roots 
ti: *,ts so that the ratios of the products are invariants, rational or 
irrational, of the octavic. An example is the transition from (57) to the 


the 
ers 


preceding purely projective relation. 
We prove that the functions G satisfy the same system of relations as 
the projective expressions in (67d) and therefore may be identified with them. 


Grog = + (45672) 
(67d) Gy... + [ (23) (14) (246%) (136%~)—(13) (24) (146%) (23672) ], 
[ (23) (14) Gisse7Gesse7 —(13) (24) - 


Thus the respective degrees of Giss, Gi...5, and Gi...7 in the coordinates of 
P;* are 


(000 1111), (2222244), (6666666). 


Multiply B3 in 17 by I/d,,- - - dss to introduce the functions 7 in 
(6%a) ; with coefficients B”’, then insert the values G from (67b) ; and multi- 
ply by {4; 123}!/2 to remove the denominators. The resulting relation is 


(14) Goss (24) Gera = (34) Gos 0. 


With the differences replaced by quinary determinants this is the projective 
relation satisfied by S3’s on ps, pe, Pz tO pi, P2, ps respectively, and justifies 
the first formula of (67d). 

Again we multiply in B5 by - to introduce the func- 
tions 7, and after inserting the coefficients B” and the functions G, multiply 
by [{12347}/(12) (34) ]!/2 to obtain 

(23) (14) Gear Giz = (24) (13) = Gy2847 a= (). 
On interchanging 7 and 5, this is the second formula (67d). The deter- 
mination of the relative sign of the first two terms given in (67d) is based 
on the fact that the third term, G12347 = pmi2ss7, Must represent a quadric 
with nodes at ps, ps and on pr,* * *, Ps, Pr. 
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Finally on multiplying B4 by I1°/9;s0¢s07s, and by 
[ {567} {1234567}/ (12) (34) ]}/2, 
we convert it into the projective relation, 
(23) (14) —(13) (24) GosserGissez = + GsorGi... 
which is the third formula of (67d). We verify in a moment that 


(6%e) Gresaser = [ (14) (46) (63) (32) (25) (51) (13422) (13652) (42652) 
(14) (42) (23) (36) (65) (51) (13462) (13252) (46252) 
(14) (46) (65) (52) (23) (31) (15422) (15632) (42632) 
(13) (36) (64) (42) (25) (51) (14822) (14652) (32652) 
(13) (36) (65) (52) (24) (41) (15322) (15642) (32642) 
(13) (32) (24) (46) (65) (51) (14362) (14252) (36252) ]. 


We complete the examination of the relations, B1,: - -,B5, by multi- 
plying B1, B2 respectively by 


[{567; 1234} {567}2]1/2 113 


to reduce them to 


The second of these two is the identity which arises when the determinants 
in the ordinary binary identity, (14) (23)-+(24) (31)+ (34) (12)=0, are 
expanded into the quinary domain by the insertion of 56z in each determinant 
according te the Clebsch principle of transference. The first is the form which 
the second takes when the Cremona involution Js, is applied to it. A more 
direct proof is not immediate so that this identity is an example of the useful- 
ness of the thetas in a projective study of P;* and related loci. 
A similar example is furnished by B3c which yields 


(67g) (14) G67 (24) Goer Gs1467 (34) = 


The Cremona involution I,, applied to the second relation (67f) will produce 
an identity of this character. 

The transcription of the relations Blb,: --,B5b and B3d is not so 
direct and will be deferred until more information concerning W,’ is gained 
(cf. 19). We close this section with an examination of G,...; in (67%e), the 
interesting locus of the bisecants of the curve N* on P,* (cf. 4, table). If 
in (67d) we take the quadrics in the form, 
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Gasser = (24132) (24562) (15) (36) —(24152) (24362) (13) (56), 

Goaser = (13242) (13562) (25) (46) — (13252) (13462) (24) (56), 
Gosser = (14232) (14562) (25) (36) —(14252) (1436z) (23) (56), | 
Graser = (23142) (23562) (15) (46)—( 23152) (23462) (14) (56), | 

then the combination, (23) (14) GissezGosser —(13) (24) Gesse7Gisser contains 

the factor, Ge, (12342). Indeed the only two terms of the combination, 

which do not contain this factor explicitly, cancel each other. The comple- 

mentary factor is the bracket in (6%e). Hach of the terms in G,...7 involves 


one of the cyclic arrangements: 


146523, 


136425, 136524, 132465. 


146325, 142365, 


For each cycle the pairs of diagonals of the corresponding hexagon determine 
the quinary determinants. The six cycles may be described as the six ways 
in which 126 can be inserted between 345 or vice versa. Thus there must 
be ten formally different equations (67e) of G1...73 or 10.7 = 70 if also the 
exceptional position of p; be considered. : | 
It is evident from the given form that the cubic spread G:...7 has | | 
nodes at p1,:°-°,pe6- That it has a double point at p, is also easy to see. 
For, the second polar of p; is obtained by setting =p, in each pair of 
terms in each of the six products of three quinary determinants. Then any 
determinant, e. g.(12342), appears twice with coefficients which cancel when | 
(13567) is replaced by (24), etc. On account of the symmetry it is sufficient / 
to verify this for (12342) alone. Since p; does not appear explicitly in the 
equation the locus must have a node at every point t —#, on N+, and there- 
fore must be the locus of bisecants of NV+. 


19. Geometric properties of W,’. We have seen [cf. (66)] that the 
F-loci of the third kind of P,5 in S; are contained on Ws. When Ws is 
projected from ps upon W;,’ in S, these F-loci of the third kind of P,® are 
projected into the F-loci of the second kind of P;* (cf. 4, table). Hence W,’ | 
must contain these F-loci of the second kind of P;* for the values of the half 
periods as follows: 


u=0 == N4; | 
U Ps 1?) = S2(tstetz)?; | 


Since W,’ is invariant under the Gg, determined by P;* it must be a 
spread of order 5k with 3k-fold points at P;*. Moreover since the same pro- 
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jective set P;* can be obtained by the projection of a P,° in S; which con- 
sists of P;> and any point ¢ on the N® determined by P;° and ps, the equation 
of W;’ in S, can involve t—¢, only in the coefficients. Hence W,’ will be 
a member of a system (001) determined by P;*. We shall find that this 
system is a pencil. 

The projective relations thus far obtained from the theta relations have 
been identities among the P-loci which were valid throughout the space. 
These could lead to no definition of W,;’. We consider then the further set 
Bib,: - -, Bd5b. In order to handle the functions - which do 
not disappear as in the earlier cases, we define two new sets of seven functions, 
H,,: > +, Hy,: -, H7, as follows: 


H, = [ {234567} (18) ]2/2, 
Hy’ = [1/82,.] [{1234567}{1; 234567} (18) ]2/2, 


(68a) 


where w is a function to be determined later. Hence 


(23) HH,’ +(31) HH,’ +(12) =0. 


In terms of the functions H, H’ the later theta relations transcribe as follows: 


(68b) 


Blb: + GosserHe + GeaserHs =0; 
B2b: + + = 0; 
(68c) B3b: 1’ = 2" — 0; 
B4b: (57) + (56) 7’ + = 0; 
Bdb: (57) + (56) + = 0. 


If B4b and Bdb are multiplied by H.H;, they reduce by using (68b) to 
B4b’: (57) (68) (56) (78) 


GserG {1 7} = 0, 
Bbdb’: (57) (68) =< (56) (78) 
+ - - 7} =0. 


(68d) 


We write the identity B2b for the three combinations, 12,34; 13, 42; 
and 14, 23, using the projective form except in the unknown H;, He, Hz. 
Thus 


+ (12562) (34562) H, + (12572) (34572) H, + (12672) (3467x) H, =0, 
+ (13562) (42562) H, + (13572) (42572) He +(136%z) (426%r) =0, 
+ (14562) (23562) H, + (14572) (2357%r) H, +(146%x) (2367x) H; =0. 
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If these be added the terms in H; vanish due to the second identity (67f). 
Since H, and H, with significant factors 9s, 97,3 could not remain, the 
terms containing them must also vanish due to the same identity, whence 
the ambiguous signs are alike in each column. Any two of the three identities 
then serve to determine the ratios of H;, He, H;. We shall set 


68e) H | (12572) (34572) (12672) (34672) GeasGies 
( (185%a) (425%x) (136%r) (426%) | =| GareGise GaosGiss 
This expression for H, determines the function w in (68a). For, if the 


quinary determinants are replaced from (6%a, b, d), H; takes the form 


(68f) Hy + - [ {123456} (78) ]*/2 
24580 1858 = 12580 2468" 1368 
[ (14) (23) (56) (78) ]*/? 


On comparing this with (68a) we find that 
(68g) W = 12689 245801358 240501808 ) /[ (14) (23) (56) (78) ]}/2. 


We recognize at once from (68e) that H; is the locus of points x such that 
Pe are projected from. the line into six points on a conic; or, 
it is the locus of points x which are projected from p, into the points of a 
Weddle quartic surface with nodes at the projections of pi,‘ -, pe. It is 
thus a Weddle quartic cone with 4-fold point at p; and double lines from 
pr to pi,* + *,pe- It contains the remaining F-loci of the second kind and 
dimension one simply [i.e., N* and the 15 lines (tt2)! =1,---,6)]; 
and also contains F-loci of the second kind and dimension two; namely C;,3, 
and the 15 planes S2(7tt2)1. 

The identity Blb brings out the significance of the factor w in the 
definition of the Weddle cones H. The two sextic spreads GisserHi and 
G24567H 2 lie in a pencil with a basic 2-way of order 36. The quadrics Gissez 
and meet in C3 and 82(123)1; Giss67 and meet in C23 and S2(231)1, 
S_(234)1,- - +, 8.(237)1; Gosser and H, meet in 0,3 and S9.(132)1, 8.(134)}, 
+ +, 82(137)1; and H, and Hz meet in S2(123)1, 82(124)1,- - -, S.(127)1 
and a V214. Since the complete intersection of H, and Hz is a 16-ie with 
8-fold points at and 4-fold points at ps,- -, must have triple 
points at P;*. Since Gssse7 Hs is a member of this pencil, V.11 must also 
lie on Hs, and thus must lie on each of the seven Weddle cones. Also H,, A. 
contain N* and the line 9,(34)1. These not being on the 5 planes common 
to H,, H, must be on V211. On account of the symmetry of V.1! with 
respect to the seven cones we may state that 


(69) The seven Weddle quartic cones H; with respectively vertices at pi 
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and double lines pip; meet in a surface V211 with triple points at P;* and 
containing N* and the 21 lines S,(tj)1. The surface V2"! 1s invariant under 
the Cremona Ge, defined by P;*. The equation of this surface on W;’ is 
(cf. 68g). 


For, the Weddle cones, H, and H;, are each invariant under the involu- 
tions generated by 1i,i, (41, -,5); whence V,!4, their common pari 
except for F-loci, is also invariant under these involutions. That V.14 is on 
W;’ is a consequence of the equation of W,’ we are about to derive. 

If in (68d) the third term of the two identities is eliminated, we find 
that 
(70) = (57) (68) [ si 7] H, 
(56) (78) [ 7] He = (), 


This relation (70) is an identity in w but it is not a projective identity. 
For, the S83, Gsez = 0, is a factor of the two of the terms but not a factor 
of the other two for variable ts. We observe that each of the brackets is of 
degree 10 in each point p of P;* as well as of degree 10 in x Hence the 
factors (57) (68), (56)(%8) are to be interpreted in the binary domain as 
terms of a double ratio. Thus W,’ appears, as observed earlier, as a member 
of a pencil (for variable ¢,) defined by P;*. 

The alternative forms of the function w of (68g) are 105 in number. 
These arise from the 15 choices of the form of H; in (68e) which depend 
upon the division of the six indices into pairs (14) (23) (56) ; and from the 
7 choices of the index 7. 

The relations B3b play the same role in the determination of the func- 
tions H’ as the relations B2b in the determination of the H’s. Let B3b be 
written three times for the cyclic permutation of 4, 5, 6. The coexistence of 
the resulting three identities is a consequence of the identities (67g) with 
multipliers (47), (57), (67). Any two of the identities serve to determine 
the ratios of H,’, H.’, H;’. If we select the first two, an extraneous constant 
factor (67) appears, so that we set 


GissGisser 
67) = + 


That this projective form of H,’ coincides with the definition of H,’ in (68a) 
appears when the spreads G are expressed in terms of the functions by means 
of (6%a, b). The expression is 


(71b) (67) - Hy’ = + (67) - [11*/8?,.] -[{1- - -7}{1; 2° 7} (18)]!” 
+ /[ (18) (23) (45) (67) 


é 
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This value of H,’ coincides with that in (68a) except for the form of the 
function w. By equating two alternative forms of w in (68g), 


134802468 i248) /[ (16) (23) (45) (78) 
e568 34780 2468 3568) /[ (18) (23) (45) (67) 


we have an identity which, when wu is replaced u-+ P;6, expresses the func- 
tion in (71b) as one of the alternative forms of w. Thus (71a) is a pro- 
jective definition of H,’. According to it the degrees of H,’ in the points 
Pi,‘ * ‘Pr are (3, 6, 6, 6, 6, 6, 6). 

Other forms of H,’ occur; e. g., the coefficient of H; in (70). We find, 
again by using (67a, b), that this coefficient is 


2D 56073 — /[ (12) (34) (56) (78) 


By the same argument this is (12) (34) (56) -H,’ whence 


1 12) (34) (56) - HA,’ = 
(71c¢) (12) (34) (56) 


On replacing the coefficients of H; and H, in (70) by these values we find 
that 


(72) We’ =(12) (34) [(57) (68) - (56) H,Hy’ + (56) (78) (57) 


We observe that both terms, (56)H;H,’ and (57)H.H.’, have degrees 
(9, 9, 9, 9, 8, 8, 8) ; and the factor (12) (34) raises all of these degrees to 10. 

The spread, H,’ = 0, is a sextic spread with four-fold points at pi,°-:, pe 
and double point at p;, which is on V,"1. According to its transcendental 
definition (68a), these properties are sufficient to define it. The Weddle 
quartic cone H; is invariant under the Gs2 whose involutions J;,... i,, do not 
contain the index 7%. It has therefore but one conjugate under Gg. The 
image of H; under J;; is a sextic spread with double point at p;, 4-fold 
points at ps, and on which is invariant under [cf. (69) ]. 
This image must coincide with H,’. Hence each of the seven products H;H;’ 
is invariant under Ge. According to (68b) these seven products are in a 
pencil. We observe that when, in (72), tg —=t—t,, W;’ reduces to H,H,’. 
Hence 


(73) Each of the seven Weddle cones H; is invariant under a Geo in Gea, 
and 1s conjugate under Ges to a sextic spread Hi’ with node at p; and 4-fold 
points at the other 6 points p. The seven products HiH;’ are in a pencil 
with parameters t=t;. The spread W,’ is in this pencil with parameter 
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tts. The pencil is that of order 10, which contains V2 as a double locus 
and the F-loct of the second kind of P;* as a simple locus. 


The base of the pencil, a surface of order 100, consists of V.11 counted 
four times, of the seven cubic cones C;’, and of the 35 planes S.(ijk)4. We 
say that the pencil contains the one-dimensional F-loci as- simple loci if it 
contains them to a multiplicity one greater than they must occur on spreads 
of order 10 with 6-fold points at P;*. Thus 8,(12)1 must be a double line 
of spreads of such a pencil. It is however a triple line on the pencil (70), 
and a like situation with respect to N* and the 21 lines 8,(i7) must exist. 

We give finally a determination of sign for the spread W,’. 


(74) If the signs of H,, H2, H; and H,’, H.2’, Hs’ are so chosen that the 
identity (68b) reads: 


(23) H,H,’ +(31) +(12)H,H,’ =0, 
then the equation of W;’ can be written as 


(31)H.H, (12) 


(23)(18)  (31)(28) (12) (38) 


For, if and then 
L2Yo — LoY2 = XoY1 — T1Yo. Only with this disposition of the + signs could 


the three forms of W;’, as given in (72), coexist. 


20. The double surface V,'1 of W,’. Let L be a generic line of the 
Weddle quartic cone H, with vertex at p;. This is a fixed line of the in- 
volution J1234s¢ Whose parametric equation on W,’ and V2!! is u’ =u + Py. 
The ‘line Z meets H, in two points outside p,; which are points on and 
double points on W,’, whence LZ meets V211 and W,’ only at these two points 
outside p;. These points must be interchanged by I,...¢, since u’ =u + Pre 
has only 32 fixed points on W,’ which are determined by the quarter periods, 
+ P;s/2. Since each point of V,11 is on one line L, there follows that: 


(75) On V211, invariant under Ges, the elements of Ge, are generated by 
combining the involutions lig (t= 1,- -,7) which respectively are the pro- 
jections of V211 into itself from pi. Under successive projections from the 
triple points a point u of V211 gives rise to a closed set of 64 points conjugate 
under Ges. The surface V211 is projected from any one of its triple points, 
say pz, into a doubly covered Weddle quartic surface with fundamental sextic 
ti,° * *, te; and the conjugate sets of 64 points on V214 are projected into sets 
of 32 points on the Weddle of the type described by Baker ** (cf. also Hudson,’* 
p. 169). 
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us This V,11 is a particular case of a surface which occurs in connection 
with every set (n> 3) in Sn». The rational curve of order n+ 1 in 

ed Sn, R"*1, with a node can be put into the unique canonical form, 

i 

ds It has therefore n(n + 2) constants. On P",,3 there are «0% Rs with a 

ne node, since n(n + 2)—(n-+ 3)(n—1)=3. If & is the node of such an 

the is projected from into an N’"" on the projected set in 


Sn+- The cone of projection, K"-1, has an (n —1)-fold point at z. Since 
N’-1 is on (n—1)(n—2)/2 independent quadrics, K"1 is contained on 
a system 3” (co-1+(m-1)(n-2)/2) of quadrics in S» with a node at «. The system 
(co (n**n-8)/2) of quadrics in S, on P"n,g and is made up of and a 
system (002"-5) which does not contain K""1. The system 3” cuts 
in a linear system of curves L”, of dimension 2n— 5, order 2n— 2, and 
with an (n—1)-fold point at z The system L” contains R"*”’s with node 
at x together with n — 3 arbitrary lines of K"-1. It is two conditions on 3%” 
to contain such a line whence there are «1 R”"*!’s on K"1, which have a node 
at 2 and pass through P",,3. Thus the locus of the node x of the o«* nodal 
RVs on P43 is a surface. Hence 


(76) Given P 4, there exists a surface V2, the locus of a point x: (a) 
from which P projects into a set in Sn+ on a norm-curve 
(b) which is the (n—1)-fold point of a cone K" of order n—1 on Pus; | 
and (c) which is the node of 1 of the rational curves R"** on P's. This | 
surface V2 1s the complete intersection of the spreads Hiz... ing, the locus 
Of Sn-2°S ON Pigs’ * *y Ding to points x’ of the Weddle surface determined in 
S;’ by the projections of pig from the Sn-s On * Ping The 
surface V2™ contains all the lines pip;, and the curve N” on P 43. It has 
(n—1)-fold points at P ,,3 such that the tangent cone at pi, is the cone 
K"! from pi, to the N’"-! on the projections of pis* * * 5 Pins: 


For n=3 this theorem states the more fundamental properties of the 
Weddle surface; for n= 4 it gives additional properties of the surface 
V211 == V2, 


21. Mapping of W,’ upon the Kummer manifold K, in S;. We derive 
from the theta relations one such mapping without attempting to draw any 
geometric conclusions. The mapping is given by the equations: 
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[+(17){8; 234}-{1; 56}H, +--- 
+ (47){8; 123}-{4; 56}H,] 
(b) {1- - 7}[{123568} (47) - - 
(77) = [+ (16) {8; 23} (15) | 
+ (36){8; 12} - (35) | ...73 
[+ (57) (68) + (56) (78) | GserGs 


In these equations we have on the left the four types of theta squares, 3, 
0747, 0713 each multiplied by the factor and by a modular 
factor which varies somewhat from type to type. On the right the brackets 
properly interpreted represent projective loci. Thus in (a) the terms 
{1; 56}H, =(15) (16)H;,- - -,{4; 56}H, are all of degrees (4, 4, 4, 4, 
3, 3, 3) in pi, * *, py respectively when (15) is replaced by (23467), etc., 
and of degree 4 in x; whereas the coefficients (17) {8 ; 234},- - -, (47) {8; 123} 
have ratios which are double ratios of the fundamental octavic. 

The equation (d) is a consequence of the definitions (67a, b), (68a). 
The equation (c) is obtained from the identity B4b’ in (68d). The equation 
(b) is a transcription of one of the identities A in 17 which reads: 


[ {123} {856}  [ {138} {256} 
+ [{128} {356} = 0. 


The equation (a) is a transcription of a five-term identity: 


C7 12340" 718 C71 3480 206 = C7 12480255 C7 10380745 = 0. 


In this mapping system the factor G,...; appears throughout on the 
right. It has been introduced to make the system of order 10 with 6-fold 
points at P;*. If the involution J,..., is applied to the system this ex- 
traneous factor would be reduced to G;—the directions at p;—and would dis- 
appear from the projective equations of the mapping system. 


§5 
THE GENERALIZED WEDDLE, W;, IN Ss. 


22. Hyperelliptic theta relations (p—3) as projective relations in 
S;. We set, as in (47), 


| 

| 

7 

| 


lis- 


in Terms of Hyperelliptic Theta Functions. 


Then, as observed in (61), 


We pass from the functions 7 to the projective forms by setting 

and pass from binary differences (i,i2)* to senary determinants in S; ac- 
cording to 

(78d) (tts == A> tg 

Since in, = the significant factor both in msi... ix 
and in 7ig,,...i, a number of alternative projective forms can be obtained 
from the same theta relation. Furthermore, in the projective situation, ps 
is no longer isolated, so that relations Bi, given as distinct in 17, may yield 
the same projective relation in S;. Thus we find from the relations of 17 
as indicated that: 


B3, Blb: (14) (24) Garg + (34) Gros =0; 
B1,B2 GessGiss GsisGoss + Gres = 0; 


78 
B4,B5 : +(14) (23) GossGiss + (24) (18) Grss Goss = Grzsas ; 


B4 +(14) (23) GisserGeaser (24) (13) GrsserGesser = Gse7Gi... 2. 


In these the binary determinants are to be replaced by senary determinants 
to secure homogeneity in each point of P,°. The first identity shows that 


Gros (456782) 


the third that Gi2s4s is the quadric with nodal plane on ps, pe, pz and on 
P1>* * *» Ps, ps; the fourth that G,...; is the cubic spread with triple point 
at ps and double curve N®; and the second is a projective identity. They all 
can be obtained by the Clebsch transference principle from corresponding 
identities in S4. 

The degrees in the points of P,5, and in a, of Gies, Giesas, and Gi...7 
are respectively 


(00011111531), (22222444;2), (66666669; 3). 


If we set 
GsaeGi26 GsasGies 
Awn=t == - - [ {123456} (78) ]2/2, 
(78f) 
GsasGies GsasGics 
= [ {123458} (67) ]1/2, 
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where w is defined in (68g), the projective and the analytic expression for 
Hys, Her are reconciled as before by the identity, 


(78g) B2b: + HosGsscGize + = 0. 


The degrees of Hz, in P,® and x are (22222244;4). From (78f) there 
follows that 


(78h) + HreHse/(78) (56) = ++ HoeH1s/ (68) (%5) = -+ (58) (67). 


In these equations the negative ratios of (78) (56), (68)(75), (58) (67) are 
to be considered as double ratios of the fundamental octavic. The equations 
are those of octavic spreads which contain Ws, though we shall find later 
sextic spreads on W3. 

We need not develop further projective relations as the more important 
properties of Ws; either have been obtained, or else can be inferred from the 
properties of its projection W,’. 


23. Geometric properties of W;. It is comparatively easy to determine 
the projective equations of the involution J with locus of fixed points, W;. If 
* Pe are taken as reference points; Gizs,- Gezs, as reference S,’s, 
a provisional form of J is 


G’ i713 = ke: = ke 
We determine the &; from the fact that 
(28) (18) + (78) = 0, 
and (28) GesaseGisasera (18) GisaseGesasezs + (78) = 0. 
A comparison of the first two terms shows that k, = + k,. Hence 
(79) The equations of the involution I—I,.... are 
Thus W, ts on all the sextic spreads with 4-fold points at P,® of the form 
If this spread is recast into theta form, it becomes the identity, 


— 17D 18 == 0. 


This double translation of a theta function into G’s yields a number of types 
of sextic spreads on W; of which we note the following: 


| 
(i 
t 


| for 
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(80) = G12678 1234584578 0, 
GeesG167 x GiesGe67 = 0. 


(81) The wariety W, has the order 19. On tt the points of Ps° are 9-fold; 
the lines pipy and N® are 3-fold; and the F-loci of the third kind of Ps°, the 
56 planes pi pj px, and the 8 cones K;* from respectwely p; to the points of 
N°, are simple loci. 


For, Ws is projected from ps into the 10-ic, W,’, with 6-fold points at 
P,* and triple lines pip;. The directions at ps, determined by 0 = 0, become 
on W;’ the 2-way cut out by the cubic locus of bisecants of the N* on P;*. 
This cuts W,’ in a 2-way of order 30 with 12-fold points at P;* from which 
the seven cubic cones 0; factor, leaving a 9-ic 2-way with triple points at P;*. 
Hence pz is a 9-fold point on Ws; and the order of Ws; is 19. 


Ws; is cut by the P-locus, G23, in a 2-way of order 19 with 9-fold points 
at from which ten planes, etc. factor leaving a 9-ic 2-way 
with triple points at p.,- - -, ps, and also with triple points at the three 
points where G23 is cut by the lines pips, pips, pops. The complementary 
P-locus, G4sezs, must cut W, in this same 9-ic 2-way whose transcendental 
equation is Biezg—= 0. This quadric, Gisezs, cuts Ws in a 38-ic 2-way from 
which there must separate the plane pipep; twice, the 15 planes like pipops 
each once, and the three cones like K,* each once, leaving the 9-ic 2-way with 

Wz is cut by the P-locus, G:...7, in a 5%-ic 2-way with 18-fold points 
at fi,* * *, 7, and, normally, a 27-fold point at ps. This 57-ic consists of 
the 21 planes like pspipe, and the seven cones like K,*, and the cone K,® 
twice. On this 2-way ps has the multiplicity 36 corresponding to the fact 
that G,...; contains at pz all the directions on W; at the 9-fold point ps. 

We observe also that 


(82) Ws contains the surface V2“ of (76), a 2-way of order 15 with 4-fold 
points at P,§. 


We return to the theorem (31a) concerning the linear system = of cubic 
spreads with nodes at P,5. The system % contains a linear system 3; con- 
sisting of all the members of % which contain the F-locus of the second kind, 
m2), g, the locus of bisecants of N°; or, which contain the paired F-locus 
of the second kind, N5 =), to a multiplicity two, one greater than the 
normal multiplicity of 3. The system %, contains eight members, Gesasezs, 
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* + +, Giesasez, Which Jie in a one-parameter cubic system with parameters 
t= 1t,,:-*°,ts. The entire system 3; contains the eight F-loci of the third 
kind, K,*,- -,Ks*. A member of such as Gasezg contains three of 
these only; namely, K,*, K.*, K;*. Also an F-locus of the third kind of type 
a‘3),23 is on three of the above eight members of 33; namely, Gosss67s,@1848678, 
Giessers)s In mapping W; upon the generalized Kummer 3-way, K3, in 9; 
by means of the system 3, the G2...3 and Gi23G@,.... become singular tangent 
spaces of K;; and the F-loci of the third kind become the singular points of 
K;. Thus K,*,- - -,K,s* are mapped upon eight points in an 8; in S; which 


lie upon a cubic curve, the map of the cone K:*. Also Gos...s,° Giz... 
are mapped upon eight S,’s containing this S;, and projecting from this 8, 
into eight planes of a cubic curve with parameters ¢,,---,t;. Hence 


(cf. p. 310). 


(83) The Kummer 3-way in 8, with 64 singular points and 64 singular 
tangent spaces has, in the hyperelliptic case, an additional configuration of 
64 S,’s each with the following properties. An Sz is on 8 singular points 


which lie on a cubic space curve with parameters t= t,,:--,ts; and is on 
8 singular spaces which envelop a cubic space curve with parameters 
t= 1t,,:--+,ts. Hach of the remaining 56 singular points (tangent spaces) 


is on three of the 8 singular tangent spaces (points). 


The existence of this self-dual configuration connected with Ks is a con- 
sequence of the existence of the F’-loci of the second kind, intermediate between 
those of the first and third kinds, in the space of the Weddle W3. 


§ 6 
THE HYPERELLIPTIC (p= 3) FoRM OF THE CAYLEY DIANODE SURFACE. 


24. Definition and equation of the surface. A singular space of the 
Kummer 3-way, K;24, in S; touches K, along a 2-way, M.'*. If the func- 
tions are not hyperelliptic, the M,!* is the map of Cayley’s dianode surface, 
a sextic surface 7’ with triple points at seven points, P;*, in ordinary space, 
by its linear system of adjoint quartic surfaces [cf.* p. 187 (1)]. Schottky 
has given a parametric equation of the dianodal surface in terms of theta 
functions of order four for those values u which satisfy 0(u)—= 0 (cf. + p. 181). 
However, the situation is quite different in the hyperelliptic case. Since we 
hope to make in the future a closer study of the hyperelliptic Kummer mani- 
fold Ky with the aid of the mappings indicated in this article, it seems perti- 
nent to develop here the peculiarities of Schottky’s representation in the 
hyperelliptic case. 
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The representation is based on the following theta relations of types A 
and CO [cf. (17)]: 
O(u)=0; 
[ {238} {156} [{318} {256} 
+ 0; 
(84a) [(12) (34) (58) (67) [(14) (23) (57) (68) ] sare 
+ [ (14) (23) (56) (78) sacs = 0; 
[ {234} {856} [ {438} {256} 
+ [{428}{356}]1/2 0. 


The functions introduced by Schottky are 


= Dmnos TI?/P msOnsVos 
P; is IF 


(4, 4, ° -,o=—1,- 
We convert some of these into projective forms by setting 


Grog = Prog: {123} /[ {8 ; 123} {4567} ] 1/2, 


(840) + Py»: (134567) (34567} /[ {234567} {8 ; 134567} (23) 


The first relation (84a) then yields 
{2347} {3147} Gear = {1247} Gear 0. 


This shows, in the customary way, that the functions G12; are linear sections 
of a theta manifold in 8; by planes on the points p,, po, ps respectively of 
a set P;?. Moreover the coefficients of the relations are such that the P,* 
is on a norm-curve N® with parameters ¢,,- --,¢;. If N* is taken as 


Gur (14%2), {2347} + (2347). 


With this transition to projective quaternary determinants the second 
relation (84a) becomes 


Gs,2 (1357) (1346 ) Gs57Gsae (1356) (1347) 


(13)2{13 ; 4567} [ Gsse Gear (5%) (46) — Ger Gsse(56) (47) ].- 


The first expression for G32. is purely projective, and shows that Gs,2 is a 
quadric with node at ps and simple points at ps, ps, Pe, Pr- From the sym- 
metry of its definition in (84c), the quadric G@s,2 must pass through p, also. 
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But since in the present case P;* is on NV’, Gs,2 must contain NV*, and therefore 
also the point pz. Thus it must differ from Gs, by a constant factor only, 
and we find at once from the second form of Gs,2 in (84e) that 


(84f) (2357) (2346) Gs,2 + (1857) (1346) =0. 
If this projective identity is recast into transcendental form it becomes 
(84g) [ (82) (31) ] 1/29, 018 [ (81) (23) ]}/2 0, 


which is the form the identity B4b in 17 takes when #(u)= 0. 

In order to give Gs,2 in (84e) a specific sign we shall write 

Guar = (1472) 

and agree that corresponding functions shall arise from the latter by even 
permutations of the arguments 1,---,7%,7. Thus W(2; 123456)—+ Ge, 
is the Weddie quartic surface with nodes at p:,- - -,p., and is to be taken 
with the specific sign which arises when the permutation, (27) (3x), is applied 
to Gs,2 in (84e). The function W is an alternating function of its last six 


arguments. 
The third of the relations (84a) can be recast into 


(64i) Posse * {8 ; 17} {2317} {2356} {235617} /[ {12345678} {147} 
== + (8137) + (8127) GoseGs,s- 

The right member is purely projective. Hence Posse is a cubic surface with 
nodes at po, Ps, Ps, Pe aNd on pi, Pz; but also on py, since Gos, Gs,4 are also 
on py. When P,? is on N® there is a pencil of such surfaces (the image of 
a pencil of planes under a regular cubic transformation). If p, is taken on 
N*® with parameter t= 1t,, the binary factors (81) and (82) separate from 
(8137) and (8127) leaving ¢, as the linear parameter of the pencil. 

The identical relations (* p. 183) among the functions now lead in part 
to projective identities. For example, the first one, P:,2P2,3Ps,1 = P21P1,sP3,2, 
reduces by the use of (84b, c) to Gi2GesGs1—= + GeiGisGs,2, which, ac- 
cording to (82f), is an identity. But the second relation, 


(85a) P3,4P124P 4567 P4sPi23P 3567 0, 
is converted by the use of (84c, e, i) into the projective relation, 


(85b) 8 => [ (1278) Gas7Ge,s (1268) GaseGz,s | 
[ (1278) Gs57Go,4 (1268) GsseGr,+] == 0. 


This is a relation of the sixth order, an identity in u for values subject to 
#(u)= 0, but not an identity in x for all positions of ps on N*; and therefore 
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is the equation of the sextic surface whose parametric equations are furnished 
by (84c). For variable ps = ts on N*, the factors (81), (82) separate from 
(1278) and (1268), so that the sextic surface is a member of a pencil with 
linear parameter ts. The degrees of each term of the equation in p,,° - -, ps, x 
are 6, 6, 4, 4, 5, 6, 6, 1, 6. 

On isolating the parameter, (1278) : (1268), of the pencil it reads: 


(85c) S = (1278) [ Gs,4Ge,s Gi2aGasz | 
+ (1268) [ | == (), 


Each term is quadratic in Gi,; and therefore the pencil contains V* doubly. 
Each term contains 4,3 or G3,, and therefore the pencil coritains the line psp. 
It must therefore contain each of the 21 lines pip;. Each of the two terms 
of the first member of the pencil contains explicitly all of the 21 lines which 
are OD Pe, Ps, Ps aS well as the lines pipe, pspz, leaving for examination only 
the lines from mi, Po to ps, p;. With the definition of sign in (84e, h) we 
find, when z is taken to be Ap, + Aops, that the term in A,°A.* cancels in 
(85c) only when the ambiguous sign within the brackets is negative, or when 
the ambiguous sign outside the brackets in (85b) is negative. 

The same determination of sign permits of writing the more specific 
form of (84f) : 


(85d) (2357) (2346) Gs,2 + (1357) (1346) = 0. 


We use this relation to remove the factor Ge,4—= kG. from the first member 
of the pencil (85c). It becomes, to within the factor —(1278) Ge. 
/ (6312) (6357), 


{ (6412) (6457) Gs, + (6312) (6357) 
We prove that this brace is a Weddle surface as follows: replace Gs,, and G4,s 


in the brace by the values, 
Gs4 = (6357) (6312) G27 — (6351) (6327) 
Gas = (6457) (6412) — (6452) (6417) GasrGais. 
If now the quaternary determinants are all expressed in terms of the binary 
differences the factor 
m = {6; 123457}2{34; 1257} (12) (57) 


can be removed. The two like products of four G’s then have further coeffi- 
cients (51) (27), (25) (17) which coalesce into (57)(21). The brace then 
becomes 


(12) (57) [— — Grea Gs74Gs51 G22 + Gira |. 
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The first two terms in the bracket coalesce into GiosGs74Gs52Gs71, and the 
bracket is therefore the Weddle quartic surface Gz,, with nodes at the points 
of P;® other than pe. Collecting all the terms, and passing to the second 
member of the pencil (85c) by interchanging 6,7 we find that 


(85e) =(4567) [ (1278) (1246) (1268) (1247) 


The facts concerning the surface S, and the pencil in which it lies, may 
now be summarized as follows: 


(86) The pencil of sextic surfaces S has triple points at P;*, has the double 
curve N® asymptotic on one sheet of the surface, and contains the 21 lines 
pip; As ps with parameter t= t, runs along N*, the surface S fort—t, 
(t=1,---,%) degenerates into GijGo,i. The equation of the surface ts 
obtained from any determinant of this (or similar) matriz, 


(45) (67) (46) (47) | 0 
(85) (67) (86) (75) (87) (56) 
in which the binary differences are to be interpreted as terms of double ratios. 
With the determinations of sign in (84e, h) the upper signs are to be chosen 
in (85b, ¢, e). 
For, we see in (85e) that when ps = pe, S becomes Ge,.G2,6. The cone 
Ge. contains N%, and the Weddle surface Gz,, contains N* as an asymptotic 
curve. We shall verify in the next section that the sum of the elements in 
the upper row of the given matrix is identically zero [cf. (8%e)'], and evi- 
dently this is true of the lower row also. The last determinant of the matrix 
reduces to (85e) with upper sign. Since S also admits similar representa- 
tions in terms of the other determinants, the three representations can coexist 
only for the given choice of signs. 
We observe that the base curve of order 36 of the pencil consists of N% 
five-fold, and the 21 lines pip;. 


25. The surface 9 in a binary notation with reference to N°. We use 
that codrdinate system in S; in which the codrdinates of a point are the coeffi- 
cients of a binary cubic and perfect cubes are points on N%. The notation is 
that of Gordan (** Part II, pp. 172-3) in which 


f =(ait)? =(at)? =-- -; 

A = (daz)? (dat) = (At)? =(Ayt)? =: ; 

=(a142)? (ait) (ast)? =(Qt)® =- - - 
R—=(AA,)?; 

2Q? + Rf? + A? =0; and let also 

k=f-Q=(kt)® =(k,t)*=- 


(87a) 
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The quaternary determinants then reduce to binary products as in 


(87b) Gics {123} $ (ats) (ait) (a,ts) > (1234) = {1234}. 
The cone Gs,2 in (84e), and the Weddle surface Gz,s, are now 

Gs,2 = — {3; 14567}2{14567} - (At,)?/2, 
pore Ge,3 = {124567} - 8, 


where the numerical constant c need not be evaluated, and where (a;t)® is 
the sextic with roots ¢,,: excepting ¢;. 
We first prove that 


(56) - (At;)2 (kts) (kts) (kt)* = 0. 


For, the left member changes sign when any two of fs, ¢,, ¢; are interchanged, 
and therefore contains the factor (56)(57) (67). The residual factor is a 
covariant of the cubic, of order 4 and degree 6, which cannot exist. 

If the identity be polarized with respect to t;, te, ts, ts, it becomes by 


108. 
sen virtue of (87c), 
(87e) (45) (67) Gs,4Ge,s (46) (75) (47) (56) 

me 
te We now prove the theorem: 
in (88a) The pencil of sextic surfaces (86) may be defined as that pencil with 
vi- triple points at P,;? only on N?, whose members are indwidually invariant 
1x under the cubic Cremona involution J whose generic pair x, x’ is on a bisecant 
a- of N? and harmonic with the intersections of the bisecant. 
st 

Under J the points represented by f and Q are interchanged and then 
149) 

- The P-surface of J is the quartic surface, R = 0, the locus of tangents of N3, 


on which WN? is a double doubly-asymptotic curve (cf. ** p. 4). If J is to 
leave a sextic surface unaltered, it must transform the surface into itself 
multiplied by R%. The only independent covariants of f of degree 6 which 
acquire a factor R® are 


Rf, RA, 


which are transformed to within the factor R*/8 into respectively 


—faQ, 2Q2, RA, Rf?/2. 
Hence RA, Rf? + 2Q?, Rf?— 2Q?, fag 


495 | 

the | | 
ints 
ond 
| 

may 

nes 
t; 
is 

if 

i 

| 

{ 

| 


496 Coste: A Generalization of the Weddle Surface, 


are transformed respectively into 
RA, Rf? + 2Q?, —(Rf? —2Q?), 
Hence, replacing Rf? by using the syzygy (87a), 
(88b) Under J there are two systems of invariant sextic surfaces, namely, 
(BA, a)? +(A8, B)°—0, 
(f4Q, + (4Q? + a3, 8)° = 0, 
where the coefficients of (at)*, (Bt)®, (yt)®, (8¢)® in the indicated apolarity 
invariants are the parameters of the systems. 

The coefficients of A contain N® simply, those of Q contain N*® as a 
simple simply-asymptotic curve. Hence the first system contains N® as a 
triple curve. The second system, however, contains N* as a double simply- 
asymptotic curve. We wish to find the conditions on (yt)®, (8¢)® that a 
surface of this second system may have a triple point at t—¢,. The part 
containing A*®, which has the triple curve N°, may be dropped, and we have 
to examine 

(dry) (d2ds)? (dey) (Gey) (440s)? (Gods) (dey) (Gey)? 

+ 4(a,d2)? (418) (@35)? (Ads)? (Aes) (445) 0. 

The quadric polar of the point (¢,¢) is obtained by setting four of the 
six symbols, dio, ai: (in each of 15 ways) equal to t1:, — tio, leaving the other 
two as variable, and dividing by 15. The result is 

(yt)? (ary) (aits)? + 2(aats)® (8¢,)°] (ast) 
The factor, (d2t,)%, the osculating plane of N* at ¢,, accounts for the fact 
that N% is a simply-asymptotic curve. The vanishing of the bracket is the 
significant part of the condition on (yt)®, (8¢)® that the surface may have 
a triple point at ¢;. On replacing symbols a, by ¢ and factoring out (t,¢)?, 
' this condition on y, 8 reduces to the identity, linear in f, 


(ts)? (yt) + 2(8t)® (tit) = 0. 

On setting in this identity, (yt,)® = 0. 

Thus to secure triple points at P;* we set 
(ot)? = (t,t) - - - (t,t), 
(yt)® (tet) (ot)”, 
the ¢, remaining in y as a linear parameter. Then 

8( yt.) (yt)—= {2345678 ; 1} (t,t). 

In order to satisfy the above linear identity at P,;°, the coefficients of (8¢)® 
must satisfy the seven linear non-homogeneous equations, 


(88c) 


* 
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16(8t,)® = {1; 2345678}, - - -, 16(8t,)® {7; 1234568}. 
Now ¥(ot)®(ot,)—= %(18) (tet) (tt), and 7(ot:)®(ots)—= {1; 2345678} 
= 16(St,)®, ete. Hence (8¢)® = 7 (ots) (ot) ®/16. 


(88d) Wath (yt)8 and (ot)? defined as in (88c) the pencil (for variable ts) 
of sextic surfaces, 


16 [fAQ, y]® + 7 [4Q? + 4°, (ats) (ot)®] = 0, 


has triple points at P,® only on N%; and each member is invariant under J. 


In order to complete the proof of (88a) it is necessary to show that the 
member of the pencil (88d) obtained by setting ts = t, is the product of the 
quadric cone on NV with vertex at p,, and the Weddle with nodes at p2,- - -, pr, 
i.e., 18 

(Ats)?- (fQ, (kn)® (87e)]. 
When ts=ti, (yt)® (at)®, (ot1) (ot)® —=(6(ht) (ati) (ait) 
The member of the pencil (88d) is then 
8[Ak, (tt)? (at) + 3[4Q? + A®*, (tit) (arti) (ait)? 
= 8[{Ak}+2, (at) ®]® + 3[{4Q° + A®}e, (arti) = 0, 
where subscripts ¢,, ¢; indicate polarizations. The second polar form can be 
expanded as follows: 

{Ak}+,2=(At,)? (kt) ® — 3 (Ak) (At) (Kt) (4:4) /2 

+ 15(Ak)?(kt)4 (t,¢)?2/28. 
The first term of this expansion contributes the desired product, 
8(At,)?- (ka,)®. 


The last term, involving a covariant, (Ak)?(kt)*, of order 4 and degree 6, 
vanishes identically. Since the last term does vanish identically, the middle 
term can be written as — 3{ (Ak) (At) (kt) ®}:,- (4:t)/2. But the transvectant 


(Ak) (At) =(A, fQ)? 
= [f(A, 2)? + Q(A, f)*]/2 =—(4Q? + A*)/4 
(cf. 1°). Hence the member can be written as 
8(At,)? (ka,)® + 3[ {49% + (tt), (at) 
+ 3[{4Q? + (ait) (at) = 0. 


In this the last two transvectants cancel and the proof is complete. 
We have not yet determined the geometric character of the point ts = ps 
on the member of the pencil which it determines. This is as follows: 


497 

| 
| 

ity | 

| a 
y- | 
a 
rt | 
ve 

| 

e 

i 

| 
| 

| 

| 

| 

| 


498 Coste: A Generalization of the Weddle Surface, 


(89) Each member of the pencil of sextic surfaces S which is not degenerate 
has a pinch point at one point ps = ts on its double curve. 


For, if, in the quadric polar of (t,t)* above, we replace ¢, by ts, and 
omit the osculating plane of N*, 2(a2ts)*/15, the remaining factor, 
(yts)* (ary) (4its)? + 2 (aits)* (Sts) 
becomes, due to the above determinations of y and 4, precisely 
{1234567 ; 8} - (a:ts)3. 
This also is the osculating plane of N* except at the triple points 
ts = = ty. 

Furthermore this part of the quadric polar of the generic point ¢ of N%, 
(yt)7 (ary) (ait)? + (8t)®—0, reduces to (ats) (ait)?- (ot)? =0 
which is the plane on ps, and tangent to N° at ¢, i.e., the tangent plane at ¢ 
of the quadric cone, Gs, on N* with vertex at ps. Hence 
(90 The surface S determined by ts= ps has a sheet passing through N* 
and tangent along N® to the quadric cone Gs with vertex at ps. 


26. Mapping of S upon the section of K, by a singular space. From 

(84b) there follows that 

(91) Tl? 9? = PijxP unno, 

TI? = Pi 

The products P;,;Pj; and PijzPimno have been converted into quartic surfaces 
on N® with nodes at P;8. We identify P; with a similar quartic surface in 
precisely the same way as in (7 p. 183). With i= 71, P; is proportional to 
{238} (16) (17) + {318} (26) (27) + {128} (36) (37) 
If from this we eliminate G;,. and G;,3 by using [cf. 84(f) ] 


(1734) (1756) = + (2734) (2756) 
(1724) (1756) = + (3724) (3756) Gr,s, 
there results 


[{234578} (23) + {314578} (31) Gog + {124578} (12) = 0. 
On inserting the binary notation from (87c), this becomes 
(At,)? - [{238} - (At,)? + {318} - (At.)? {128} (At,)?] —0. 


Since from its definition P; must be symmetrical with respect to p.,-° -, po; 
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the + signs must be such that the second factor of P; must be + {123} - (At,)? 
whence 
(92) P,=k- (At;)?- (Atg)?. 


Thus P;, the product of the two quadric cones, G;, Gs on N*® with vertices 
at p; and pg respectively, is in the linear system of quartic surfaces which con- 
tain and have nodes at 

Quartic surfaces of this system are found in the system which contains 
N*, which is made up as follows: 
(93) (Af?, + (fQ, 8)® +(A*, €)* + = 0. 
The last two terms comprise those surfaces which contain N* doubly so that 
we seek to determine the forms (yt)®, (8¢)® so that the system may have 
double points at #:,- - -,¢,; on N%. The polar plane of the point represented 
by is (8t,)® + 2(at,)? (ay) (yt:)7=0. If this is to vanish for 
all points, (at)%, it must vanish identically when symbols a are replaced by 
variables ¢ from (at’)—(tt’) ; i.e., 

— 2(yt) (yti)7 =0. 

For the particular value t= t,, (yt:)§— 0, whence we introduce y and o as 
in (88c), and find as before that 4(8¢)® — 7(ct,) (ot)®. With these values 
of y and 8, the polar plane of a general point ¢ on N® has the equation, 
(at)?(ats) (ot)? = 0. If ¢ is not at a point of P,%, this is the plane on 
containing the tangent at t, i.e., is the tangent plane of Gs, at ¢; whereas if 
t is at ts, it is the osculating plane of N* at ¢t;. Hence 


(94) The linear system of theta squares, other than 8?(u)= 0, are repre- 
sented on S by the linear system of «°® quartic surfaces, 
4[Af?, (tet) + 7[fQ, (ots) (ot)®]® + (A?, + LR = 0, 

where (at)? ==(t,t) - - - (tt), and where { and the coefficients of (et)* are 
the sia non-homogeneous parameters of the system. This system contains N%, 
touches G, along N*,'and at tp= ps has for tangent plane the osculating 
plane of N%. The system maps S upon the section of the Kummer 3-way, Ks, 
im by its singular tangent space, #(u)— 0. 


A projection of this section of K; from three of the singular points of Ks 
upon the section, which is a sextic surface in ordinary space, is the subject 
of an elegant memoir by Humbert.’® This projection is thus a birational 
transform of the Cayley dianodal surface. It has of course a much lower 
degree of symmetry with respect to the theta functions than the Cayley surface. 
A further development of the properties of the surface of Humbert, in both 
the general and the hyperelliptic case, is given by L. Remy.*® *" 


URBANA, ILLINOIS. 
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On the Moduli of Algebraic Functions. 


By FRANCESCO SEVERI. 
(Extract from a letter to Professor Oscar Zariski.) 


In your paper, published in this Journal, January 1930, pp. 150-170, 
you observe that the reasoning employed in sec. 5 of my article “ Sul Teorema 
di Esistenza di Riemann,” Rendiconti del Circolo Matematico di Palermo, 
(1922), proves that on a curve I of genus p(> 1), of general moduli, the 
two-fold of a generic gv', of any order v (necessarily = p/2-+ 1), is non- 
special ; but that the question remains whether this holds for any gv* of I. 

I wish to show you that the above theorem is also valid if referred to 
any gv’ of T, and that the essential elements necessary to reach this conclusion 
are already contained in my quoted article and in my “ Vorlesungen iiber 
algebraische Geometrie,” to which that article refers. Your remark is at 
any rate opportune, since perhaps the deduction was too concise, and there- 
fore it will be useful to develop it with more details, as I now intend to do. 
In the sequel I use the notations of my article, and I explicitly remind you 
that the curves, which are considered below, are always supposed to be of 
genus p> 1. 

First of all a remark of a general character. Let H be an arbitrary 
irreducible system, 00”, of curves C' of genus p, and let H contain 0” (1 < r) 
curves Cy, constituting a system H’ and enjoying a given property, which 
is not enjoyed by a generic C (a priori this property need not be invariant 
under birational transformations). Let the curves C birationally equivalent 
to a generic C be %, and let the curves Cy of H’, which are birationally 
equivalent to a generic Co, be 0”. If & = 8 (this is the essential hypothesis !), 
then denoting by », »’ the number of moduli of the variable curve C of H 
and of the variable curve (, of H’ respectively, we have evidently the fol- 
lowing relations: 


and hence the C,’s, as curves of H, are of special moduli. 


In our case, H is the irreducible system of the curves C, of order n+ v 
and genus p, having two multiple points of orders v, n at P, Q respectively * 


*The integer n must satisfy the only condition that series g,1 exist on every 
curve of genus p. Accordingly we must have n > p/2 + 1. 
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and d=(n—1)(v—1)—~p distinct ordinary double points; H’ is the 
system of those curves Cy) of H, which enjoy the particular property, that 
the index of speciality 7’ of the two-fold of the gv’, cut out on a generic Cy 
by the lines of the pencil Q, is greater than the index of speciality i(= 0) 
of the two-fold of the similar gy’, relative to a generic C; r= 2n-+-2v+ p—1; 

= 2n + 2v—2p+2-+%. As far as ¥ is concerned, I shall show later that 


(1) Y= 2n + %Ww—2p+2+7, 
whence it follows that : 

< p—(¥ —8)S 8p 
Hence, in the case of curves of general moduli (1 0), the following theorem 
holds: 


On a curve of general moduli of genus p, the two-fold of any infinite linear 


series is non-special. 


For 1 > 0, the same reasoning, which leads to (1), with a few additional 
considerations, serves to prove that: 


On the most general curve of genus p, containing a gv’, v < p/2 +1, without 


fized points, the two-fold of any series gv, without fixed points, has its 
index of speciality 1 > 0, 3p —3—1 being the number of moduli on which 
that curve depends. 


Moreover it is known, as was shown by my assistant, Professor B. Segre,* 
and as you yourself found out again in your paper, that the number i for 
the above curve is i= p— 2(v—1). 

You will observe that the above theorems also serve to reveal in general 
the exact significance of your remarks concerning a quite secondary and 
incidental assertion contained in the quoted paper by B. Segre. It is the 
same author, to whom I have communicated the present considerations, who 
has called my attention to it. In fact, if ’ —p—2(v—1)+<¢, with o > 0, 
the number of moduli on which the curve depends falls below 2p + 2v—5 —o, 
in agreement with what you have verified in an example (e—1) by a de- 
tailed and a delicate analysis. 

To derive (1), I shall prove in the first place that: 


1) Given an arbitrary curve T of genus p and assigned arbitrarily a 


* Mathematische Annalen, Vol. 100 (1928). 
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gv’, without fixed points, on I and an integer n > 2p-+-1; if furthermore 
H is the system, relative to the above values of n, v, p, then the curve Co 
of H, birationally equivalent to [, which is being constructed by starting 
from the above gv' and from a generic gn? on I and by setting up a pro- 
jective correspondence between the groups of these series and the lines of 
the pencils Q, P, has the same point singularities as the generic curve C of H. 


2) The o—2n-+ 2p— 2 tangents A, drawn from P and touching Co 
outside P, have, as in the case of a generic C, a two-point contact with C» 
(and hence are distinct). 

In fact, let us choose on I a complete gn”? and let us consider its pro- 
jective image L, which will be a curve of order n belonging to the space Sy-p 


m 
and birationally equivalent to T. Since LZ does not possess multiple points,* 
a generic pencil of hyperplanes cuts out on L a gn’ satisfying the required 
of conditions. In fact, the ruled surface R, generated by the lines joining the 
pairs of points belonging to groups of the g,* (image on L of the g.* on Lr), 
possesses d==(n —1)(v—1)— p distinct generators which meet a generic 


Sn-p-2, and these are neither on multiple points of the gv’, nor on sets of 
three or more points belonging to groups of the gv’. The first statement 
follows from the fact that the multiple points of the gy’ are finite in number; 
the second statement is a consequence of the fact that no generator of R 
is on more than two points of L, since, if L possessed a trisecant, the gn, cut 
out on L by the hyperplanes through one of the three meet points, would 
possess a neutral pair, which is impossible, since its order n—1 is greater 
than 2p.¢ If, in addition, we choose the Sn-p-2 in such a manner, that it 
should not meet the virtual singular tangents of L, the gn’ cut out on ZL 
by the pencil on Sn-p-2 will also satisfy the condition of possessing double 
points only. 

If we now consider on I the gx’ homologous to the gn’ just constructed 
on L, the groups of the gn’, gv’, which pass through a generic point of I, 
do not have other points in common, and two groups of gn’, gv', which have 
more than one point in common, have in common two points only, which 
are distinct. Let G, G’ be two (generic) groups of gn’, gv’, which are made 
up of distinct points and have no points in common, and such that the 
n (and the v) groups of the gv’ (and of the gn’), which pass through the 
points of G (and of @’ respectively), be distinct (and also, if desired, do not 


*See my Vorlesungen iiber algebraische Geometrie, Leipzig, Teubner (1921), 

p. 134, or also my Trattato di geometria algebrica, Bologna, Zanichelli (1926), p. 148. 
+ Ibid. 
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contain multiple points). Let us set up a projectivity 7 between the groups 
of the gn’ and the lines of the pencil P and a projectivity between the 
groups of gy* and the lines of the pencil Q, in such a way that to the line PQ 
there cerrespond in w and in w’ the groups G, G’ respectively. The curve C), 
the locus of intersections of pairs of lines on P, Q, which correspond in z, 7’ 
to groups of gn’, gv’ passing through a variable point on I, satisfies, as a 
member of the system H of the analogous curves C, the conditions 1), 2).* 
From 1) and 2) it follows, that the characteristic series of K, on Co, is 
complete. In fact, let 1’ be the index of speciality of the two-fold of the gy 
cut out on (> by the lines of the pencil Q. Under this hypothesis, among 
the points of contact M> of the o lines A, drawn through P and touching Co, 
there are o — shall call these points N,»—which impose independent 
conditions on the curves D passing through the double points of Co, so that 
the D’s which pass through the points N» contain all the points My. We 
denote by &’ the system of the curves D passing through the double points 
of Cy. The o—7 tangents relative to the points Ny will then impose 
o—vt” (t*”=7) conditions on the C’s of H constrained to touch them, so 
that these C’s will form a system K of dimension . 


(2n + 2v + p—1)—(o — 1”) = 


The o?”++” curves of K, which are infinitely near to Co, are curves D of ¥ 
passing through the points NV, and consequently through all the points Mo. 
Hence the said curves of K cut out on Co, outside of fixed points, groups of 
the characteristic series of K, which series (completed, if necessary) has the 


dimension Hence 


and since 7” = 7’, it follows that 1” =7’. 

Reasoning as in section 5, we deduce that the curves of K (here, and 
also in the analogous cases considered below, we mean of course: of an 
irreducible part of K which contains C,) touch the remaining 7’ lines A, and 
consequently K coincides with the system K, which has thus the dimension 
&yv—p+i1+7. It follows that the characteristic series of K on Co, and 
hence also on a generic curve of K, is complete.+ 


*.Cf. also in this connection my Vorlesungen, p. 100. 
+ Cf. the concluding remarks of this letter, which show that any curve satisfying 
the conditions 1), 2) belongs to only one irreducible system K. 
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The curves of K are birationally equivalent to Cy.* From this it follows 
that there exists on IT’ an irreducible variety W of dimension 2(v—1)— p+? 
of series gv*, and that the two-fold of a generic of these series has the index of 
speciality 7’. In fact, since the (complete) characteristic series of K on a 
generic curve C of the system has the dimension 2v—p-+? and—conse- 
quently—the index of speciality 7’, it follows that 7’ is the index of speciality 
of the two-fold of the gy* cut out on the above C by the lines through Q. 
To this gy’ on C there corresponds a gy‘ on I. Thus with every C in K 
there is associated a gt on I, and if two curves C,, C2 of K are associated 
with the same gv’ on I, the groups of the gv’’s cut out on Ci, C2 by the 
lines on Q correspond to each other in a projectivity, homologous groups 
being those, which arise from one and the same group of the gy’ on I in 
the birational correspondences between I’, C, and I, C2. Hence the distinct 
gv'’s on T, associated with the curves C of K, depend on 


parameters. 


Now, considering that the g,’s on I constitute an (irreducible) variety 
of dimension 2(m— 1)— p and that to every pair of series gn’, gv’, assigned 
on T (such that gv’ is in W), there correspond o°® curves C birationally 
equivalent to Cy and contained, as Cy itself, in the system H’, we arrive 
immediately at the formula (1). 

I now make some additional remarks which lead to the more expressive 
theorem relative to the case 1 > 0. I prove in the first place that: 


Any gv' on a curve T of genus p, without fixed points, belongs to a unique 
complete (irreducible) variety of series of the same order. Consequently 
two such varieties cannot have in common other than series with fixed points. 


Let us denote by i the index of speciality of the two-fold of the g,* 
(¢ is not less than the greater of the two numbers 0, p — 2v-+ 2), and let 
Cy be, as above, the curve constructed by means of this gy' and a generic gn? 
on I (n >2p+1). We denote by N, the points of contact of o—i tan- 
gents A, drawn through P, with Co, which impose independent conditions on 
the curves of >’ constrained to contain them. The curves of H, which are 
infinitely near to Cy and which touch the above o—i lines in neighboring 
points of No, will then satisfy o—1i independent conditions and will auto- 
matically touch the remaining lines A. Hence these curves constitute the 
neighborhood J of Cy) in K. The curves of H, which touch one of the above 


*See my Vorlesungen, p. 340, where this statement is proved in an analogous 
case. The same reasoning holds also here. 
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o—¥1 lines in a point of the neighborhood of the corresponding point No, 
constitute a linear analytical branch. The o—27 linear regions of origin C4, 
which are thus obtained, possesss at Cy, independent tangent spaces. This 
shows that the neighborhood J consists of only one linear branch of origin Cg, 
whence the theorem follows. 

As a corollary we have the following theorem: 


If a gv’, without fixed points, on a T of genus p belongs to a complete 
(irreducible) variety W of series of the same order, and if W has the dimen- 
sion 2(v—1)— p+ +4, then the two-fold of gv' has the index of speciality i. 
In fact, the index of speciality of a generic gv’ is 1, because the system K 
derived from a fired generic gn’ (n > 2p-+1) and the variable gv' in W, 
by fixing the projective correspondence between the groups of the gn’ and the 
lines on P, is such that its characteristic series is complete. On the other 
hand, if Co is the curve which corresponds to a particular gy’ without fixed 
points, the system of the curves C of H, which touch the lines A, is such 
that its characteristic series, on Cy, is complete. But by the previous theorem 
that part of this system, which contains Co, must necessarily coincide with K, 
and hence the theorem follows. It should be noticed that it also follows that 
in (1) the sign — holds. 


* * * 


The proof of uniqueness, which makes use of the method of intersection of 
analytical branches, given by me in the “ Vorlesungen,” has a wider scope. 
It serves namely to prove, that when a continuous system K of plane curves C, 
of order m, is defined by certain linear conditions (such that the curves C 
satisfying these conditions only constitute a linear system = of dimension p) 
and by the condition that the C’s have d nodes and o simple contacts 
with a given curve A (which may also be reducible), then a curve Cy 
of K, which possesses d nodes and o simple contacts with A and on which 
moreover the characteristic series of K is complete, is the origin of a 
unique linear branch of the system. In fact, to say that the characteristic 
series of K on Cy is complete, is the same as to say,* that the number 
o—i (t=0) of conditions, imposed on the adjoint curves of order m of Co 
by the o points of contact My of Co with A, is equal to the number of con- 
ditions imposed by o contacts with A on the curves of order m, possessing 
d ordinary double points and sufficiently near to Cy. Moreover it is possible 
to determine o—i of the points M,—let us call them N,—, such that the 


* Cf. my Note, “Sulla teoria degl’integrali semplici di 1* specie appartenenti ad 
una superficie algebrica,” Rendiconti della R. Accademia dei Lincei, (1921), p. 297. 
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curves, which are near to Cy and which touch A in points near to the points 
N>, should necessarily touch A in points which are near to the remaining 1 
points My. Now, in the space Sp of the curves of % we have, that the 
elements near to Cy, which possess a double point in the neighborhood of 
a double point of Co, and the elements near to Co, which have a contact 
with A in the neighborhood of a point No, constitute as many linear branches 
of origin Cy and of dimension p—1. Thus the totality of all curves of > 
near to Cy is obtained as the intersection of d+ o—zd1 linear branches of 
origin Cy, the tangent hyperplanes of which at Cy are linearly independent. 
Hence the intersection of these branches is one linear branch of dimension 
p—d—o+t. 

In the case in which A is the branch curve of a multiply covered plane, 
we are led to the following theorem: 


Given on an algebraic surface F two continuous systems of curves of the 
same order and with the same number of (variable or fixed) nodes and such 
that the characteristic series of the systems on their respective generic curves 
are complete, the only curves which the two systems can have in common are 
those, which possess a larger number of double points, or those, on which the 
characteristic series is not complete. 


This theorem is found in my Note of 1916,* save the last alternative, 
which is omitted there, since at that time the proof of the completeness of 
the characteristic series of a complete continuous system (Enriques) had not 
yet encountered the objection which I later raised against it in the quoted 
Note of 1921. As you know, I have proved in the same paper, by trans- 
cendental methods, that on an algebraic surface F there always exist con- 
tinuous systems of curves the characteristic series of which is complete. How- 
ever, it would be of great importance to prove this theorem by algebro- 
geometric methods. It is necessary, for this purpose, to make a thorough 
study of complete continuous systems of plane curves in the definition of 
which also occur contact conditions. These are the systems which, for the 
above purpose, are of most interest and for which it is not possible to affirm, 
at the present stage of our knowledge, that the characteristic series is com- 
plete, even if we deal with curves possessing ordinary double points only. 
The exception to Enriques’ theorem in regard to systems of curves with 
higher singularities is of less importance, because its bearing on the geometry 
of the surfaces is almost insignificant. In many cases (as you have shown 
in an interesting example in your paper) this exception can even be removed, 


* © Nuovi contributi alla teoria dei sistemi continui, etc.,” Ibid. (1916), p. 469. 
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by considering the system as the limit of a system with ordinary double points 
only and by properly modifying the definition of a characteristic series. 
I conclude with two theorems which follow immediately from the pre- 


ceding considerations : 


a) On a curve T the gn’’s (r21) without fixed points are distributed 
into a finite number of continuous systems, any two of which have in common 
gn"’s with fixed powts. 

b) On an algebraic surface F, of geometric genus py > 0, the generic 
curve of any linear irreducible system |C|, which contains partially the 
canonical system | K | of F, is of special moduli. 


In fact, if we put C—K-+D, we will have that |C’| —=|C+K| 
=|D-+2K | is the adjoint of |C|. Hence the series cut out on C by 
| 2K | is special, and consequently the generic C is of special moduli, since 
it contains a series | (C, K) | the two-fold of which is special. 


RomME, FEBRUARY 27, 1930. 
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Grundlagen der kombinatorischen Logik. 
TEIL I. 


von H, B. Curry. 
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KapiteL JI. ALLGEMEINE GRUNDLAGEN. 
Abschnitt A. inleitung. 
Abschnitt B. Einige philosophische Betrachtungen. 
Abschnitt C. Das Grundgerist. 
Abschnitt D. Die Eigenschaften der Gleichheit. 


KapiteEL IJ. Diz LEHRE KOMBINATOREN. 
Abschnitt A. Einleitung. 
Abschnitt B. Grundlegende Definitionen und Satze. 
* Abschnitt C. Darstellung von Kombinationen durch Kom- 
binatoren. 
Abschnitt D. Regulére Kombinatoren. 
Abschnitt E. Eigentliche Kombinatoren. 


KAPITEL I. ALLGEMEINE GRUNDLAGEN. 


A. EINLEITUNG. 


Im Anfang jeder mathematisch-logischen Untersuchung setzt man eine 
gewisse Menge von Kategorien voraus, die als ein Tei! des irreduziblen Mini- 
mums von Kenntnis, womit man anzufangen hat, betrachtet werden sollen, 
Als soleche Kategorien gelten gewéhnlich Aussagen und Aussagefunktionen 
von verschiedenen Ordnungen und Stufen. Diese Kategorien miissen weiter- 
hin nicht nur als rein formale Begriffe vorausgesetzt werden, sondern es muss 
zuweilen einen Sinn haben, dass ein gegebener Gegenstand zu dieser oder 
jener Kategorie gehdrt. Mit anderen Worten, sie miissen eine inhaltliche 
Eigenschaft besitzen, nimlich die, dass sie Kategorien sind; und so sind sie 
das, was ich schon nicht-formale Grundbegriffe genannt habe.t 


* Die Abschnitte C, D, H werden in Teil II erscheinen. 
+ In einer Abhandlung, “ An Analysis of Logical Substitution,” American Journal 


of Mathematics, Bd. 51 (Juli, 1929), S. 363-384. 
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Die mit diesen Kategorien verbundene vorausgesetzte Kenntnis reicht 
aber weit iiber diese Higenschaft hinaus. In der Tat miissen wir neben den 
Kategorien auch gewisse Verkniipfungen annehmen—die natiirlich wieder 
nicht-formale Grundbegriffe sind, indem sie Verfahren angeben, wonach zwei 
oder mehrere Gegenstiinde kombiniert werden kénnen, um einen neuen Gegen- 
stand hervorzubringen. Unter diesen Verkniipfungen gehen uns hier alle 
Arten von Substitutionsprozessen an. Davon muss man die folgenden Higen- 
schaften anfanglich erkennen: erstens diejenigen, welche uns die Méglichkeit 
eines Substitutionsprozesses kundgeben, wenn nur die betreffenden Gegen- 
stiinde zu gewissen Kategorien gehéren; zweitens die, woraus wir unter Um- 
stiinden schliessen, dass zwei verschiedene Substitutionsprozesse dasselbe Re- 
sultat liefern*; drittens diejenigen, welche die Kategorie des Ergebnisses 
bestimmen. Diese Kategorien, Verkniipfungen und LHigenschaften bilden 
daher eine vorausgesetzte Lehre von beachtenswerter Verwicklung; und diese 
Lehre mochte ich die Urlogik der betreffenden Theorie nennen. 

Trotz des fundamentalen Charakters dieser Urlogik fiir irgendeine 
existierende mathematische Theorie der Logik, haben doch einige der wichtigen 
Probleme schon in ihr ihren wesentlichen Ursprung. Ich betrachte hier die 


zwei folgenden: 


1) Die Vereinfachung der Grundlagen. Das Wesen dieses Problems 
scheint mir darin zu liegen, dass man die gesamte Mathematik und Logik 
auf ein Minimum von Urkenntnis aufbauen will; oder genauer, dass man sie 
in ihre Elemente zerlegen will, damit diese Urkenntnis mit schirfster Klar- 
heit und Deutlichkeit ausgepragt wird. Aus diesem Grunde strebt jedermann 
vermutlich danach, die Anzahl der Grundbegriffe und Axiome zu vermindern ; 
und zwar sind einige Logiker so weit in dieser Richtung gegangen, dass sie 
nicht davor zuriickschrecken, Allgemeinheit, Vollstandigkeit und sogar Exak- 
theit diesem Streben zu opfern.t Allein fiir die Logik ist die Anzahl der 
Grundbegriffe und Axiome dieser Art eine Betrachtung von geringerer 
Wichtigheit. Denn was macht es eigentlich, dass wir zwei oder drei Grund- 
begriffe ausschalten, wenn schon in der Urlogik selbst unendlich viele Grund- 


*Vgl. Kapitel II unten; auch fiir einfache Beispiele den Teil II meiner oben 
zitierten Abhandlung. 

7 Z. B. miissen wir in den Principia Mathematica, Implikation und den bestimmten 
Artikel als Grundbegriffe entbehren. Die dort gegebenen Definitionen dieser Grund- 
begriffe fiihren zu den paradoxen Resultaten. In der Tat ist dort der Kénig von 
Frankreich von dem Kénig von Frankreich verschieden; und zwischen den zwei 
Aussagen: 1) “hitten alle Menschen drei Hinde, so wiirde auch Bismarck drei 
Hinde haben,” 2) “hitten alle Menschen drei Hiinde, so wiire der Mond aus griinem 
Kase aufgebaut,” wird kein Unterschied gemacht. 
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begriffe und Regeln, und zwar nicht formale, vorhanden sind? Die Verein- 
fachung der Grundlagen soll also mit der Vereinfachung der Urlogik be- 


ginnen. 


2) Die Beseitigung der Antinomien. Um uns die Verwandtschaft von 
diesen mit der Urlogik zu vergegenwirtigen, betrachten wir z. B. das Rus- 
sellsche Paradoxon, das in der folgenden Weise aufgefasst werden kann: 
F sei diejenige EHigenschaft von Higenschaften, fiir welche 


F(¢)=nicht $(¢) ; 
dann ist F(F)=nicht F(F). 


Behauptet man, dass F(F') eine Aussage sei, wo eine Aussage als etwas, das 
entweder wahr oder falsch ist, definiert wird, so hat man sofort einen Wider- 
spruch. Aber wir kénnen den Widerspruch allerdings dadurch vermeiden, 
dass wir in Abrede stellen, dass /(F’) zu der Kategorie der Aussagen, oder 
F selbst zu der der Eigenschaften gehére. Gerade hier stossen wir auf einen 
Lehrsatz der Urlogik. Und zwar sind es diese Antinomien, die uns zwingen, 
eine entwickeltere Urlogik uns anzueignen, als sonst begreiflich ware. Hs mag 
also sein, dass ein tieferes Studium der Urlogik Licht in dieses dunkle 
Gebiet der Antinomien verbreiten wird. 

Diese Umstinde haben mir die Anregung gegeben, jene Urlogik mathe- 
matisch zu behandeln. D. h. genauer: eine abstrakte oder formale Theorie - 
aufzubauen, welche auf eine sehr einfache Urlogik gegriindet wird, und durch 
welche die Fragen, die man in der gewdhnlichen anschaulichen Urlogik zu 
stellen pflegt, durch symbolische Beweisfiihrung beantwortet werden kénnen. 
In dieser Abhandlung beabsichtige ich eine soleche Theorie zu begriinden. 
Weil die betreffenden Fragen einen wesentlich kombinatorischen Charakter 
haben, habe ich die Theorie kombinatorische Logik genannt. 

Diese kombinatorische Logik wird wohl fahig sein als Grundlage einer 
abstrakten Theorie der gesamten Logik und Mathematik, einschliesslich Funk- 
tionen (Pridikaten, Relationen) von beliebig vielen Variablen, zu dienen. 
In der Tat bin ich der Ueberzeugung, dass eine solche Theorie durch Hinzu- 
fiigen von endlich vielen formalen Grundbegriffen und Axiomen zu dem 
unten gegebenen Grundgeriist * gegriindet werden kann. Weil in einer so 
eingerichteten Theorie das Grundgeriist iiberhaupt nur endlich viele Bestand- 
teile hat, und weil ferner die Regeln nur ungefihr denselben Grad von Zu- 


* Dieses Wort ist eine Uebersetzung der englischen Phrase “primitive frame,” 
die ich in der oben erwihnten Abhandlung definiert habe. Es bedeutet die Gesamtheit 
der vorausgesetzten Grundbegriffe, Axiome und Regeln. 
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sammengesetztheit wie die wohlbekannte Schlussregel haben, so wird dabei 
ein wesentiicher Fortschritt gegen das erste oben erwahnte Problem erzielt. 
Was das zweite betrifft, kann ich zunachst dariiber nichts aussagen. 


Das in dieser Abhandlung ausgefiihrte Problem ist doch nur ein Teil 
der kombinatorischen Logik iiberhaupt. Dieser Teil ist die Analysis der 
Substitutionsprozesse, formell betrachtet und abgesehen von den Kategorien, 
wozu die Gegenstinde gehdren; d. h. ich will die zweite der drei im zweiten 
Paragraphen erwaihnten Arten von Higenschaften untersuchen.* 

Der Weg zu dieser Analysis ist von M. Schénfinkel ¢ angedeutet worden. 
Er versteht zunichst eine Funktion in einem etwas neuen Sinne, nimlich 
als eine Zuordnung eines Funktionswerts zu jedem Element eines Argument- 
bereiches, wo sowohl der Funktionswert, als auch das Argument eine Funk- 
tion sein kann. Er will dann eine Funktion von n Variablen (im gewodhn- 
lichen Sinne) als eine Funktion (im neuen Sinne) betrachten, deren Funk- 
tionswert fiir das Argument z eine Funktion (im gewohnlichen Sinne) von 
(n—1) Variablen ist, und zwar diejenige, welche durch Einsetzung von 2 
in die erste { Leerstelle der urspriinglichen Funktion entsteht. Mit dieser 
Auffassung verkniipft er die folgende Bezeichnungsweise. Leerstellen ge- 
braucht er nicht, sondern er bezeichnet Funktionen wie andere Dinge mit 
einfachen Buchstaben (oder Gruppen von Buchstaben). Den Funktionswert 
einer Funktion fiir ein gegebenes Argument bezeichnet er weiterhin damit, 
dass er das Zeichen fiir das Argument gleich rechts von dem fiir die Funktion 
geltenden schreibt. Zur Erlaiuterung dieser Ideen schreibe ich gleich unten 
links, einige Ableitungen von einer Funktion f, die wir im gewdhnlichen 
Sinne als eine Funktion von drei Variablen begreifen, und rechts dieselben 
Gegenstinde in etwas anschaulicherer Schreibweise : 


f 

fa f(z, —1, —2) 
(fx)y f(z, —1) 
((fx)y)z f(x, 2) 


Schonfinkel setzt weiter fest, dass in einem Ausdruck wie ---(((fx,)2)a3)°*° 
die die letzten Seiten mit umfassenden Klammern wegbleiben diirfen. 


* Die erste Art wird auch erledigt. In der Tat sind diese Eigenschaften nach 
den Betrachtungen von B 1 (unten) ganz trivial. 

+ Mathematische Annalen, Bd. 92 (1924), S. 305-316. 

tEs ist allerdings hier vorausgesetzt, dass die Leerstellen in einer durch die 
Funktion selbst bestimmten Weise numeriert sind. Dieselbe Annahme liegt doch der 
Schénfinkelschen Darstellung zugrunde. Vgl. unten II, A. 
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Um nun etwas allgemeinere Ausdriicke darzustellen, setzt er einige be- 
stimmte Funktionen fest. Diese méchte ich hier mit den Buchstaben J, K, 
B, C, S bezeichnen.* Sie sind dadurch definiert, dass fiir beliebige Gegen- 
stinde 2, y, 2 die folgenden Definitionsregeln gelten: 


Kay 
(1) Bayz = x(yz) 
Caryz = rzy 


= 272z(yz). 


Vermége dieser Funktionen ist er in der Lage, andere Ableitungen einer 
Funktion von drei Variabeln ohne Leerstelle darzustellen, etwa 


Cfa f(—1, —2) 
C(BCf) zy f(y, x) 
Bfg f(g(—)) 
u. s. w. In der Tat gilt nun der allgemeine Satz: Wenn irgendein logischer 
Ausdruck vorhanden ist, der aus gewissen Konstanten w, U2,° ° *Um und 


numerierten freien Variablen zusammengesetzt ist, so kann er in der Schén- 
finkelschen Schreibweise in der Form 


(2) Yu, U2° °Um 


wo Y eine Zusammensetzung von nur J, K, B, C, § ist, dargestellt werden. 
Diese Darstellung bedeutet, dass, wenn man nach (2) die Variablen in ihrer 
natiirlichen Reihenfolge hinzufiigt, und dann die Funktionen J, K u. s. w. 
durch die Definitionsregeln (1) eliminiert, der resultierende Ausdriick immer 
mit dem zuerst gegebenen identisch ist——Dieser Satz ist von Schénfinkel 
nicht bewiesen, aber er enthailt vom hier vorliegenden Gesichtspunkte aus 
das Wesen seiner Gedanken. Der Satz ist hier allerdings etwas roh dargelegt; 
genauere Satze werden aber unten im formalen Teile streng bewiesen. 

Nun macht Schénfinkel Anspruch darauf, dass er die Begriffe Variable, 
Aussage und Aussagefunktion aus der Logik entfernt habe. In dieser 
Hinsicht sind aber folgende Betrachtungen zu bemerken. LErstens: das Y des 
eben dargelegten Satzes ist doch nicht eindeutig bestimmt; z. B. sind BOCf 
und Jf in dem Sinne identisch, dass sie denselben Ausdruck darstellen. Aber 
diese Identitat ist keineswegs aus den Definitionsregeln zu beweisen ; zu diesem 
Behuf muss man vielmehr die Variablen tatsichlich hinzufiigen. Infolge- 


* Schénfinkel hat diese bzw. mit J, 0, Z, T, 8 bezeichnet. 
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dessen sind doch die Variablen, obgleich sie in den Formeln selbst nicht 
erscheinen, mit allen ihren assoziierten Grundbegriffen noch unvermeidbar. 
Zweitens: Die Begriffe Aussage und Aussagefunktion sind auch nur scheinbar 
eliminiert. Denn jede Funktion hat ihren Argumentbereich, und wie definiert 
man diesen, wenn man jene Begriffe nicht versteht? Die allgemeinen Siatze 
der Logik gelten ja gewohnlich nur, wenn die Variablen zu bestimmten 
Kategorien gehoren. Z. B. ist der Satz von der Identitat A — A, nur wahr, 
wenn A eine Aussage ist. Weil Schonfinkel keineswegs gezeigt hat, wie die 
Einfiihrung jener Grundbegriffe zu vermeiden ist, und weil er sie nicht aus 
anderen definieren kann, so hat er seinen Anspruch nicht gerechtfertigt. 
Er hat in der Tat nur eine neue und unbequemere Schreibweise gewonnen. 

Jedoch fiihren diese Gedanken Schonfinkels zur Losung des oben vor- 
gelegten Problems. Denn die Funktionen B, C, u. s. w. bilden die Elemente, 
in die die Substitutionsprozesse sich zerlegen lassen. (Ich werde nachher 
genau zeigen, wie der allgemeinste solche Prozess sich aus diesen Funktionen 
zusammensetzen lisst). Das Wesen des Problems liegt daher in den im 
ersten Teile des letzten Absatzes besprochenen Identitéten. Es lisst sich 
wohl auf die folgende Aufgabe zuriickfiihren: das Grundgeriist so festzu- 
stellen, dass jede dieser Identitaten rein formal bewiesen werden kann. Diese 
Aufgabe wird unten vollstandig gelést,* und zwar so, dass 1) die Funktionen 
B, C,- + - nur als rein formale Begriffe auftreten, und 2) die Variablen in den 
formalen Beweisen nicht zu erscheinen brauchen. Der Beweis, dass jede 
solche Identitét aus dem Grundgeriist ableitbar ist, macht das Hauptergebnis 
des zweiten Kapitels aus. Dort wird auch auseinandergesetzt, wie dies die 
Lésung des friiheren Problems liefert. 

Diese Untersuchung habe ich immer in Riicksicht auf eine allgemeine 
Theorie der Logik durchgefiihrt. Dieses Ergebnis betrachte ich nur als eine 
Vorbereitung zu einer weiteren Theorie, die ich spiter fortzufiihren hoffe. 


B. PHILOSOPHISCHE BETRACHTUNGEN. 


Bevor ich zum Aufbau der formalen Theorie iibergehe, méchte ich hier 
einige philosophische Vorbemerkungen darlegen, die fiir die Theorie mass- 
gebend gewesen sind. Diese betreffen die logische Auffassung, welche der 
Theorie vorangeht und durch die Ausdeutung der letzteren heranreift. Mit 
der formalen Theorie als solcher haben sie natiirlich nichts zu tun; und der 
Leser, der sich nicht dafiir interessiert, kann sie ruhig tberspringen. 


* EKinige Anfinge dazu befinden sich in meiner fritheren Abhandlung. Die vor- 
liegende Behandlung ist allgemeiner und in sich vollstindig; ich weise auf die friihere 
nur fiir gewisse Einzelheiten hin. 
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$1. Sinnlose Begriffe. In der gewdhnlichen Logik kommen gewisse 
Gegenstinde (Begriffe, Dinge) vor, die man als sinnlos zu titulieren pflegt. 
Ich méchte nun gerade fragen, was dies bedeutet. Man darf wohl behaupten, 
dass ein Wort oder ein Zeichen in bezug auf eine Sprache noch nicht de- 
finiert ist. Z. B. ist das Wort “cow” auf deutsch sinnlos, doch gelegentlich 
anf englisch sinnvoll. Aber in den vorhandenen Fallen sind es nicht Worte, 
sondern Begriffe, die sinnlos sein sollen. Z. B. behaupten Whitehead und 
Russell (und auch andere), dass ¢(¢) fiir jedes ¢ bedeutungslos sei. Zu 
sagen, dass diese Behauptung nur das Zeichen $(¢) betrifft, heisst, die Frage 
zu umgehen; weil es doch erstens ein gedachtes Etwas gibt, das das Zeichen 
¢(¢) den Kinventionen gemiass bedeuten mag, und zweitens, weil die 
Griinde,—nimlich das “ Vicious Circle Principle” u. s. w. —, woraus die 
Behauptung entsteht, mit dem Zeichen gar nichts zu tun haben. Die Sinn- 
losigkeit scheint doch einen sachlichen Inhalt zu haben, aber welchen, lasst 
sich nicht sagen. 

Zunichst gibt es aber einen Sinn, worin alles Denkbare eine Bedeutung 
hat, némlich als Begriff. Hier ist ein Begriff als irgendetwas zu verstehen, 
das identifiziert und von anderen Dingen unterschieden zu werden vermag.* 
Dann ist es allerdings unbedingt Unsinn zu sagen, dass etwas nicht als 
Begriff existiere; denn bevor man einen solchen Satz verstehen konnte, muss 
man sich die Sache als Begriff schon vorgestellt haben. Sogar die “ sinnlosen ” 
Gegenstande sind also Begriffe und haben als solche eine Bedeutung. 

Unter den Begriffen kommen aber einige vor, die “in sich widerspruchs- 
voll” sind. Solche sind das oben erwahnte F(F), die grésste Kardinalzahl, 
die kleinste undefinierbare Ordinalzahl, das kreisférmige Quadrat u. s. w. 
Diese Begriffe sollen wegen der Widerspriiche bedeutungslos sein. Aber die 
Widerspriiche liegen nicht in den Begriffen selbst, sondern in den Eigen- 
schaften, die man ihnen zuordnen méchte: z. B. fiihrt das oben erwahnte 
F(F) za einem Widerspruch nur dann, wenn man behauptet, dass es eine 
Aussage sei; die grosste Kardinalzahl nur dadurch, dass sie wirklich eine 
Kardinalzahl sei u. s. w. 

Betrachten wir nun die sinnlosen Gegenstinde iiberhaupt. Bezieht sich 
nicht derselbe Gedanke auch auf sie? Ja, die Sinnlosigkeit dieser Begriffe 
besteht nur darin, dass es Higenschaften gibt, die sie nicht besitzen. Und 
zwar, diirfte ich genauer sagen, dass sie den gewdhnlichen Kategorien nicht 


“Es ist wohl bemerkenswert, dass ein Begriff nach dieser Definition ein Gegen- 
stand und nicht ein Prozess des Denkens ist. Beispiele von Begriffen sind etwa 
Bismarck, Géttingen, Tier, Regenschirm, rot, Temperatur, Materie, Substanz, Kausali- 
tit, Etwas, Funktion, der Kénig von Frankreich, die grésste Kardinalzahl u. s. w. 
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angehérer. Diese Kategorien sind in der Tat als etwa inhaltliche Grund- 
begriffe vorausgesetzt, und nichts wird betrachtet ausser was dazu gehdrt. 
Natiirlich miissen Begriffe, die mit dem Wesen dieser Kategorien unvertrag- 
liche EHigenschaften besitzen, als “sinnlos” aus der Theorie ausgeschlossen 
werden. Aber gerade in diesem Ausschliessen besteht ein Mangel. Die Auf- 
gabe der Logik ist die Erklirung des Denkens; wenn es von der Erklarung 
ausgeschlossenes Denken gibt, so ist sie fehlerhaft. Weiterhin sind es genau 
diese sinnlosen Begriffe, die zu Widerspriichen fiihren; wenn man sie aus- 
schliesst, so kann man wohl die Antinomien vermeiden, aber nie erklaren. 
Dass etwas ein Begriff ist, ist das einzige Erfordernis, damit man das Ding 
in der Logik behandeln koénne. 

Die Kategorie Begriff—oder, wie ich sie nachher nennen werde, um 
gewisse Nebenbedeutungen zu vermeiden, Etwas,—ist daher die grundlegende 
Kategorie der Logik tiberhaupt. Diese Kategorie ist ein Begriff, und seine 
blosse Betrachtung ist doch in sich widerspruchsfrei. Aus diesen Griinden 
- habe ich sie als Grundkategorie der Theorie vorausgesetzt. Daraus folgt eine 
wichtige Konsequenz: ich brauche mich nicht mehr, mindestens insofern als 
es die Einfitihrung neuer Gegenstande in die Theorie betrifft, um die Defini- 
tionsbereiche von Funktionen zu kiimmern. Wenn ich z. B. den Schon- 
finkelschen Funktionsbegriff als Grundverkniipfung— und Schdofinkel hat 
schon gezeigt, dass dies allein notwendig ist—, voraussetze, so ist die 
Zusammensetzung von irgend zwei Begriffen, etwa f und 2 zu fx, wieder ein 
Begriff. Z. B. ist die Zusammensetzung des Konigs von Frankreich mit der 
Aussage “der Mond ist aus griinem Kise aufgebaut,” ein Begriff, weil sie 
identifiziert und von anderen Dingen unterschieden zu werden vermag. Unter 
den so hergestellten Begriffen werden einige “sinnvoll,” andere “sinnlos” 
sein; die Hauptaufgabe der kombinatorischen Logik ist wohl, diese zwei 


Arten zu unterscheiden.* 


§2. Der Vorrang des Aussagenkalkiils. In den heutigen logischen 
Theorien bildet der sog. Aussagenkalkiil den Grundbestandteil. Ich méchte 
hier die vielleicht triviale Bemerkung darlegen, dass dieser Vorgang nicht 
notwendig ist. Natiirlich beginnt die Logik mit Sitzen, die wir fahig sein 
miissen, zu verstehen. Aber daraus folgt ebensowenig, dass man mit der all- 
gemeinen Theorie von Aussagen anfangen muss, als aus der Tatsache, dass 
wir es im Aussagenkalkiil mit gewissen Aussagefunktionen zu tun haben, 
folgt, dass wir mit Aussagefunktionen beginnen miissen. Weiterhin sind 


*Dabei wird die erste Art von Eigenschaften die ich in I A erwahnt habe, auf 
die Dritte zuriickgefiihrt. 
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die Begriffe “ Aussage” und “ Behauptung” verschieden; dieser ist mit der 
Wahrheit eng verbunden, jener eine Kategorie von bloss betrachteten Etwasen. 
Was wir im Anfang verstehen miissen, ist erstens, dass die Satze Behauptungen 
sind, und zweitens, dass sie sich vermége der Regeln zu neuen Behauptungen 
umgestalien lassen. Was wir mit solchen einfachen Anfaingen machen konnen, 
zeigt die hier gegebene Theorie an. 

Der Begriff von Behauptung muss natiirlich als Grundbegriff angenommen 
werden und zwar als ein solcher, der in der formalen Theorie einem nicht 
formalen Begriffe entspricht. Diesen nicht formalen Begriff habe ich 
“ Formel” genannt. 


§ 3. Unbeschrankte Universalen. In Nummer 1 habe ich behauptet, dass 
der Begriff “ Etwas” als grundlegender Begriff angenommen werden darf. 
Ich behaupte nun ferner, dass es Eigenschaften gibt, die fiir jedes Etwas 
gelten. Gegen die Méglichkeit solcher Behauptungen steht aber das wohl- 
bekannte Verbot der nicht pridikativen Begriffsbildungen. Dieses Verbot 
hat im allgemeinen einen etwa pragmatischen Charakter, und lasst sich folg- 
lich nur dadurch widerlegen, dass man wirklich eine dem Verbot wider- 
sprechende Theorie aufbauen kann. In den “ Principia Mathematica” wird 
aber dieses Prinzip in der Form des “ Vicious Circle Principle,” a priori 
verteidigt. Das dortige Argument ist etwa dies: man kénnte nichts tber 
alle Aussagen behaupten, weil dadurch neue Aussagen erschaffen wiirden, 
und also es keine bestimmte Gesamtheit von Aussagen gibe, die den Wirkungs- 
bereich der behaupteten EHigenschaft bildete. Ebensogut aber ist dieses 
Argument: man koénnte nichts iiber alle Apfelsinen behaupten, weil jedes 
Jahr neue Apfelsinen erschaffen werden, und es also keine bestimmte Ge- 
samtheit von Apfelsinen gabe u.s.w. u.s.w. In der Tat begreifen wir all- 
gemeine Urteile nicht in extenso, sondern in intenso—es gibt etwas im Wesen 
der betreffenden Eigenschaft, wovon wir schliessen koénnen, dass sie fiir jedes 
Etwas gilt. Dieser Schluss setzt doch keine Gesamtheit voraus. Es fehlt daher 
diesem Einwand gegen die Méglichkeit unbeschrankter Universalen ein theo- 
retischer Grund. Infolgedessen mache ich die einfachere und naturgemissere 
Voraussetzung, dass es solche Universalen gibt; insbesondere, dass solche 
Higenschaften wie das reflexive Gesetz der Gleichheit fiir jedes Etwas gelten. 

Wenn wit. aber diese Annahme machen, so werden die Grundregeln der 
Theorie erheblich éinfacher. Denn diese Regeln sind Universalen; wenn wir 
sie als unbeschrankte Universalen auffassen kénnen, so brauchen wir keine 
Unterscheidungen zwischen verschiedenen Arten von Begriffen inbezug auf 
die Regeln zu machen. Eine ahnliche Vereinfachung betrifft das ganze 


Grundgeriist. 


hd- 
rt. 
en 
f- | 
ng 
au 
n. 
1g ‘9 
] 
le 
1e 
n 
e 
t 
] 


518 Curry: Grundlagen der kombinatorischen Logik. 


§ 4. Theorie und Metatheorie. Die letzte Betrachtung hat die Methode 
der Untersuchung zum Gegenstand. Weil die im Anfang vorausgesetzten 
Regeln sehr einfach sind, ist eine sehr lange Darlegung erforderlich, um 
diese Entwicklung ausfiihrlich zu vervollstindigen. Wir interessieren uns 
aber nur fiir die Méglichkeit einer solchen Darlegung. Ich gebe demgemiass, 
statt die Formeln eine nach der anderen auszuschreiben, hier eine Reihe von 
Satzen an, worin ich zeige, dass bestimmte Arten von Etwasen immer 
Formeln sind. Diese Siatze gehéren eigentlich zu der Metamathematik im 
Hilbertschen Sinne, die mit dieser Mathematik verbunden ist. In den Be- 
weisen dieser Sitze benutze ich nur die einfachen direkten Beweismethoden, 
und zwar werden die Beweise so aufgestellt, dass sie selbst, natiirlich mit Be- 
nutzung der Nachweisungen, einen Prozess ergeben, wodurch der Beweis 
irgendeines in sie eingeschlossenen Falles ausfiihrlich Formel nach Formel 
auseinandergesetzt werden kann. Unter die Methoden kommen allerdings die 
volistindige Induktion und andere Eigenschaften der ganzen Zahlen vor, aber 
dies bedeutet nicht mehr, als dass wir die ganzen Zahlen als Zeichen benutzen, 
und dass fiir einige Etwasen, die mit hdheren Zahlen bezeichnet werden, jene 
Beweisprozesse wiederholt werden sollen. Fiir alle besonderen Fille hat man 
eine endliche direkte Schlussfolge. 


C. Das GrRuNDGERUST. 


Ich gehe jetzt zur formalen Theorie iiber. Die erste Aufgabe ist natiir- 
lich die Darlegung des Grundgeriists und die Erklarung der in der Aus- 
fiihrung benutzten Festsetzungen. 


§1. Vorbereitende Erklirungen. Die vorliegende Theorie wird vom ab- 
strakten Gesichtspunkte aus durchgefiihrt; d.h. als eine Lehre iiber abstrakte 
Begriffe, die durch das Grundgeriist selbst definiert werden.* Es ist natiirlich 
wichtig darin die formalen Entwicklungen selbst und die inhaltlichen Ueber- 
legungen dariiber zu unterscheiden ; aber ausserdem habe ich noch die Unter- 
scheidung zwischen der Theorie selbst und ihrer Symbolik festgehalten. Je- 
doch kann der Leser, der einen anderen Gesichtspunkt vorzieht, wohl die 
Theorie durch kleine Aenderungen nach seinem eigenen Gesichtspunkt um- 
gestalten. Z. B. ist das, was ich oben iiber die Endlichkeit der Anzahl von 
Axiomen ausgesagt habe, mit dem Gesichtspunkt verbunden, dass eine De- 
finition nichts wesentlich Neues in die Theorie hereinbringt, und also von 


* Ueber das Wesen einer abstrakten Theorie, vgl. meine oben zitierte Abhandlung. 
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einem Axiom verschieden ist; aber sonst kann man immer einen Satz desselben 
Inhalts mit etwas anderen Worten aussprechen. 

In den Ausfiihrungen brauche ich zwei Arten von Zeichen: erstens die 
formalen Zeichen, welche die Bestandteile der formalen Theorie selbst be- 
deuten; zweitens die inhaltlichen Zeichen, welche eine Bedeutung inbezug 
auf die inhaltlichen Uberlegungen haben. Mit diesen zwei Zeichenarten sind 
zwei Arten von Definitionen zu betrachten; um diese zu unterscheiden, be- 
schrinke ich nunmehr das Wort Definition auf die Erklarungen der formalen 
Zeichen, wihrend die Erklarungen der inhaltlichen Zeichen (bzw. Worter, 
die in einem technischen Sinn gebraucht werden), Festsetzungen heissen sollen. 
Die Definitionen und Festsetzungen, die fiir die ganze Abhandlung beibehalten 
werden sollen, werden hervorgehoben und als solche ausgezeichnet; neben 
ihnen mache ich in den einzelnen Beweisen und Erliuterungen Gebrauch 
von solchen, die nur fiir den betreffenden Zusammenhang gelten sollen. 

Die Definitionen werden weiterhin nun folgendermassen festgestellt. 
Erstens werden die Zeichen, die in der Darstellung des Grundgeriists selbst 
mit gewissen Bestandteilen verbunden sind, dabei definiert. Jede spitere 
Definition ist dann eine Bestimmung, dass ein nicht schon in demselben 
Kontext definiertes Zeichen dasselbe wie ein anderes schon definiertes be- 
deuten soli. Die Identitatsrelation, die in diesem “ dasselbe ” schon vorliegt, 
kann, wenn man will, formalisiert werden. Definitionen diirfen sich natiirlich 
nicht nur auf Zeichen im engeren Sinne, sondern auch auf Zeichenver- 
kniipfungen beziehen (vgl. unten Def. 1 und 2). 

In der folgenden Darlegung des Grundgeriists gebe ich neben.den zur 
abstrakten Theorie selbst erforderlichen Eigenschaften auch Andeutungen 
iiber die logische Interpretation des betreffenden Begriffs, Regel u. s. w. an. 
Diese Andeutungen sind aber in Klammern gesetzt. 


§2. Die nicht-formalen Grundbegriffe. Die folgenden Begriffe seien 
vorausgesetzt : 


a. Etwas, eine Kategorie (Ausdeutung, der oben in B 1 diskutierte Be- 
griff Etwas). Etwase werden durch Buchstaben oder dhnliche 
Zeichen bezeichnet. 


b. Formel, eine Kategorie (Ausdeutung: Behauptung). 


c. Anwendung, eine dyadische Verkniipfung, d.h. eine Zuordnung, wo- 
durch zu jedem geordneten Paar von Etwasen ein eindeutig be- 
stimmtes Drittes zugeordnet wird. Wenn die zwei Etwase durch 
X bzw. Y bezeichnet sind, dann wird das zugeordnete Dritte die 
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Anwendung von X auf Y genannt und durch (XY) bezeichnet. 
(Ausdeutung: der Schénfinkelsche Funktionsbegriff, erweitert wie 
in B 1 oben). 


§ 3. Die formalen Grundbegriffe. Von diesen Begriffen wird nichts vor- 
ausgesetzt, ausser dass sie Etwase sind. Ich schreibe also hier nur ihre Zeichen 
und Ausdeutungen : 


B (Die Schénfinkelsche Zusammensetzungsfunktion ). 

C (Die Schénfinkelsche Vertauschungsfunktion). 

W (eine Funktion derselben Art wie die vorhergehende, durch die 
Regel W [s. unten] definiert. Wir diirften sie die Verdoppelungs- 
funktion nennen). 

K (Die Schonfinkelsche Konstanzfunktion). 

Q (Gleichheit, d.h. logische, nicht, symbolische Identitat). 

(Allzeichen). 

(Implikation). 

A (Konjunktion—das Und—Vgl. unten, Reg. A). 


, Die vorhergehenden Begriffe sind die einzigen, die in dieser Abhandlung 
erwahnt sind; fiir die weitere Durchfiihrung der Logik brauchen wir natiir- 
lich gewisse andere, z. B. Aussage, Negation, Funktion, Seinzeichen (wenn 
nicht definiert) u. s. w. 


§ 4. Symbolische Festsetzungen. 


- Festsetzung 1. Wenn X ein Etwas ist, so bezeichne ich mit + X. den 
Satz, dass X eine Formel ist, und zwar sowohl wenn dieser Satz behauptet, 
festgesetzt oder bloss betrachtet ist. Weiterhin diirfen dann die dusseren 
Klammern von X, wenn es solche gibt, wegbleiben. 


Festsetzung 2. Wenn X und Y Etwase sind, so bezeichne ich mit X =Y 
den Satz, dass XY und Y dasselbe Etwas sind, d.h. dass X und Y als Zeichen 
betrachtet, dasselbe Etwas bedeuten. Unter diesen Umstinden werde ich auch 
manchmal sagen, dass X und Y identisch sind. Die diusseren Klammern von 
X und Y diirfen auch hier wegbleiben. 


Def. 1. Immer wenn X;, X2,° -, Xn Etwase sind, gilt 


Def. 2. -Immer wenn X und Y Etwase sind, gilt 
(X = Y)=(QXY). 
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Links diirfen weiter die iusseren Klammern von X und Y wegbleiben, solange 
nur X und Y nicht selbst von der Form (U = V) sind. 


Def. 3. I=(WK). 


Festsetzung 3. Die Relation zwischen zwei Etwasen X und Y, welche 
durch +} XY ausgedriickt wird, heisst Gleichheit, und unter diesen Um- 
stinden sage ich, dass X und Y gleich sind. 


§ 5. Aziome. Die hier gegebenen Axiome reichen nur fiir diese Abhand- 
lung ,aus. Die kombinatorischen Axiome werden unten (s. II B 5)* in viel 
iibersichtlicherer Form wiedergegeben. 


a. Axiom der Identitat. 


Az. Q. 


+ I1(W(CQ)) (Reflexives Gesetz, s. unten, Abschn. D). 


b. Kombinatorische Axiome. 


Az. B. 
Az. C. 
Az. W. 
Az. K. 
Az. 
Az. (BC). 
Az. (BW). 
Az. (BK). 


Az, (CC). 
Az. (CC)>. 


Az. (CW). 
Az. (CK). 


Az. (WC). 
Az. (WW). 
Az. (WK). 


Az. I;. 


C(BB(BBB))B = B(BB)B. 

C(BB(BBB) )C = B(BC) (BBB). 
C(BBB)W —B(BW) (BBB). 

O(BBB)K =B(BE)I. 

+ CBI=B(BI)I.+ 

BBC =B(B(BC)C) (BB). 

+ BBW = B(B(B(B(BW)W) (BC))B(BB))B. 
BBK =BKK. 

| BCC =B(BI). 

B(B(BC)C) (BC)=B(BC(BC))C. 
BCW—=B(B(BW)C) (BC). 

+ BOK = BK. 

BWO—W. 

BWW =BW(BW). 

BWK—BI. 

BE um 


§ 6. Regeln. Die folgenden Regeln sind vermutlich fiir die gesamte 
Mathematik und Logik hinreichend. Die zwei letzteren werden nur in einem 
spiteren Stadium benutzt, aber sie sind hier der Vollstindigkeit halber 


gegeben. 


*s.d. fiir Bemerkungen tiber die Bedeutung dieser Axiome. 


+ Dieses Axiom kann aus den anderen bewiesen werden. s. unten.. II D 2, Satz 6. 
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- Reg. E. Wenn X und Y Etwase sind, dann ist immer (XY) ein Etwas. 
(Ueber die Ausdeutung dieser Regel vgl. oben, B1. Sie ist so einfach, dass 
sie nie wieder erwahnt wird, sondern nur implizit auftritt). 


Reg. Q:. Wenn X und Y Etwase sind, und 1) + X, 2) +} QXY (baw. 
+} X=—Y), dann} Y. 
Reg. Q2. Wenn X, Y, Z Etwase sind, und}+} QXY (bzw. +} X—Y), 


dann Q(ZX) (ZY) (dh. =ZY). 


Reg. Tl. Wenn X und Y Etwase sind, und + ILY, dann + XY. 
(Die Ausdeutung dieser Regel ist das sog. Prinzip von Aristoteles). 

Reg. B. Wenn X, Y, Z Etwase sind, dann +} BXYYZ=—X(YZ). 

Reg.C. Wenn X, Y, Z Etwase sind, dann }+ CXYZ = XZY. 

Reg.W. Wenn X, Y Etwase sind, dann } WXY=XYY. 

Reg. K. Wenn X, Y Etwase sind, dann KXY =X. 

Reg. P. Wenn X, Y Etwase sind, sodass 1) +} X, 2) } PXY, dann} Y. 
(Dies ist die wohlbekannte Schlussregel). 

Reg. A. Wenn X, Y Etwase sind, sodass 1) } XY, 2) +} Y, dann + AXY., 
(Diese Regel kann natiirlich vermieden werden, wenn in den formalen Ent- 
wicklungen der Theorie geschlossen werden kann, dass fiir beliebige X, Y 


+ PX(PY(AXY), 
d. h. in gewohnlicherer Schreibweise, 


Aber diese Aussage ist mit der logischen Bedeutung der Implikation unver- 
traglich. Wenn wir diese logische Implikation eintreten lassen wollen, so 
missen wir P und A als unabhangige Grundbegriffe, und die beiden Regeln 
P und A voraussetzen. [Vgl. Lewis, C. J—A Survey of Symbolic Logic. 
Berkeley 1918, Chap. V]). 


D. Dre EIGENSCHAFTEN DER GLEICHHEIT. 


Satz 1. Wenn X ein Etwas ist, dann + QXX. 


Beweis: + 1(W(CQ) ) (Ax. Q). 
+ W(CQ)X (Reg. II, Hp.). 
Aber + Q(W(CQ)X) (CQXX) (Reg. W). 
+ CQXX (Reg. Q:). 
Aber + Q(CQXX) (QXX) (Reg. C). 
me + QXX w. z. b. W. (Reg. Q:). 
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Satz 2. Wenn X und Y Etwase sind, und + QXY, 
dann +t QYX 


Beweis: +| QXY Y (Hp.) 
+ O(CQXX) (CQXX) (Reg. Q2, Z=CQX). 
Aber + CQOXX (vorvorletzte Formel im Beweis 
von Satz 1). 
+ CQOXY. (Reg. Q). 
+ OYX. w. Z. b. w. (Reg. C und @:). 


Satz 3. Wenn X, Y, Z Etwase sind, und 1) } QXY, 2): + QYZ, dann 
QXZ. 


Beweis: +} QYZ (Hp. 2). 
+ Q(QXY) (QXZ) (Reg. Q2). 
+ OXZ w. Z. b. w. (Hp. 1 und Reg. Q:). 
Satz 4. Wenn X, Y,Z Etwase sind, und | QXY, dann + Q(XZ) (YZ). 
Beweis: 
+ Q(C(B(WK))ZX) (C(B(WK))ZY) (Hp. und Reg. 
+ Q(C(B(WK))ZX) (B(WK) XZ) (Reg. C). 
+ O(B(WK)XZ) (WK (XZ) ) (Reg. B). 
Q(WK(XZ))(K (XZ) (XZ)) (Reg. W). 
| Q(K(XZ) (XZ)) (XZ) (Reg. K). 


aus den letzten vier Formeln und Satz 3, + Q(C(B(WK))ZX)(XZ). In 
ahnlicher Weise folgt dass Q(C(B(WK)ZY)(Y¥Z). 


Aus der ersten und den zwei letzten Formeln und den Satzen 2 und 3. 
+ O(XZ) (YZ). w. z. b. W. 


Satz! Wenn X und Y Etwase sind, und X=Y, dann | QXY. 


Beweis: Aus Satz 1 + QXX. 
Weil Y dasselbe wie X bedeutet, so folgt + QXY. : wee wm 


Satz 6. Gleichheit ist eine reflexive, symmetrische und transite Rela- 
tion, und zwar derart, dass aus | X= Y fiir ein beliebiges Etwas Z folgt 


=ZY, und XZ—YZ, 
und weiterhin aus | X und } X=—Y, folgt + Y. 


Beweis: Dieser Satz ist nur eine Zusammenfassung von Reg. Q: und Qz 
und Sitzen 1-4 inbezug auf C 4. Def. 2 und der Bedeutung von=. Er lasst 
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sich aber auch, abgesehen von der Bedeutung von =, nur mit Benutzung von 
Satz 5 ableiten. Z. B. beweise ich die letzte Behauptung. 


Angenommen 


dann +L QxY (C 4. Def. 2, Satz 5, Reg. Q:), 
daher aus X, 
folgt + Y (Reg. Q:). 
Satz 7. sei ein Etwas, das aus gegebenen Etwasen Xi, + 


(unter anderen) durch Anwendung entsteht, und Y sei der Ausdruck, welcher 
dann entsteht, wenn man X,, Xn in durch Etwase Yo: + 
ersetzt. Ferner sei fiir allei 2---n entweder | X;—=Y; oder + Yi= Xj. 
Dann }¥—¥Y. 

Beweis: Wir kénnen annehmen, dass X; nur einmal in X vorkommt, weil 
der Fall, dass einige X; nochmals vorkommen, sich auf den Fall, dass sie 
alle nur einmal vorkommen, durch Vergrésserung des n zuriickfiihren lass? 
(die X; brauchen nicht alle verschieden zu sein). Weiterhin kénnen wir 
uns auf den Fall n=1 beschrinken, weil es sonst immer eine Reihe von 
Ausdriicken ¥, =X, %,, derart gibt, dass sich aus X; 
durch Einsetzung von Y; statt X; erzeugt, und wenn wir dann bewiesen 
haben, dass 


Xin, 
so folgt + Xo—= En (Satz 6), 
also L¥=—Y (Satz 5, 6). 


Infolgedessen nehmen wir an, dass ¥) sich aus ¥ durch Hinsetzung von Y 
statt X erzeugt. Dann gibt es zwei Reihen von Etwasen X,, X2° +: +Xm, 
Yi, Yo,: Ym derart, dass 


X,=¥X, Y,=Y, 

Xin =XiZi, oder = Zi Xi, 

und YiZi, bzw. Vin =ZiYi, 
Xu =E, Yn=Y. 


Dann haben wir zuerst } X¥,—Y, (Hp., Satz 5,—vielleicht Satz 3), 
und weiter aus | X; folgt (Satz 6). 
Daher durch Induktion + Xm = Ym, 


daher + w.Z.b.W. 
Satz 8. Die zwei Satze 1) X¥=Y und 2): “ Aus den vorangegebenen 


Satzen der Form X;,=Y; kann der Satz | ¥=¥Y allein mit Benutzung von 
Satz 5 und die Eigenschaften der Gleichheit bediesen werden,” sind aquivalent. 
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Beweis: Der allgemeinste Satz der Form ¥=Y, den wir nach der 
Bedeutung von = aus den vorangegebenen schliessen kénnen, ist ein Spezial- 
fall von Satz 7% mit Gleichheit durch Identitit ersetzt. Aber Satz 7 gibt 
auch den allgemeinsten Satz der Form + ¥—¥Y welcher aus + X; —Y; durch 
Benutzung der Eigenschaften der Gleichheit bewiesen werden kann. Damit 
wird die Behauptung bewiesen. 


Festsetzung 1. Unter 


- =X, 
verstehen wir 


+ und + X¥,=—Xz und und + = Xn, 


(woraus insbesondere folgt X¥:— Xn. Die Eigenschaften werden der Gleich- 
heit hiernach im allgemeinen nicht besonders erwahnt). 


Satz 9. Wenn X ein Etwas ist 


Beweis: IX =WKX (C4. Def. 3, Satz 4), 
= KXX (Regel W), 
(Regel K). 


Bemerkung: Anstatt B, C, W und K hat Schonfinkel K und 8S als 
Grundbegriffe gewahlt. Dazu gehoren die Regeln 
+ KXY =X fiir beliebige Etwase XY, Y ; 
+ SXYZ = XZ(YZ) fiir beliebige Etwase X, Y, Z, 


woraus sich B, C, W und IJ wie folgt definieren lassen: 
B=8(KS)K, C=S(BBS)(KK), W=SS(SK), I[=SKK. 


In dieser Weise kann man wohl die Anzahl der Grundbegriffe und Regeln 
vermindern. Der Beweis der Eigenschaften der Gleichheit ist aber etwas 
schwieriger, und man muss vermutlich den obigen Satz 4 als Grundregel 
voraussetzen. 
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KAPITEL II. DIE LEHRE DER KOMBINATOREN. 


A. EINLEITUNG. 


Festsetzung 1. Unter einer Kombination von Etwasen X,, X2°* 
verstehen wir ein Etwas, das sich aus X,- - -X» durch Anwendung aufbauen 
lisst. Genauer definieren wir so: 

1) Jedes X; (t—1, 2,---,n) ist eine Kombination von 

2) Wenn X und Y Kombinationen von X,,-- +X» sind, so ist auch 

(XY) eine solche. 


Festsetzung 2. Unter einem Kombinator verstehen wir eine Kombina- 
tion von B, VC, W und K. 


In diesem Kapital untersuchen wir die Kombinatoren als solche. Das 
Hauptergebnis betrifft aber eine Verwandtschaft mit den Substitutionsprozes- 
sen. Es wird gezeigt, dass alle die in der gewohnlichen Logik durch freie 
Variablen angedeuteten Verkniipfungen sich durch Kombinatoren definieren 
lassen, und zwar so, dass alle die Eigenschaften, die sie dort haben, auch aus 
unserem Grundgeriist ableitbar sind. 

Um dieses Problem scharfer zu formulieren, betrachten wir diese Opera- 
tionen und ihre Ausdrucksweise niher. Es soll genau erklirt werden, was 
sie sind und welche Eigenschaften in Betracht kommen. 

Zunachst dienen natiirlich die Variablen nur dazu, die Leerstelle in den 
verschiedenen Funktionen zu unterscheiden. Infolgedessen darf ich fiir sie 
eine besondere Bezeichnungsweise fordern, und zwar die folgende: Man 
beginnt mit gewissen Grundkonstanten und Grundfunktionen. In diesen 
sollen die Leerstelle mit den Zeichen konsekutiv (d. h. ohne 
Auslassungen)* numeriert werden, und zwar in einer Anordnung, die am 
Anfang beliebig zu wiahlen ist, aber danach festbleiben soll. Dann werden 
die folgenden Operationen fiir die Erschaffung neuer Funktionen und Aus- 
sagen erlaubt. 


* [Oder genauer, wenn x, als Argument vorkommt, so soll auch ow, fir k <e vor- 
kommen. (P. Bernays) ]. 

7 In der gewoéhnlichen Theorie sagt man zuweilen, dass ese zwischen ¢(a#,y) und 
¢(y, x) keinen Unterschied gebe, weil es nicht darauf ankomme, wie man die Variablen 
bezeichne. Aber wenn man eine Funktion ¢(#,y) hat, so kann man andere Funktionen 
¥(a,y), x(a) definieren, sodass 


¥(@, Y) = O(Y, @) x (wv) =, 
Dann ist der Inhalt meiner Forderung dieser: wenn wir z. B. ¢ mit ¢(@,, #,) bezeichnen, 
dann werden y und x mit $(#.,”,) bzw. ¢(a,,%,) bezeichnet. Natiirlich haben wir 
hier im allgemeinen drei verschiedene Funktionen. 
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1) ee ee einer Funktion in eine zweite, die sich von der ersten 

nur darin unterscheidet, dass die Variablen anders numeriert sind. Diese 
neue Numerierung soll die obigen Bedingungen der Konsekutivitat erfillen, 
doch ist’ es erlaubt, Leerstellen, die urspriinglich verschiedene Zeichen trugen, 
dasselbe Zeichen zu geben, aber nicht umgekehrt. Z. B. aus $(%, 72) werden 
$(22,%1) und $(21,2:) durch Umwandlungen geschaffen usw. Die so umge- 
formten Funktionen, die verschiedene Bezeichnungen haben, sind als ganz 
voneinander und von der Urspriinglichen verschiedene Funktionen anzusehen.t 


2) Einsetzung einer Konstanten a fiir eine Variable 2, in einer Funktion 
von n Variablen, wo n =k. Dadurch wird eine Funktion von n — 1 Variablen 
(bzw., wenn n 1 ist, eine Konstante) geformt. Dies soll in der folgenden 
Weise bezeichnet werden: fiir 2; in der urspriinglichen Funktion soll immer 
a auftreten, fir 2; mit soll auftreten, wahrend die 2 mit 1<k 
unverandert bleiben sollen. 


3) Zusammensetzung einer Funktion von n Variablen mit einer, von m 
Variablen, durch Einsetzung von dieser als Funktion von m Variablen fir 
a (kn) in jene. Die so gestaltete Funktion soll in der folgenden Weise 
bezeichnet werden: Zuniichst setzt man in die zweite Funktion y; fiir 2; ein, 
dann setzt man den so umgeformten Ausdruck als ein Ganzes in die erste 
Funktion in alle die Stellen ein, wo 2; da erscheint, und endlich formt man 
den resultierenden Ausdruck so um, dass 2; fiir 1 < & unverandert bleibt, 
yi in ei tibergeht, und a; fiir i > & in vim. tibergeht. Z. B. durch Ein- 
setzung von W(2%2, %1, %1, fiir in Lo, Lo, Ls, Ls, Te) hat man 
W (2s, Loy Voy La), Vo, Lo, Te), Ye, Lz, Zz). (Wenn man eine Kon- 
stante als eine Funktion von 0 Variablen ansieht, so ist der Fall (2) als 
Spezialfali im Falle (3) eingeschlossen). 


Diese Operationen sind die, mit denen wir uns in diesem Kapitel zu 
beschaftigen haben. Die Gesamtheit der Ausdriicke, die sie erzeugen, hat die 
Higenschaft, dass jede Funktion und jede Aussage, die aus den Grundfunk- 
tionen und Grundkonstanten gebildet werden kann, mit einem und nur einem 
Ausdruck bezeichnet wird. Es kann aber geschehen, dass derselbe Ausdruck 
in mehreren Weisen durch diese Operationen erzielt wird, also dass ganz 
verschiedene Operationsprozesse in dem Sinne Aquivalent sind, dass sie das- 
selbe Etwas liefern. Diese Aquivalenzen sind die Higenschaften, die hier in 
Betracht kommen. 

Diese Ausdriicke lassen sich nun in unsere Schreibweise umformen, wenn 
wir nur die Variablen behandeln, als ob sie Etwase waren. In der Tat geht 
ein Ausdruck der Form f(t, *Un) wegen der Ausdeutung der Anwen- 
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dung (als Schénfinkelscher Funktionsbegriff) in (fuiu2° tiber. Z. B. 
wird der oben (in 3) betrachtete Ausdruck nach der Umformung 


Ly 


Die neuen Ausdriicke sind also Kombinationen von gewissen Grundfunktionen, 
Grundkonstanten und Variahlen. Diese Kombinationen lassen sich aber ferner 
aus Kombinationen von lauter Variablen erschaffen und zwar dadurch, dass 
man in eine der letzten fiir z, eine Grundfunktion nach dem obigen Prozess 2) 
einsetzt, dann fiir xz, eine Grundkonstante oder Grundfunktion einsetzt, 
u. s. w., bis alle die im betreffenden Ausdruck erscheinenden Grundgegen- 
stande eingesetzt sind. Z. B. wird das oben Geschriebene aus 


(2127 (Lob Lg )LeLoL10 ) 


durch Einsetzung von ¢ statt x; und y statt 2x, erzielt. 

Diese letzte Bemerkung laiuft darauf hinaus, dass die Kombinationen 
lauter Variablen Operatoren sind, die aus den gegebenen Funktionen und 
Konstanten alle méglichen abgeleiteten Funktionen, und Konstanten durch 
Einsetzung, und zwar die Schonfinkelsche,* hervarrufen. In diesem Kapitel 
zeige ich, dass diese Operatoren nichts wesentlich anderes als eine bestimmte 
Klasse von Kombinatoren sind. In der Tat setze ich zuerst fest, dass ein 
Kombinator Y eine Kombination der Variablen 2z,, *2%n, nimlich X 
dann und nur dann darstelli, wenn es formal,—d.h. durch Behandlung der 
Variablen als Etwase ohne besondere Higenschaften—folgt, das 


+ Yayte* * =X, 
Dann beweise ich die folgenden Hauptsatze : 


I. Wenn ein Kombinator Y eine Kombination von 2,%2° * *%n dar- 
stellt, so stellt er nur eine dar (bewiesen in C1). 
II. Zu jeder Kombination lauter Variabler gibt es mindestens einen 
Kombinator Y, der sie darstellt (bewiesen in E1). 
III. Wenn zwei Kombinatoren Y, und Y, dieselbe Kombination lauter 
Vartabler darstellen, dann folgt es ohne Gebrauch von Variablen, dass 
+ = Y, (bewiesen in E 3).+ 


Aus diesen drei Hauptsatzen folgt leicht, was ich beweisen will. Denn 
zunachst wird jeder Ausdruck eindeutig in der Form Un, 
WO U1, U2* * * Un die in dem Ausdruck erscheinenden Grundgegenstinde sind, 


| 


* Vgl. oben unter I A. 
¢ Mit.der unwichtigen Beschrinkung dass Y, und Y, eigentlich (s. unten II E) sind.’ 
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dargestellt, und weiter lisst sich jeder Substitutionsprozess so durch Kom- 
binatoren definieren, dass aus den Ausdriicken der Form Yu,u2° * * Un immer 
neue Ausdriicke derselben Form erzeugt werden. 

Dieses Resultat ist freilich nur ein Spezialergebnis der drei Hauptsatze, 
welche eine gewisse Art von Isomorphismus zwischen Kombinatoren und 
Kombinationen iiberhaupt aussagen. Mit dem Kombinator K kommen 
Kombinationen mit Auslassungen in Betracht. Wir kénnten diese aus- 
schliessen, und nur Kombinatoren, die Kombinationen von B, C, W und I 
sind, betrachten; aber die allgemeineren Sitze kénnen fast so leicht bewiesen 
werden ais die besonderen, und also habe ich den K ,behalten. Die Betrach- 
tungen, die den K speziell betreffen, sind unten zuweilen nicht so ausfihrlich 
angegeben, wie die anderen. 

Kine letzte Bemerkung kommt dazu. In der eben dargestellten Theorie 
wurden bisher Funktionen von verschiedenen Anzahlen von Variablen uater- 
schieden; dagegen ist jedes Etwas wegen Reg. E eine Funktion beliebig 
vieler Variablen. Infolgedessen hat man mit jedem Etwas nicht bloss eine 
bestimmte endliche Anzahl von Leerstellen zu assoziieren, sondern eine un- 
endliche Folge von Leerstellen. Durch irgendeinen der obigen Prozesse wird 
aber nur eine endliche Anzahl von Leerstellen gestért, algo haben diese Folgen 
einen besonderen Charakter. Dies erklart die TatsadHe, dass von Abschnitt C 
ab Folgen einer bestimmten Art eine grosse Rolle spielen. 


B. Dre GRUNDLEGENDEN DEFINITIONEN UND SATZE. 
§1. Die B Sequenz. 
Def. 1. B, = B; Bau BBB,, (n = i, 2, 3, 
Def. 2. By =I, 


Satz 1. Wenn X, Y und Z Etwase sind, dann 


+ Buu XYZ = B,X(YZ), (n=0,1,2,°- -). 
Beweis: Fir n=0 folgt der Satz aus Def. 1 und 2, Reg. B, und ID 
Satz 9. 
Es sein > 0; 
+ BusXYZ = BBB,XYZ (Def. 1, ID Satz 6), 
= B(B»X) YZ (Reg. B), 


== B,X (YZ), w. Z. b. w. (Reg. B). 
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Satz 2. Wenn X, Y, Etwase sind, dann 
+ BuamX YZ;Z2° *Zm = B,X(YZ;Z2° 
(m =0,1,2,° + ;n=0,1,2,° °°). 


Beweis: Fiir m—0 klar. Fir m —1 folgt der Satz aus Satz 1. 
Angenommen, der Satz sei fiir mk bewiesen. Dann wird er fiir 
=k-+ 1 bewiesen, wie folgt: aus Satz 1 folgt 


(n=0,1,2---). 


Nun in den vorliegenden Satz fiir m =k setzen wir (YZ) fiir Y, und Zin 
fiir Z; Dann 


(a—0,1,2,:- 3. 


Aus den letzten zwei Formeln folgt der Satz fiir m—k-+-1. Durch Wieder- 
holung dieses Prozesses wird der Satz fiir ein beliebiges m bewiesen. 


Satz 3. Sind X, Y, Z1, Z2,: +, Zm Etwase, dann 
+ BuXYZ,Z2: +Zm), (m=0,1, 2, °). 


._ Beweis: Man setzt n—0 in Satz 2. 


Satz 4. Wenn eine Reihe von Etwasen X,, X2, einer Rekur- 
sionsformel, nim., 
+ = BXn (n= 1, 2,3,° °°), 
erfiillen, dann 
+ = BnXn, (m=0,1,2,° °°; = 1, 2,3,- °°). 


Beweis: Fiir m= 0 oder m = 1 klar. 
Nun sei der Satz fiir m =k augenommen. Dann folgt 


X = (Hp.), 
= B(BXn) (nach diesem Satz fiir m =k), 
= BBB,X,, (Reg. B), 
== (Def. 1). 


Also kann der Satz fiir ein beliebiges m bewiesen werden. 


Satz 5. Ist X ein Etwas, dann 


BF (m,n—=0,1, 2,3,° °°). 
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Beweis: Fiir n= 0 klar, weil }| B.X —X. Sonst setzt man: 


X,=B,X, (n =1, 2,3,°- 
dann 
= = BBB,X (Def. 1), 
= B(B,X)= BX (Reg. B). 
Der Satz folgt dann aus Satz 4. 
§ 2. Die Identitétsfunktion. 
Satz 1. + Bal (m =0, 1, °°). 
Beweis: In §1 Satz 4 setzen wir X,=J. Dann 
+ = (Ax. 
Daher folgt der Satz aus §1 Satz 4. 
Satz 2. Wenn X ein Etwas ist, dann 
+ BulX =X, (m = 1, 2, - 
Bewets: BnIX =IX (Satz 1), 
=X, (I D Satz 9). 
Satz 3. + CBI—I. 
Beweis: | CBI =B(BI)I (Ax. I), 
= BII=II (Ax. Iz), 
== f, (I D Satz 9). 
Satz 4. Wenn X ein Etwas ist, dann gilt | BXI=X. 
Beweis: + BXI = CBIX (Reg. C), 
== IX (Satz 3), 
a= X (I D Satz 9). 
Satz 5. Def. 1 von §1 gilt auch, wenn n= 0, d. h. 
+ B, = BBB. 
Beweis: Klar aus Satz 4 und §1, Def. 2. 
§3. Die C, W und K Sequenzen. 
Def. 1. Cai =BCr, (n = 1, 2,3,°°> 


Satz 1. + BnCn = Cmins (m==0,1,2,° ++; n==1,2,3,- °°). 
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Beweis: Folgt unmittelbar aus Def. 1 und § 1 Satz 4. 
Satz 2. Wenn Xo, X1, X2,° +, Xn, Etwase sind, dann 


(§ 1 Satz 3), 

Def. 2. W; Was = BWn, (n 2, 3, 


Beweis: Folgt unmittelbar aus Def. 2 und § 1, Satz 4. 
Satz 4. Wenn Xo, X1, Xe,° + * Xn Etwase sind, so gilt 

Beweis: Wie der von Satz 2, mit Gebrauch von Reg. W anstatt Reg. C. 
Def. 3. Ki=K; Kan (n = 1, 2,3,° ++). 
Satz 5. | BnKn = Kun, (m = 1, 2,3,- ++; 
Satz 6. Wenn Xo, X1, X2,° Xn Etwase sind, so gilt 

Beweis: Wie der von Satz 2 mit Gebrauch von Reg. K anstatt Reg. C. 


§ 4. Das zusammengesetzte Produkt. 
Def. 1. Wenn X und Y Etwase sind, (Y¥-Y)=BXY. 


Satz 1. Sind X, Y, Z Etwase, dann +(X-Y)Z=—=X(YZ). 


Beweis: Folgt aus Def. 1 und Reg. B. 


Def. 2. Wenn X und Y Bezeichnungen fiir Etwase sind, und keine von 


den beiden von der Form (U = V) oder (U~-V) ist, so diirfen wir in einer 
Bezeichnung wie X- Y die ausseren Klammern von X und Y fortlassen. 


Satz 2. Sind X und Y Etwase, dann gilt 
+ B(X-Y)=— BX - BY. 


fif 
Hl 
- 
i 
H 
i 
| 
| 


Curry: Grundlagen der kombinatorischen. Logik. 


Beweis: 
(1) -B(X-Y)=—B(BXY) (Def. 1), 
= B,.BBXY (§ 1, Satz 3). 
(2) BX-BY = B(BX) (BY) (Def. 1 und 2), 
= B,X (BY) (§ 1, Satz 5, m=n—1), 
= B,XBY (§ 1, Satz 2, m=1, n=2), 
= CB,BXY (Reg. C). 


Nun aus § 1, Def. 1, 
+ CB,B = C(BB(BBB))B, 
daher aus Ax. B 


(3) CB,.BXY = B(BB)BXY 
— B,BBXY ($1, Satz 5). 


Aus (1); (2), (3), wird der Satz bewiesen. 


Satz 3. Das Produkt (X-Y) ist assoziativ, d.h., wenn X, Y, Z Etwase 
sind, se gilt 


Beweis: 
+X: (Def. 1), 
=(BX-BY)Z (Satz 2), 
= BX (BYZ) (Satz 1), 
=X:(Y-Z) (Def. 1). 
Satz 4. Wenn X ein Etwas ist, so gelten 
1) 
2) 


Beweis: Folgt aus Def. 1 und § 2, Satze 2 und 4. 
Satz 5. + Bu> Ba = Barn, (m,n 2, 3,° 


Beweis: Fiir m1 folgt aus Def. 1 und §1, Def. 1.. Ist nun der Satz 
fiir m =k bewiesen, dann folgt 


+ Bus’ Ba Br) Bn (nach diesem Satze fiir m—1), 
= B- (By: Bn) (Satz 3), 
= B+ Bux (nach diesem Satze fiir m—k), 
= (nach diesem Satze fiir 


Dadurch wird der Satz fiir ein beliebiges m bewiesen. 
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Satz 6. Sind X und Y Etwase, dann gilt, 


Beweis: Fiir m= 1 ist der Satz mit Satz 2 identisch. Nun sei der Satz 
fiir m =k angenommen, dann wird er fiir m = & + 1 bewiesen, wie folgt: 


+ Y)) (§ 1, Satz 5), 
= B( BX - BY) (nach diesem Satze fiir m = ky 
= B( BX) - B( BY) (Satz 2), 
= Ben Y, (§ 1, Satz 5). 


Satz BmBn = BuBuis, (m, nN, n, 0, 1, 2, 


Beweis: Folgt aus Satzen 4,* 5, 6. 
Def. 3. Sind X;, X2,- -,Xn Etwase, dann 


Festsetzung: Da ich die Assoziativitat des Produkts (X-Y) bewiesen 
habe, brauche ich diese Tatsache nicht immer explizit hervortreten zu lassen. 
Im Gegenteil werde ich die Form der Def. 3 benutzen, und dann habe ich 
ein Recht, Klammern nach Belieben einzusetzen. Die Def. 3 setzt aber an 
sich die Assoziativitat nicht voraus, und wird benutzt, wo die Assoziativitat 
nicht behauptet ist (z. B. s. die nachste Nummer). 


§ 5. Die Axiome in der neuen Darstellungsweise. 


Satz. Wenn man die Definitionen von §§ 1-4 beriicksichtigt, nehmen die 
kombinatorischen Azxiome die folgende Gestalt an: 


a. Kommutative Aziome. 
Az. B. + = BB: B. 
Az. C. + CB,C = BC: 
Az. W. + CB.W = BW - B.. 
Az. K. + CB.K = BK «I. 
Az. I,. + CBI = BI -I. 


b. Transmutative Aziome. 
Az. (BC). | Bi: C,=C.-C,- BB. 
Az. (BW). + Bi: Wi = W2: BoB: B. 
Az. (BK). + Bi: Ki=—K,: Ki. 


* Satz 4 ist nur wenn »=0 oder p=0 notwendig. 
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Az. (CC)1. + Cr: = Bol. 
Az. (CC)>. + Cy: C2 C4. 
Az. (CW). + Oy: We: C1: Co. 
Ag. (OR). + Ky = Ks. 

Az. (WC). Wi. 

Az. (WW). + Wi: Wi = Wi: We. 

Ag. (WK). | Wi: K,—BI. 


ce. Andere Axiome. 


in zwei Weisen gebildet werden kénnen. Z. B. kann der Ausdruck 


(2122) 


aus dem Ausdruck 


in den folgenden zwei Weisen gebildet werden: 1), man setzt zuniachst die 
Klammern ein, und fiihrt dann eine Vertauschung aus, oder 2), man macht 
zuerst eine Vertauschung und dann eine Hinsetzung von Klammern. Diese 
zwei Konstructionsweisen entsprechen den zwei Darstellungen 


(C2 0; BB) 


die nach Ax. (BC) gleich sind. Ebenso sagen die simtlichen transmutativen 
Axiomen eine Vertauschbarkeit aus. Dass die kommutativen Axiomen in 
dieser Hinsicht nicht wesentlich verschieden sind, folgt aus II D2, Satz 1 
(s. unten). 

Der Unterschied zwischen den kommutativen und transmutativen 
Axiomen liegt darin, dass die Kombinatoren, deren Vertauschbarkeit durch 
jene Axiomen ausgesagt wird, nicht miteinander iibergreifen. Um dies zu 
erklaren, setzen wir voraus, dass fiir einen Kombinator X gilt 


WO Y2,* * Kombinationen von *,%m sind. Ist Y irgendein 


* Diese Gleichung ist in dem Sinne zu verstehen, dass die Variablen wie beliebige 
Etwase betrachtet werden. 


7 


Bemerkungen iiber die Bedeutung dieser Axiomen. Diese Axiomen haben 
einen Vertauschbarkeitscharakter, d.h., sie sagen aus, dass gewisse Ausdriicke 
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Kombinator der Form BmZ, so ist es ersichtlich, dass Y auf Variablen wirkt, 
die durch X nicht gestért werden, und umgekehrt; also muss eine Gleichung 


der Form 
X =X-BiZ 


inhaltlich richtig sein. Diese Gleichung sagt aber eine Vertauschbarkeit der- 
jenigen Art aus, welche aus den kommutativen Axiomen folgt. Die trans- 
mutativen Axiomen haben aber den entgegengesetzten Charakter. Z. B. wirken 
die zwei Kombinatoren B und C, die auf der linken Seite des Az. (BC) 
erscheinen, auf dieselben Variablen, nim. 2, und 2». 

Das Ax I, ist ein Axiom ganz anderer Art. Seine wesentliche Bedeutung 
ist dass es uns erméglicht, die Gleichheit von Kombinatoren zu beweisen, die 
im Sinne von II C1 (unten) derselben Folge von lauter Variablen, aber mit 
verschiedenen Ordnungen entsprechen—was sonst unmiglich wire (II 01, 
Satz 6). D. h., dieses Axiom sagt aus, dass ein Kombinator unabhingig 
davon zu verstehen ist, wie viele Variablen hinzuzufiigen sind, damit eine 
Reduktion auf eine Kombination von lauter Variablen sich vollzieht. 
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A Property of Unbounded Continua, with 
Applications.* 
By W. A. WILSON. 


1. A great part of the theory of continua is valid only if the continua 
under discussion are bounded. This is primarily due, of course, to the fact 
that for unbounded sets it is not necessarily true that every infinite set has . 
at least one limiting point. Hence such fundamental theorems as the Cantor 
divisor theorem and the existence of various kinds of irreducible continua 
fail.t However, many theorems which are true only for bounded continua 
are readily generalized for the unbounded case by the imposition of suitable 
restrictions. The favorite tool used for such extensions has been the method 
of inversion. 

It is the purpose of this article to call attention to a property of un- 
bounded continua (§ 2) which is useful in investigations of this kind and 
to give applications of it to irreducible continua and the separation of the 
plane. It is possible that this property has been noted before by other 
students of the subject (Cf. the article by Knaster and Kuratowski referred 
to above and the article by Szymanski referred to in § 5), but, to judge by 
the literature, it has been discarded as of no importance. The material of 
§§ 2-5 is valid in any metric space for which the Bolzano-Weierstrass property 
that every bounded infinite set has at least one limiting point holds; for the 
sake of brevity such a space will be called a W-space. 


2. THeorEM. Let {X;} be a sequence of continua lying in a W-space 
and let the upper closed limit K of the sequence be a non-void. Let each X; 
be unbounded or let the diameter of X; increase indefinitely with 1. Then 
K is an unbounded continuum or a closed set each component of which is 
an unbounded continuum. 


* Presented to the American Mathematical Society, December, 1929. 

+ A conspicuous exception is that in a metric connected space, which is every- 
where locally connected and in which every bounded infinite set has one or more 
limiting points, every closed cut between two points contains an irreducible cut 
between the points. 

¢The principal properties of inversion may be found systematically worked out 
in the following articles: C. Kuratowski, “Sur la méthode d’inversion dans ]’Analysis 
Situs,” Fundamenta Mathematicae, Vol. 4, pp. 151-163; and B. Knaster and C. Kura- 
towski, “ Sur les continus non-bornés,” Ibid., Vol. 5, pp. 23-58. 
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Proof. Let us assume the opposite, namely that K has a bounded com- 
ponent A. Let «>0, S denote the set of points whose distances from A 
are less than ¢, and F be the frontier of 8. By the definition of upper closed 
limit there is for each point a of A a partial sequence {7’} of {i} and a set 
of points {a;' } such that each a,’ lies in X;’ and a; — a. . For v large enough 
every a, lies in § and X; contains points not in §. Since S is bounded, 
X;' contains a sub-continuum Yj; contained in § and joining a; to a point 
yi: of F. Since the union of the continua {Yj} is bounded, the upper 
closed limit of the sequence {Y;'} is non-void and is a continuum joining a 
to a point yon F. But, as Y CK, it follows that YC A. This is a con- | 
tradiction, for A C § and y lies in F. . 


Corotnary. Let {Xj} be a monotone decreasing sequence of unbounded 
continua lying in a W-space and let D be their divisor. If D is not void, 
it is an unbounded continuum or a closed set of which each component is an 
unbounded continuum. 


Note 1. If in the above theorem we impose no restrictions on the 
diameters of the continua {X;}, but require that the lower closed limit of 
the sequence be non-void, we find that K is either a continuum or a closed 
set of which each component is an unbounded continuum. The proof is a 
modification of that given above. 


Note 2. A consequence of the above corollary is that in C. Kuratowski’s 
decomposition of the irreducible continuum into tranches,* each tranche is 
a continuum or a closed set of which each component is an unbounded 


continuum. 


3. A generalization. It is convenient to say that an unbounded con- 
tinuum containing points of a set a joins a to «. If a continuum XK joins 
a set a to co and no proper sub-continuum has this property, K is called 
irreducible between « and o. If a continuum is irreducible between two 
sets a and f, and also between a and o, we say that it is irreducible between 
@and B-+ o. The following examples, all of which are sets in the Cartesian 
plane, make this notion clearer. 

Example I. Let H be the set defined by 0< 21 and y—1/z. Then 
H is a continuum irreducible between (1,1) and o. 

Example II. Let K be the set defined by 0< #1 and y = 1/z sin?(x/z). 


* “Théorie des continus irréductibles entre deux points II,” Fundamenta Mathe- 
maticae, Vol. 10, p. 254. 
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Then K is not a continuum, although it is homeomorphic with the set H 
in Ex. I. 

Example III. Let P=, where K is the set in Ex. II. Let «=(1, 0) 
and B be any set for which e—0 and y=O0. Then P is a continuum 
irreducible between « and B+. 

Example IV. Let P be as in Ex. III and Q be the set symmetrical to P 
with respect to the origin. Set M—=P+Q, «=(1,0) and B=(—1,0). 
Then M is a continuum irreducible between « and £, but not between @ or 
B and o. 

Example V. Let M be defined thus: for z—0 and s=1, y=0; for 
z=1/n and =1—1/n, 0S yn; for y=n; for 
1/(2n +1)< <1/2n and 1—1/(2n+1)< 2), y=0. 
(Here n=1, 2,- ++) Then the continuum M contains no continuum irre- 
ducible between a set a on the line xO and a set B on the line r—1; 
but, if y is any bounded closed sub-set which has no points on the lines z= 0 
and z = 1, M contains a sub-continuum irreducible between y and « + B+. 

It is a simple matter to show that, if K is a continuum irreducible 
between a point a and oo, and is everywhere locally connected, then K is the 
homeomorphic image of a ray. Furthermore, if K is simultaneously irre- 
ducible between the sets a and B, between « and o, and between 8 and »,¢ 
it is indecomposable. 


4, THrorEM. Let the unbounded continuum M lie in a W-space and 
contain points of the bounded closed set a. Then M contains a continuum 
irreducible between « and oo. 


Proof. Brouwer’s theorem for establishing the existence of closed sets 
irreducible with respect to a property is valid here. For, if {K;} denotes any 
descending sequence of sub-sets of M, each of which contains points of a 
and has only unbounded components, and D is the divisor of this sequence, 
we have these results: D-a=40, since each set «-K; is a bounded closed 
set; D need not be a continuum, but the components of D are all unbounded 
continua by § 2 and at least one of them contains points of a. 


Note. This theorem need not be valid if « is unbounded or not closed. 
For example, let M be the positive half of the z-axis and «— {n}, where 


5. Turorem. Let M be an unbounded continuum in a W-space which 
contains points of the bounded closed sets a and B. Let M have a sub- 
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continuum C which contains points of « and B, but does not contain two 
sub-continua without common points which join a and B, respectively, to , 
Then there is a sub-continuum of M irreducible between « and B. 


Proof. The method of §4 applies. For, if {Ki} is a descending se- 
quence of sub-continua of C which contain points of « and 8, and D is the 
divisor of this sequence, D contains a continuum joining « to 8, as otherwise, 
by §2, it would have at least two unbounded components, one containing 
points of a, and the other points of ~. 


Note. The condition given in the above theorem is obviously not neces- 
sary. It is closely related to a lemma proved by P. Szymanski t+ by means 
of inversion, which may be stated thus: Let A and B be closed sets and 
A be bounded; let S be a closed set such that S-A-0548-B and there 
is no decomposition of S into two closed sets M and N such that M-N=M-B 
=N-A=0. If § contains no sub-continuum joining A to B, then S con- 
tains an unbounded continuum K such that K-A +0. 

6. Some properties of inversion. If A is a set in a Euclidean space and 
v is a center of inversion not on A, the inverse of A will be denoted by A*; 
whence A**= A, This notation and the properties of inversion obtained in 
the articles of Knaster and Kuratowski referred to in §1 will be freely used 
in the following sections. 

The following theorems regarding irreducible continua in Euclidean 
spaces are easily demonstrated : 


I. Let « be a bounded closed set, M a continuum irreducible between 
a and «, and v a point not on M+a. Then M*-+ is a continuum 
reducible between a* and v. 

II. Let the bounded continuum M be irreducible between the closed 
sub-sets « and B, and v be a point of B. Then (M—v)* is an unbounded 
continuum irreducible between a* and (B—v)* + o. 

III. Let the bounded continuum M be irreducible between the closed 
sub-sets « and B, and v be a point of M—(a+ 8). If M—v is connected, 
(M—v)* ts an unbounded continuum irreducible between a* and B*. If 
M —v 1s not connected, (M—v)* is the sum of two continua P* and Q* 
without common points, which are irreducible between a* and B*, respectively, 
and ©. 


These theorems lead at once to the following definitions. Let the set M 


t “La somme de deux continus irréductibles,” Fundamenta Mathematicae, Vol. 11, 


p. 7. 
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have points in common with each of the sets « and 8. Then M is called 
unstable with respect to a and B, if it contains two unbounded continua P 
and Q such that P-Q=0, P-a~0, and Q-B¥0. Otherwise M is 
stable with respect to the two sets. This distinction is of especial importance 
in the inversion of irreducible continua, as is shown by the following theorem, 
which is a modification of one by P. Szymanski (Joc. cit., p. 7). 


IV. Let the unbounded continuum M be irreducible between the closed 
sub-sets a and B. Let v be a point not on M. For M* + v to be irreducible 
between a* and B* it is necessary and sufficient that M be stable with respect 
to « and B. 


%. Separation of the plane. Since the property of being an irreducible 
cut of the plane is an invariant under inversion, the theorems of the previous 
section enable one to extend to unbounded continua certain theorems re- 
garding frontier sets in the plane.* 


THEOREM. Let n= 2 be an integer and let the unbounded continuum F 
be the union of two continua H and K having one of the following sets of 
properties: (1) H-K is the sum of n—1 bounded closed sets {a;} and 
H and K are irreducible between each pair of the sets {a;} and between each 
a;and 0; (2) H:K is the sum of n bounded closed sets {a;}, H and K are 
irreducible between each pair of these, H is bounded, and K is stable with 
respect to each pair; or (3) H-K is the sum of n—1 bounded closed sets 
{ai} and another closed set B, and both H and K are irreducible between 
each pair of sets {ai} and between each a and B+ 0. Then F is the 
frontier of at least n components of its complement. 


Proof. Invert the plane with respect to a point v not on F. In Case 1, 
H and K are stable with respect to each pair of closed sets {ai}; hence by § 6, 
Theorems I and IV, H* + v and K* + »v are irreducible between each pair 
of the n closed sets v and {a;*}, while (H* + v):(K* + v7)=v-+ ¥,™1a;*, 
In Case 2 for like reasons H* and K* + » are irreducible between each pair 
of the n closed sets {a;*}; and H*-(K*-+v)—}>,"a;*. In Case 3 both 
H and K are stable with respect to each pair of the n sets 8 and {a;}. Hence 
H* + v and K* + v are irreducible between each pair of the n sets {a;*} and 
B* +, while (H* + v):(K* + v) = A*:- K* +v=—B+0+4+ 

Thus in every case F* + y is the union of two bounded continua whose 
divisor is the sum of n closed sets between each pair of which both continua 
are irreducible. Hence F* + » is the frontier of at least n components of its 


*W. A. Wilson, “On Bounded Regular Frontiers,” Bulletin of the American 
Mathematical Society, Vol. 34, p. 86, and C. Kuratowski, “Sur la séparation d’en- 
sembles situés sur le plan,” Fundamenta Mathematicae, Vol. 12, p. 235. 
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complement by the theorem cited in the foot-note above, and by inversion 
this is also true of F. 


THEOREM. Conversely, let F be a decomposable unbounded plane con- 
tinuum which is the frontier of n (= 2) components of its complement. Then 
F satisfies one of the sets of conditions of the previous theorem. 

Proof. Invert with respect to a point v not on F. Then F* + v is a 
decomposable bounded regular frontier which is the union of two continua 
H’ and K’ such that H’- K’ is the sum of n closed sets {a;’} between each 
pair of which both H’ and XK’ are irreducible. There are four cases. 

I. Some «;’, say an’, is the point v. Invert with respect to v again, 
setting H —(H’ —v)* and K =(K’—v)*. Then H:':K=>,""1ai, where 
a; = a;’* and each a; is bounded. By §6, Theorem II, both H and K are 
irreducible between each pair of the sets {a:}, 1 n—1, and between each 
a; and o. Thus we have Case 1 of the previous theorem. 

II. wv is a point of some a;’, say of ap’, and a’—v+40. Proceed as 
in the first case, setting a; for i< n, and Since 
Gn’ is closed, so is @m. Here H:K = >,"ai, and H and K are irreducible 
between each pair of the sets {a;} for i <n, and between each a fori<n 
and a@-+ ©. Thus we have Case 3 of the previous theorem. 

III. The point v lies in H’ — H’- K’ or in K’ — H’: K’, say the latter, 
and does not disconnect K’. Invert again, setting H=H’* and K =(K’— v)*. 
Then each a; a;,’* is a bounded set and both H and K are irreducible 
between each pair of the sets {aj}. As H’-v—0, H is bounded. As 
K’ = K* +», K is stable with respect to each pair of the sets {a;} by § 6, 
Theorem IV. Thus we have Case 2 of the previous theorem. 

IV. The point v lies in K’—H’-K’, as above, and disconnects K’. 
Then K’ is decomposable, and this can only happen when n= 2. This gives 
K’ = P’ + Q’, where P’- Q’ =v and P’ and Q’ are continua irreducible be- 
tween a,’ and a,’, respectively, and v. Then F*+v—P’+(H’+Q’), 
P’: (H’ + Q’)=a,’ + v, and the continua P’ and H’ + Q’ are irreducible 
between a,’ and v. Invert again, setting P—P’*, H+ Q=—(H’+Q)*, 
and = «,’/*. Then P- (H+ Q)—<a, and both P and H + Q are continua 
irreducible between a, and o by §6, Theorem II. Thus we have Case 1 
of the previous theorem once more. 

Remarks. At first sight the three sets of conditions satisfied by the 
frontier in the above theorems appear to be unnecessarily complicated. But 
examples can be constructed showing the effectiveness of each set of conditions; 
it does not seem worth while, however, to give a full set of these, since for 
the case that n = 2 we can find examples for all three sets by merely modi- 
fying the familiar graph of y = sin 1/z. 

YaLe University, New Haven, Conn. 
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Centers of Symmetry in Analysis Situs.* 


By Harry MERRILL GEHMAN. 


1. Introduction. The results of this paper were suggested by the fact 
that a simple continuous arc is “symmetrical” with respect to any one of 
its interior points in the sense that the complement of an interior point con- 
sists of two mutually separated sets which are homeomorphic ¢ in such a way 
that the homeomorphism between them can be extended to the center of 
symmetry. 

A new characterization of a simple continuous arc is given in Part 5, 
using the type of center of symmetry which I have called a “symmetrical 
cut point.” 


2. Symmetry in a Euclidean n-Space. Thruout the present section, let 
M denote a point set lying in an n-dimensional Euclidean space S. We shall 
say that P is a center of symmetry of M (in the sense of Analysis Situs), 
if there exists in S an n-dimensional rectangular codrdinate system 7 having 
P as origin, which has the property that if A (a, %2,- * *,%n) is a point 
of M, then Ap—(—2%, —2,:**,—2n) is also a point of M. It will 
be convenient to refer to A and A, as a pair of corresponding points. If P 
is itself a point of M, the points P and Pr are identical, but in all other 
cases, the points of a pair of corresponding points are distinct. 

From this definition of center of symmetry, a number of obvious theorems 
can be deduced, of which the two following are of some interest. 


TuHEoREM 1. If P is a center of symmetry of the point set M, and tf 
P is neither a point nor a limit point of M, then every point within an 
n-dimensional sphere enclosing P but enclosing no point of M, is also a 
center of symmetry of M. 

This is true because a new codrdinate system J” can be set up, which 
effects a change of origin from P to any other given point within the sphere, 
but does not affect the codrdinates of points on and outside the sphere. 


THEOREM 2. If P is a center of symmetry of M and if (M+ P)—P 


* Presented to the American Mathematical Society at Ann Arbor, Michigan, on 
November 29, 1929. 

+ The sets M, and M, are said to be homeomorphic if there exists a continuous 
(1—1) correspondence II such that II (M,)= M,. 
543 


il 
sion 
con- 
hen 
is a 
nua § 
ach | 
ain, | 
ere 
are 
ach 
as 
nce 
ble 
n 
er, 
i! 
ble 
6, 
a] 
dd | 
es 
e- 
le 
a 
1 I 
t i 
| 
| 
| 
| 
i 


544 GEHMAN: Centers of Symmetry in Analysis Situs. 


is expressed in any way as the sum of two sets M, and M, which are such 
that neither set contains both points of any pair of corresponding points, 
then there exists a continuous (1—1) correspondence II having these proper- 
ties: 1(M)—M, 11(M,)— 1(P)=—P, and 1-1(A)—11(A), 
for each point A of 8. 


The proof of this theorem is obvious, since the correspondence may be 
defined as a reflection of space about P as center, with respect to the codrdinate 
system 7’. 


3. Symmetry in a Point Set. Thruout the remainder of this paper, 
we shall let M denote a point set which comprises the totality of points under 
consideration. That is, M is now thought of as a “space,” and no properties 
are assumed of another space within which M may lie. Center of symmetry 
cannot now be defined thru the intermediation of a codrdinate system, and 
we shall use instead certain properties of continuous (1— 1) correspondences 
as a basis for our definition of center of symmetry. 


Definition. We shall say that the point P is a center of symmetry of M, 
if M—P can be expressed as the sum of two mutually exclusive sets M, 
and M, which are such that there exists a continuous (1— 1) correspondence 
II having the properties: 1(P)=P, and I-1(A) 
= TII(A), for each point A of M. 

It might be interesting to point out in connection with this definition 
that if PQ is a simple continuous arc, and M denotes the set PQ — Q, then 
M — P may be expressed as the sum of two sets M, and M, and a continuous 
(1—1) correspondence II may be defined in such a way that all the proper- 
ties of this correspondence that are necessary to make P fulfill the definition 
of center of symmetry of M, are fulfilled, excepting the last. This is illus- 
trated by the following example. 


Fzample 1. On the x-axis, let M denote the set of points OSa< 1. 
Let P be the origin. Let P; (i1—1, 2,---) be the point 1/2‘, and let 
Q; (t=1, 2,-- -) be the point 1—(1/2*). Let M, consist of the points 
and Qei-. and the segments Q:Pi, PoiPoin, QeinQ2i, for i—1, 2,°°°. 
Finally let Ms = M—P—UM,. We shall define the continuous (1—1) 
correspondence II as follows: If 0271/2, then Il(x)— 2/2; if 1/2 
=2723/4, then —2z—(1/4); if 3/427 <1, then I(x) = 2a—1. 
It is easily seen that 1(M)—M, 1(M,)—M., I(P)—P, but (A) 
~TII(A) for each point of M — P. 
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4. Symmetrical Cut Points. We shall say that the point P is a sym- 
metrical cut point of M, if M—P can be expressed as the sum of two 
mutually separated sets M, and M2, which are such that there exists a con- 
tinuous (1—1) correspondence ® having these properties: ®(M,-+ P) 
=M,+P and &(P)—P. 


THrorEM 3. If P is a symmetrical cut point of M, then P is a center 
of symmetry of M. 


Proof. If P is a symmetrical cut point of M, a continuous (1—1) 
correspondence II can be defined thus: for each point A of M,-+ P, (A) 
= (A); for each point A of M2, The correspondence 
II as defined thus has the properties that are necessary in order for P to be 
a center of symmetry of M. 


THEoREM 4. If M is a point set containing two points P and Q such 
that (1) M—P is not connected and can be expressed as the sum of two 
mutually separated sets M, and Mz which are homeomorphic, and (2) M—Q 
is connected, then M is connected. 


Proof. Since M—P is not connected and M—dQ is connected, the 
points P and Q are distinct. Hence the set M—P—M, + M, contains Q, 
and is accordingly not vacuous. But since M;M,—0 and M, and M, are 
homeomorphic, it follows that M— P contains at least two points. Hence 
M —(P + Q) is not vacuous. 

Suppose M, is the set containing Q, and let R be the point of M, which 
corresponds to Q under the correspondence between M, and M,. If Q is 
not a limit point of M—Q, it is not a limit point of M,—Q, and hence 
R is not a limit point of M,— FR. But in that case, the set M—@ can be 
expressed as the sum of the two mutually separated sets (Mi—Q)+P 
+(M,—R) and R. But this is impossible, since by hypothesis M— Q is 
connected. 


Therefore Q is a limit point of the connected set M— Q, and the set M 
is connected. 


Corottary 4A. If P is a symmetrical cut point of M, and M contains 
a point Q such that M—Q is connected, then M is connected. 


TurorEM 5. If the point set M contains two distinct points A and B 
such that (1) M—A—B=+0, (2) every point of M—A—B is a sym- 


' metrical cut point of M, and (3) M—A is connected, then M is irreducibly 


connected between A and B. 
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Proof. Let P be a point of M—A-—B. Then by (2), P is a sym- 
metrical cut point of M, and by (3) and Corollary 4A, M is connected. 

Let M, be that one of the subsets of M—P which contains A. If the 
set M,-+ P—A were disconnected, it could be expressed as the sum of the 
two mutually separated sets H, and Hz, where Hz contains P. But in that 
case M— A =(M,+ P+ M.)—A—(M,+ P—A)-+ could be expressed 
as the sum of the two mutually separated sets H, and H,-+ M2, contrary to 
(3). Hence M, + P—A is connected. 

Hence + P— (A) is connected. Since ®(A) 
=~ P, it follows that M— (A) is the sum of the two connected sets M, + P 
and M,-+ P— (A) having P in common, and M — (A) is therefore con- 
nected. It follows from (2) that ®(A4)—B. Hence M.—B is connected 
and B is a point of M2. 

In other words, each point P of M— A-—B separates A and B in M, 
and hence M is irreducibly connected between A and B. 


5. A New Characterization of a Simple Continuous Arc. If M is a 
simple continuous arc from A to B, the hypotheses of Theorem 5 are obviously 
satisfied. The following example shows however, that a set may satisfy these 
hypotheses, without necessarily being an arc. We give in Theorem 6, certain 


additional conditions which are sufficient to characterize an arc. 


Example 2. Ina plane, let A (1,0), B—=(—1,0), Pn =(n/n +1, 0), 
Qn=(—n/n+1, 0). Let En be the curve y=sin1/(nz+2—n) 
(nz + 24—n—1), for n/fn.4+1<¢4<n+1/n-+ 2, and let F, be the 
curve y=sin 1/(nz n) (na + 22+n-+1) for—(n+1)/n+2<2 


4=00 
<—n/n+1. Lett M—=A+B+ (Pat Qn+En+Fn). It is easily 
i=0 


seen that UM is irreducibly connected between A and B, and that every point 
of M— A—B is a symmetrical cut point of M. 


THEOREM 6. These three conditions are logically equivalent: 


(a) M is a simple continuous arc from A to B; 

(b) M is a closed point set containing two points A and B such that 
M—A—BS<0, every point of M--A—B is a symmetrical 
cut point of M, and M —A is connected; 

(c) M is a regular (connected im kleinen) point set containing two 
points A and B such that M—A—B#+0, every point of 
M—A—B is a symmetrical cut point of M, and M—A is 
connected. 
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The equivalence of conditions (a) and (b) follows from Theorem 5 and 
theorems due to Lennes and Hallett.* The equivalence of (a) and (c) follows 


the from Theorem 5 and a theorem due to G. T. Whyburn.f 
the In comparing characterizations (b) and (c) with the previously known i 
that characterizations of an arc, it will be noted that boundedness is not assumed, | 
sed nor is connectivity explicitly assumed. In many respects it resembles the 
r to characterization of Sierpinski,f with the homeomorphism of M,-+ P and 
M.-+ P taking the place of Sierpinski’s condition of boundedness. i 
#) 6. Symmetrical Cut Points of an Unbounded Continuum. Every point i 
- of an open curve M is a symmetrical cut point of M, but if it is known that 
ses every point of an unbounded continuum M is a symmetrical cut point of M, i 
bed it does not follow that M is an open curve, as the following example will show. i 
M, Example 3.8 In a plane let K denote the positive half of the z-axis 
including z—=0. Let Kioy (7 =0, +1) denote the point set consisting of : 
the segment from (1, 0) to (2, 7) and all points of the line yj for r= 2. i 
S Let Koi; (t==0, +1; 7==0, +1) denote the set consisting of the segment | 
ly from (3, i) to [4, (3: + j)/3] and all points of the line y—=(3i + j)/3 for 
x=4. Continue this process. In general, let Kniy [0 
- + (3%1— 1)/2; 7 =0, +1] denote the set consisting of the segment from 
(2n —1, 1/3"?) to [2n,(3i+7)/3™1] and all points of the line 
y= j)/3"2 for Let N=K+ = Kus, where Rp 
n=1 i=Rn j=- 
e ==(3"-1 — 1) /2, and let N; denote the set obtained by rotating N in the plane 
2 about the origin as center thru an angle of 7i/2. i 
If M—N,+N,+N.+N;, then M is an unbounded continuum, every | 
y point of which is a symmetrical cut point of M. 
t 


UNIVERSITY OF BUFFALO, 
BuFraLo, NEw YorK. 


*N. J. Lennes, American Journal of Mathematics, Vol. 33 (1911), p. 308; G. H. 
Hallett, Jr., Bulletin of the American Mathematical Society, Vol. 25 (1919), p. 325. 

+ Bulletin of the American Mathematical Society, Vol. 33 (1927), p. 688. 

t Annali di Matematica, Ser. 3, Vol. 26 (1916), pp. 131-150. 

§ The example is due to Professor J. R. Kline. In describing it, I have made use 
of the description of a more general set by W. L. Ayres. See his paper in Monatshefte 
fiir Mathematik und Physik, Vol. 36 (1929), p. 136. 
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The Real Unit Segment asa Number Field. 
By E. T. BELL. 


In constructing an arithmetic of symmetric functions, it became necessary 
to devise an algebra, analysis and arithmetic of the numbers in the closed 
interval [0, 1] isomorphic to the like, as commonly understood, for the closed 
interval [— co, + 0]. As the solutions are of interest in themselves, one 
is given here independently of its applications. 


1. Consider the real function R(t), 
R(t)=1/2+(1/r) tant, 
Then the real function R-1(t) inverse to R(t) is 


R2(t)=—cotrt, OStS1; 
and 
a. 


If a, 6 are any real numbers, R(a+ b), R(a—b), R(a-b), R(a~b) are 
real numbers (b 0 in the last). 
We now define the operations | + |, |-| upon the numbers R(t) by 


R(a) | + | B(b)—=R(a+5), 
R(a) |-| R(b)—=R(a-d). 


Hence the inverse, | — |, of | + |, and the inverse, | + |, of |-|, are given by 
R(a)|—| R(b)—R(a—Dd), 
R(a) B(b)—=R(a+d), 


in the last of which b 0. 

Write R(a)= a, R(b)—8 for the moment. 
a=R1(a),6—R1(8). Hence, from the definition of | + |, it follows that 

R1(8)], 
= 1/2 —(1/r) tan“ [cot ra + cot rB],* 

and similarly for | —|, |-|, | +]. 

The open interval derived from [0,1] by omitting both end points 0, 1, 
will be denoted by {0,1}, and likewise for [— oo, + oo], {— 0, + oo}. 


*The principal value of any inverse tangent is always to be understood; thus 
—7/2< tan-1¢ = + 2/2. 
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THEOREM 1. The set of all numbers in {0, 1} is a field, say {R}, with 
respect to |+ |, |—|, |-|, (addition, subtraction, multiplication, 


division in {R}), defined by 
a|+ | =1/2 —(1/) tan“ (cot ra + cot mb), 
a| —| b= 1/2 —(1/r) tan (cot ra — cot xb), 
a|: | b=1/2+(1/r)tan-! (cot ra cot mb), 
a |---| b =1/2+(1/) tan“ (cot 7a tan xb), 
0<a<l, 


The zero, 0’, and the unity, 1’, of {R} are 
= 1/2, 1’ = 3/4. 


The field {R} is isomorphic to the field of all numbers in {— 0, 0}, in which 
0,1, +, —, *» + have their usual meanings. 


THEOREM 2. The ideal elements | + | 0’ and |—| ’ (respectively 
the “ positive infinity” and the “ negative infinity” adjoined to {R}), having 
with respect to numbers and operations of {R} the abstractly identical prop- 
erties of +. 0 and — co with respect to [— 0, + «], are 


The result of adjoining | +-| ©” and |—| ” to {R} will be denoted 
by [R]. The following makes Theorem 2 more explicit. 
THEorREM 3. The negative, |—| t, of any number t in [R] is given by 
|—jt#—1—#% 
the reciprocal, 1’ | + | t, is given by 
where « is a positive real variable < 1/2 which attains the limit 0. 


2. Serial order is introduced into [R] by the definitions of the relations 
|> |, |< |. We shall say that the number ¢ in [R] is positive in [R], 
written ¢| >| 0’, if and only if ¢ > 1/2; if t< 1/2, we shall say that ¢ is 
negative in [R], and write t | < | 0’. Ifa, b are in [R], and if ab}, we shall 
say that a is greater than b in [R], and write a| > | b, if (a|—|b)| >| 0. 
Similarly, a is less than b in [R], a| < |b, if (a|—|b)| | 0. Equality 
in R is indicated by =, instead of |= |, as the meaning is that of = for 
real numbers. 


\ 

| 


550 Bett: The Real Unit Segment as a Number Field. 


From the definition of a|— |b and the inequalities 


cot ra < cot rb if a> b, 
cot ra > cot ab if a< b, 
0S=a=l, 0=021, 


we have the 


THEOREM 4. If a, b are unequal in [R],a| > |b ora| < | b according 
asa>bora<b. Hence to analysis for [— 0, + ©] there is an isomorph 
for [0, 1} in [R]. 

3. The theory of numbers in [FR] will follow from the definitions of 
integer and arithmetical divisibility in [R]. 

By definition, 0’ (—1/2) is a rational integer (the zeroth rational 
imteger) in [R]. From 0’ we define the nth positive integer n’ in [R] 
inductively by n successive additions in [R] of the unity 1’ (—3/4) in [R]; 
the nth negative, or the — nth, integer in [R] is then |—|n’. Hence the 
mth integer m’ in [R] is 


m’ = R(m) (m an integer = 0). 


Let c’, b’ be integers in [R]. Then @’ is said to be divisible by b’ in [R] 
if and only if c’ || 0’ is an integer in [R], and we write b’ | ¢ when ¢ 
is divisible by b’ in [R]. Hence b’| c’ when and only when c is divisible 
by b. If c’, | + | 1’ are the only values of b’ for which b’ | c’, c’ is called a 
prime in [R] if ¢ 41’. The positive primes in [R] are therefore the R(p), 
where p runs through all positive rational primes. Unique decomposition of 
integers in [Rf] into primes in [R] follows, and it is obvious that the whole 
theory of the rational integers goes over in simple isomorphism into a theory 
of rational integers in [RP]. The extension to algebraic numbers and ideals 
in is immediate. 
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Concerning Collections of Continua not All 
Bounded.” 


By J. H. Roserts. 


In his paper Concerning upper semi-continuous collections of continua t 
R. L. Moore proved that if @ is any upper semi-continuous collection of 
mutually exclusive bounded continua which fills the plane and no one of 
which separates the plane then @ is a plane with respect to its elements. 
Moore suggested to me the study of what kinds of spaces would be obtained 
by removing the condition of the boundedness of the continua of G. In 
particular he raised this question: If G is an upper semi-continuous collection 
of mutually exclusive continua which fills a plane S and no continuum of G 
separates S, then is G topologically equivalent to a subset of the plane? 

In the present paper an example is given which shows that if some 
continua of such an upper semi-continuous collection G are unbounded then 
the space of elements of G@ is not necessarily even metric. An example is also 
given of an upper semi-continuous collection G of continua filling the plane, 
no one of which separates the plane, such that @ is topologically equivalent 
to a sphere. In this example only one continuum of the collection @ is un- 
bounded. It is then shown that with the additional hypotheses that the space 
of elements of G is metric and that G contains more than one unbounded 
continuum the answer to Moore’s question is in the affirmative. Indeed the 
particular subsets of a plane which are topologically equivalent to such spaces 


of elements are completely characterized. 


Definition 1.[ If G is a collection of mutually exclusive continua then 
G is said to be an upper semi-continuous collection if for every sequence of 


* Presented to the Society, Dec. 27, 1928. 

+ Transactions of the American Mathematical Society, Vol. 27 (1925), pp. 416-428. 

tIt is obvious that for the case where the continua of @ are bounded, definitions 
1 and 2 are equivalent to the following given by Moore (ibid.): “A collection G of 
continua is said to be an upper semi-continuous collection if for each element g of 
the collection G@ and each positive number e there exists a positive number d such 
that if 2 is any element of @ at a lower distance from g less than d then the upper 
distance of x from g is less than e. The element p of such a collection @ is said to be 
a limit element of the subcollection K of @ if for every positive number e there exists 
some element of K which is distinct from p and whose upper distance from p is less 
than e.” 
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continua hi, - of G containing points P;, P2,- such that the sequence 
P;, P2,* + + has a sequential limit point P lying in a continuum gp of @ it is 
true that if Q:, Q2,° - - is a sequence of points such that for every 1 the point 
Qi belongs to fh; then all the limit points of the point set Q.+Q2+°°°: 
belong to the continuum gp. 


Definition 2. If G is an upper semi-continuous collection of continua 


. then an element g of G is said to be a limit element of a set K of elements 


of G if and only if g contains a point P which is a limit point of the point 
set obtained by adding together all of the continua of K except g. 


Example 1. Let r be a ray of an open curve. Let @ be the collection 
of mutually exclusive continua filling the plane whose only non-degenerate * 
element is ¢. Clearly G is an upper semi-continuous collection. I will show 
that with respect to the above defined notion of limit element G is not a 
metric space. Let Ci, C2,C3,- - - be a set of concentric circles all containing 
points of the ray r, and such that for every n the diameter of C, is n. For 
every n let L, be an infinite sequence of points on Cn no one of which belongs 
to r, but such that some point of r is a sequential limit point of the sequence Ln. 

Now suppose that G is metric. Then there exists a distance function 
8(z,y) such that for every two distinct elements x and y of G@ we have 
8(2, y) > 0, and such that an element g of @ is a limit element of a set K of 
elements if and only if for every positive number e the collection K contains 
an element k, such that 8(ke,g)< e. Now for every n the element r is a 
limit element of the sum of the elements of the sequence Ln. Therefore for 
every n there exists an element pp of In such that 8(r, pa)<1/n. Then r is 
a limit element of the set of elements p: + po+p3-+-°::. But no point 
of r is a limit point of the point set p:+ po+ps-+:°:-+. Hence the sup- 
position that G is metric has led to a contradiction. 


Example 2. (See fig. 1). Assume a rectangular codrdinate system. If 
¢ is a real number (c= 2) let g- be the continuum consisting of the two 
intervals e—=+1/c, 0S yc, together with the larger arc of the circle 


with the origin as center and radius equal to [c? + 1/c?]* which has just its 


end points on these intervals. Let G be the collection of continua containing 
(a) the continuum g- for every real number c (c=2), (b) the ray x=0, 
y = 0, and (c) every remaining point of the plane. It can be seen that G 
is an upper semi-continuous collection, and that it is metric with respect to 


* An element is said to be degenerate if it contains but a single point. See R. L. 
Moore, “ Concerning Upper Semi-Continuous Collections,” Monatshefte fiir Mathematik 
und Physik, Vol. 36 (1929), pp. 81-88. 
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its elements. That G is not topologically equivalent to any subset of the plane 
} follows from the fact that (by theorem III) G@ is topologically equivalent to 
a sphere.* 


1. 


THEOREM I.+t Let G be a collection of mutually exclusive unbounded 


* Another example is the following: Let @ be a collection of mutually exclusive 
continua filling the plane of which the only non-degenerate element is a circle plus 
its exterior. Clearly @ is topologically equivalent to a sphere. In the example given 
above no continuum of the collection G contains a domain. 

+ Dr. N. E. Rutt has obtained an independent proof of this theorem. In fact 
credit is due him for having been, as far as I know, the first to consider this proposi- 
tion. Without knowing Dr. Rutt was working on this problem I obtained, as a proof 
of a somewhat different theorem, the argument herewith given. 
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continua whose sum is a closed point set M. If A and B are points and no 
continuum of G separates A from B then M does not separate A from B. 


Proof. Suppose that the hypothesis of the theorem is satisfied but that 
M separates a point A from a point B. On the basis of this supposition 
I will show that M contains an irreducible integral continuum * which sepa- 
rates A from B. 

In view of Mazurkiwicz’s extension + of the Phragmen-Brouwer theorem 
to unbounded point sets it follows from Knaster and Kuratowski { that every 
point set separating A from B contains a continuum separating A from B. 
In view of this and the additional fact that M is closed it is clear that some 
maximal connected subset of M is an integral continuum separating A from B. 
Let the interiors of the circles with rational radii and rational centers be 
ordered R,, R2,- --. For each positive integer n let Hy» denote the sum of 
fhe continua of G which contain a point in Ry. Suppose that M does not 
contain an irreducible integral continuum separating A from B. Let mn, be 
the smallest integer such that M — H,», contains an integral continuum sepa- 
rating A from B, and let M, be such an integral continuum. Let nz be the 
smallest integer greater than n; such that M, — M,- Hn, contains an integral 
subcontinuum separating A from B. It is clear that there exists a sequence of 
numbers m2,° such that ny < m2 << and a sequence of integral 
continua M,, M2, M;,: - - such that for each & (a) the continuum M;, con- 
tains Mz,:, (b) My separates A from B and (c) My contains no point of 
Bn, + Hn, +: ° ++ Hn, but if n is any integer less than n; and is not any nj 
(i =1, 2,- - -,4—1) then every integral subcontinuum of Mz_, which sepa- 
rates A from B does contain a point of Hn. Now for every & every simple 
continuous arc from A to B contains a closed subset of My. Hence there 
exists at least one point common to all of the sets M, M,, M2,---. Let Q 
denote the set of all points common to M, M,, Mz,:--:. Clearly Q is closed 
and is an integral subset of M. That Q separates A from B follows from the 
fact that Q contains a point on every arc from A to B. It follows from 
property (c) above that no integral continuum which is a proper subset of Q 


* By an integral continuum is meant a continuum NW such that if g is a continuum 
of G and NW contains a single point of g then N contains every point of g. An integral 
continuum W is said to be an irreducible integral continuum (with respect to the 
property of separating A from B) if N separates A from B but no integral continuum 
of M which is a proper subset of N separates A from B. 

7 “Extension du théoréme du Phragmen-Brouwer aux ensembles non _bornés,” 


Fundamenta Mathematicae, Vol. 3 (1922), p. 20. 
+ “Sur les ensembles connexes,” Fundamenta Mathematicae, Vol. 2 (1921), p. 233. 
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separates A from B. But by Knaster and Kuratowski the set @ contains a 
continuum separating A from B. Hence Q is an irreducible integral con- 
tinuum separating A from B. 

Now there exist three continua g., gz, and g; of G which belong to Q 
and three arcs AP,, AP2, and APs; such that A is the common part of each 
two of these three arcs, P; belongs to gi (11, 2, 3) and no other point 
of the arc AP; belongs to Q. Let D, denote that complementary domain of 
3°AP; + gi which contains B. One continuum of the set 91, g2, gs contains 
no point in D,. Hence the point set Q- D, is a proper integral subset of Q 
and therefore does not separate A from B. Let BA denote an arc from B to A 
which has no point in common with Q- D,. Let C denote the first point of 
the boundary of D, on BA in the order from B to A. Since the are BA 
has no point in common with Q-D, the point C must belong to one of the 
arcs AP;, APz, or APs, and must be distinct from P:, P2, and P;. Obviously 
then there exists an arc from B to A which contains no point whatsoever of Q. 
Hence the supposition that M separates A from B has led to a contradiction. 


CoroLuary 1. Suppose P is a point, G is a collection of continua each 
two having in common just the point P, and M, the sum of the continua of G, 
is closed and bounded. Then if A and B are points and no continuum of G 
separates A from B the continuum M does not separate A from B. 


CoroLLaRy 2. Suppose G is an upper semi-continuous collection of 
mutually exclusive continua filling the plane. Let T be the sum of all the 
unbounded continua of G. Then if A and B are points which are not sepa- 
rated by any unbounded continuum of G they are not separated by T. 


THEOREM II. Let G be an upper semi-continuous collection of un- 
bounded continua lying in a plane S and let M be a continuum of elements 
of G. Let gi, go, gs and gs be any elements of M no two of which are 
separated in S by an element of G. Then the sum of two of the elements 
Ja, gs, disconnect M between the third one and 


Proof. There exists a point A, four arcs AP;, AP2, AP; and AP, such 
that A is the common part of each two, P; belongs to gi (i—1,- - -,4) 
and no other point of AP; belongs to any continuum g; (j—1,---,4). Two 
of the ares AP; (12, 3, 4) plus the corresponding continua of the set 
J2, Js, gs separate the third one from g;. Suppose that Z (Z—g2+ 9s 
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+ AP.-+ AP;) separates g, from g, (See fig. 2). Let D, and D, denote 
the complementary domains of Z containing g; and gu., respectively. Let g 
denote any continuum of G in M distinct from gz and gs. Not both of the 
sets D,-g and D,:g are unbounded. For since g does not separate g2 from 
gs there exists a simple continuous arc P,CP; with no point in ge or gs 
except P, and Ps, and no point in g. Let J be the interior of a circle which 
encloses the arcs P2,CP,; and P2AP;. It can be shown that the continuum 
g2 + 9s + P2CP; separates all points of D, and D, not in J. But g is con- 
nected and has no point in common with this continuum. Hence g has 
points in only one of the sets D,- (S—J/) and D,: (S—J). 


FIGURE 2. 


Let §, denote the point set consisting of the sum of all continua of G 
in M which are unbounded in the domain D,, and S, the sum of all those 
unbounded in D,. The set 8; contains g, and the set S; contains g,. Suppose 
that a point F of S, is a limit point of S2. Then there exists a sequence of 
continua h,, he,- - lying in containing a sequence of points 
which has F as sequential limit point. If gz denotes the continuum of G 
containing F, in view of the fact that G is upper semi-continuous, it is clear 
that gz: D, is unbounded. But gz is in 8;. This contradiction shows that 
no point of S, is a limit point of 82. Similarly no point of S, is a limit 
point of 8;. Hence g: and g, are separated in M by the sum of the continua 


J2 and gz. 
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LEMMA 1. Suppose G is an upper semi-continuous collection of continua 
lying in a plane S and G is metric. Then if 8(x,y) denotes a distance 
function, for each element g of G there exists a circle Cy and a positive 
number @, such that if x is an element of G for which 8(2,g)< eg then 
z contains a point inside the circle Cy. 


Proof. The function 8(z,y) satisfies the following conditions: (1) 
8(z,y)>0 if cy, (2) (3) 3(z,y)+ d(y,z)=3(z,z), and 
(4) an element g of G is a limit element of a set K if and only if for every 
positive number e there exists an element g. of K for which 8(9,9e)< e. 
Let P be a point of the plane, and for each positive integer n let C, denote 
the circle with P as center and n as radius. Let g denote any element of G. 
Suppose that for every n there exists an element x, of G such that 8(2n, g) 
< 1/n and 2» has no point within the circle Cy. Then the limit of 8(2n, 9), 
as n increases indefinitely, is zero, whence g is a sequential limit element of 
the sequence 2;, %2,: * -. But this is impossible since no sequence of points 
P,, P2,- + + where for every n the point P» belongs to xn, has a sequential 
limit point. This contradiction proves the lemma. 


THEOREM III. If G is an upper semi-continuous collection of continua 
filling the plane S such that no continuum of G separates S and G is metric, 


then in order that G be topologically equivalent to a sphere it is necessary 
and sufficient that exactly one continuum of G be unbounded. 


Proof. The necessity of the condition follows from these two facts: 
(1) If no continuum of G is unbounded then @ is * equivalent to the whole 
plane 8S. (2) If at least two continua of G are unbounded then @ is ft 
equivalent to a proper subset of the plane. 

The condition is sufficient. Let g be the continuum of @ which is un- 
bounded. The point set S— g is a simply connected domain and is therefore 
topologically equivalent to the plane S. Hence by Moore’s theorem (ibid.) 
the collection G—gf{ is topologically equivalent to a plane and therefore 
to a sphere minus one point. 

By lemma 1 there exists a cjrcle C and a positive number e such that 
if z is an element of G and 8(z, g)< e then z has a point inside the circle C. 
Since G is upper semi-continuous and g is the only unbounded continuum 
of G it follows that if C, is any closed subset of C which does not contain 


*R. L. Moore, loc. cit. 

7 This follows from theorem IV, the proof of which does not depend upon 
theorem ITI. 

t That is, the set of all continua of @ except g. 
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a point of g, and K is the sum of the elements of G which contain points 
of C,, then K is a bounded point set. It therefore follows that every un- 
bounded set of elements of G—g has g as limit element. Hence G is topo- 
logically equivalent to a sphere. 


Lemma 2. Let G@ be an upper semi-continuous collection of continua 
filling the plane, none separating the plane, such that G is metric. Then 
if T is the sum of all unbounded continua of G and M 1s a maximal connected 
subset of T it follows that no point of M is a limit point of T — M. 


Proof. Suppose that lemma 2 is not true. Then there exists an element 
g and a sequence of elements gi, g2,° * - with g as sequential limit element 
such that ali of the continua g, 91, g2,: - : are unbounded and no two of them 
belong to the same component of 7. By lemma 1 there exists a circle C 
and a positive number e such that if z is a continuum of @ and 8(z,g)< e 
then x contains a point inside the circle C. With the help of the methods 
used in the proof of theorem II it can be shown that there exists a subse- 
quence gn, of the sequence g:, and for each an are AxBy 
of the circle C having just Ax in g and By in gn,, and a domain Dx which 
is one of the complementary domains of g + gn,.+ AxBx, such that, 7; de- 
noting the sum of all continua of @ which are unbounded in Dx, the set Tx 
contains the set 7%,,. It can also be shown that if é@ is any positive number 
then there exists an integer m such that if x is an unbounded continuum 
of G which contains a point of C and 8(z, y) > é then zx does not belong to T'm. 

Let m be an integer such that if z is a continuum of G which is a subset 
of Tm, and x contains a point of C, then 8(z,g)< e/2. Since 7m contains 
continua of the sequence g;, gz, * - and also contains g it follows that it is 
not connected. Therefore there exists an unbounded continuum r of G such 
that T'm =H ,-+ Hr, where Hyg and H; are mutually exclusive closed sets 
containing g and r, respectively. (See fig. 3). Since Hy and H, are closed, 
and G is an upper semi-continuous collection, there exist two open sets Ry 
and such that (1) R,:R-=0, (2) Ry contains C- Hy, and R, contains 
C-H,, and (3) if x is any continuum of G with a point in R,[R,] then 
there exists a continuum & of G which belongs to H, [H,] and has a point 
on C such that 8(2,k)< e/2. Let P denote the center of the circle C and 
for each positive integer s let as be an arc lying in Dm except that its end 
points belong to g and r, respectively, and such that every point of ds is at 
a distance greater than s from P. Since every continuum of the upper semi- 
continuous collection G which contains a point of C not in Ry or R,; is bounded 
in the domain D» and since moreover the sum of all such continua is closed 
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(R, and R, being open) it follows that there exists an integer ¢ such that 
if s > ¢ then no continuum of G which contains a point of a, can contain 
a point ef C not belonging to Ry + Fy. 

For every integer s greater than ¢ let Qs denote the first point of a. in 
the order from r to g which belongs to a continuum of G@ which contains a 
point of Ry. Let zs denote that continuum of @ which contains Q,. Since 
8(2s, 9) < e, there exists a point Ps of as which preceeds Qs in the order from 
r to g, such that if ys is any continuum of G@ which contains a point of the 


FIGURE 3. 


are P,Qs, then 8(2s, 9) < e, whence contains a point of Ry + R,. But if 
ys is different from 2s it does not contain a point in Ry. Therefore there 
exists a sequence of continua of G, hi, he, - - with ze as sequential limit 
element and such that for every integer & the continuum hx contains a point 
in R,, Therefore, since G is upper semi-continuous, zs contains a point of 
both Ry and R,. Since for every s (s > ¢) the continuum z, has a point in 
the closed and bounded set Ry it follows that there exists a continuum z of G 
which is a limit element of the sum of the elements of the sequence Zt,1, 
Zt42," * *. Obviously z is unbounded in Dm. Moreover it contains a point 
both of Ry and of R,. But this is contrary to the fact that Tm, the sum of 
all continua of G which are unbounded in Dm, is the sum of the mutually 
separated sets Hg and H,, where Hy contains no point of R, and H, contains 
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no point of R,. Hence our supposition that lemma 2 is false has led to a 
contradiction. 


Lemma 3. If G is an upper semi-continuous collection of continua which 
fills the plane, no continuum of G separates the plane but at least two con- 
tinua of G are unbounded, and G is metric, then no element of G is a com- 
ponent of the sum of all the unbounded continua of G. 


Proof. Suppose that g is an unbounded continuum of G. Let k be any 
other unbounded continuum of G and let é be 8(g,%). Let e be any positive 
number less than é. By lemma 1 there exists a circle C and a positive number 
<e) such that if is a continuum of G and 8(g,z) < e, then z con- 
tains a point inside the circle C. Let P be the center of C and for every 
positive integer n let an be an arc with end points on g and k, respectively, 
every point of which is at a distance greater than n from P. Since 8(g,k)> e 
it follows that there exists a continuum z», of G containing a point of dn 
and such that e,/2 < 8(a@n,g)< ¢:. For every nm the continuum 2» has a 
point within C and a point at a distance greater than n from P. Hence if 
for each n the continuum 2, is bounded the sum of the elements of the 
sequence 2, t2,°** has a limit element z., which is unbounded. Since 
< 8(an, 9) < it follows that 9)S < e, and is distinct from 
g- Hence for every positive number e there exists an unbounded continuum 


Ze of G distinct from g such that 5(%,g)< e. Lemma 3 therefore follows 
in view of lemma 2. 


Lemma 4. Under the hypotheses of lemma 3 if M is a collection of 
continua of G whose sum is a component of the sum of all unbounded con- 
tinua of G then M is a simple closed curve or an open curve. 


Proof. It readily follows from theorem II that M is an atriodic* con- 
tinuous curve. Hence M is an open curve, a simple closed curve, an arc, or 
a ray of an open curve. Let g denote any element of M. Let 9, go and gs 
denote three other elements of M such that the sum of g and ge separates 
g: from gz; in M. Let AB denote an arc having only A in common with g 
and only B in common with g2. Let D be either of the two complementary 
domains of g+g.+ AB. By a slight modification of the proof of lemma 3 


*If O, A,, A, and A; are distinct points and OA,, OA, and OA, are ares each 
two having only O in common, then the continuum OA, + OA, + OA, is called a triod. 
A continuous curve which does not contain a triod is said to be atriodic. See R. L. 
Moore, “ Concerning Triods in the Plane and the Junction Points of Plane Continua,” 
Proceedings of the National Academy of Sciences, Vol. 14 (1928), pp. 85-88. 
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it can be seen that g is a limit element of the elements of M which are un- 
bounded in D. Therefore g is not an end element of M. Hence M contains 
no end elements and is therefore a simple closed curve or an open curve. 


TuEorREM IV. If G is an upper semi-continuous collection of continua 
which fills a plane S and is metric, at least two continua of G are unbounded 
and no one of them separates S, then G is topologically equivalent to a domain 
D plus its boundary where (a) D is the interior of a circle, or (b) D is an 
unbounded domain whose boundary consists of one or more open curves no 
one containing a limit point of the sum of the others. 


Proof. Case 1. Suppose first that some collection M of unbounded con- 
tinua of G is a simple closed curve. Suppose g is any element of M and 
h is any other unbounded continuum of G. Since g is not an end element 
of M it follows with the help of the methods used to prove theorem II that 
g +h separates M-+h. Since no element of M separates M it follows that 
h belongs to M ; that is, every unbounded continuum of G is an element of M. 
Let P be any point and for every positive integer n let Cy be the circle with 
P as center and radius n. From lemma 1 it follows that for any element 
g of M there exists a positive integer k, such that if z is a continuum of @ 
and 8(z, g) < 1/kg, then z contains a point inside the circle Czg. Since more- 
over every infinite set of elements of M has a limit element (M being a simple 
closed curve) it follows that there exists a single positive integer & such that 
if g is any element of M and z is a continuum of G such that 8(z, 9) < 1/k, 
then x contains a point inside the circle Cx. 

Let 91, g2,° * * denote any infinite sequence of distinct elements of G. 
If for any n all but a finite number of these continua contain a point inside 
C, then the set of elements g: + g2-+- ~~ has a limit element: Otherwise 
for every n (n > k) let rn be an integer such that g,, has no point inside Cn. 
Obviously 8(g,,,9)=1/k for every element g of M. It follows that there 
exists a continuum h» of G@ such that 1/2k < 8(hn,g) for every element 
g of M, but 8(9, hn) <1/k for some element g of M, and h» contains a point 
outside Cy. The sequence obviously contains a subsequence 
with a sequential limit element h. Clearly h is unbounded. But since 
1/2k < 8(hn,g) for every unbounded continuum g of G we have 1/2k 
=3(h,h). This contradiction shows that for some integer n every element 
of G has a point inside the circle C, so that G is compact. 

Now every element of M is a limit element of the set of elements G— M. 
The sum of all the continua of G— WM is a connected domain D with a 
connected boundary. Hence D is topologically equivalent to the whole plane 
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S, and by Moore’s theorem referred to above the collection G— M is topo- 
logically equivalent to the plane S, or to the interior of a circle. Its boundary 
is equivalent to a circle. This completes the proof for case 1. 


Case 2. Suppose that no collection of unbounded continua of G@ is a 
simple closed curve. Let 7 be the sum of all unbounded continua of @ 
and let M,, M2,- ~:~ be the subcollections of continua of G, the sums of 
whose continua form the components of 7. In view of theorem I it can 
be seen that S—T is a simply connected domain D. Hence in view of 
Moore’s theorem (ibid.) the collection G—(Mi+M.,+°---:) is a simply 
connected domain. Since in addition for every i every element of Mj; is a 
limit element of G— M; theorem IV is established. 


THEOREM V. If K is a point set described in the conclusion of theorem 
IV then there exists an upper semi-continuous collection G of continua which 
fills the plane such that (1) no continuum of G separates the plane and 
(2) with respect to its elements G is topologically equivalent to the point 
set K. 


Proof. For the case where K is a circle C plus its interior let the 
elements of G be the points interior to C together with the subsets of all 
rays starting at the center of C which lie on and outside of C. Obviously 
G is metric, and is topologically equivalent to C plus its interior. Suppose 
K is a domain D plus its boundary, where D is a connected domain bounded 
by open curves N,, N2,: - -, such that for each 7 no point of N; is a limit 
point of the sum of the other open curves of the sequence N;, No,-- +. For 
each 7 let D; be the complementary domain of N; which does not contain D. 
It can be shown that there exists an upper semi-continuous set G; of rays 
of open curves lying in Dj, each starting on Nj, and such that every point of 
D; belongs to some ray of the set Gj. Let G@ be the set of all points of D 
together with all continua of the collection G; for every i. The set Gi is 
topologically equivalent to the open curve N;. It therefore follows that the 
collection G satisfies the conclusion of the theorem. 
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Limited Tri-Linear Forms in Hilbert Space.* 
By L. Harr. 


1. Introduction. At the foundation of Hilbert’s theory of functions of 
infinitely many variables we find the notion of a limited ¢ function, and, 
in particular, the idea of a limited bi-linear form in infinitely many variables. 
Similarly, one may consider limited tri-linear forms, or, in general, limited 
m-linear forms where m is a positive integer. The most fundamental prop- 
erties of limited m-linear forms are easily anticipated by analogy with bi- 
linear forms. For a given m > 2, the proofs of these properties can in 
general be developed along the same lines as the existing demonstrations of 
results for bi-linear forms.{ In this connection, however, one important 
exception is to be noted; the vital theorem on the uniform finiteness of a 
bi-linear form, which converges over the unit sphere in Hilbert space, has 
been established § by a method which demands essential modification in order 
to apply to the case of an m-linear form with m > 2. 

The main purpose of this paper is to demonstrate the theorem on uniform 
finiteness for tri-linear forms by use of a method which applies as well in 
the consideration of m-linear forms, for any m=2. It is emphasized that 
this method, which is presented in Section 3, has merit solely because of 
its applicability when m > 2; its use when m = 2 would lead to much more 
complication than is found in the classical proof for this case. As a minor 
part of the paper, in Section 2 there is given a summary of other properties 
of tri-linear forms with details of the proofs only in a few instances where 
there is novelty as compared with the bi-linear case. In the entire discus- 
sion, all number symbols are supposed to be real valued. 


2. Limited Tri-linear Forms. In the future, any small greek letter will 
denote a vector with infinitely many codrdinates. Thus (a, 2,°-:-). 
By the n-th section of a vector € we shall mean the vector &” (2, %2,°**, Xn, 
0, 0,- - +), where all codrdinates beyond the n-th one are zeros. If é is in 


* Presented to the American Mathematical Society, June 20, 1929. 

+ David Hilbert, Grundziige Einer Allgemeinen Theorie der Linearen Integral- 
gleichungen (B. G. Teubner), p. IV. 

t For definitions and theorems relating to limited linear and bi-linear forms, see 
Hellinger-Toeplitz, Mathematische Annalen, Vol. 69 (1910), p. 289. 

§ Hellinger-Toeplitz, loc. cit., p. 321; the details at the top of p. 324 do not 
generalize to the case of m-linear forms, with m > 2. 
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Hilbert space, the positive square root of the convergent series > 2; will 
i=1 

be denoted by M(é) and will be called the modulus of € We shall let H 
represent Hilbert space, and H, the set of vectors € where M(é)= 1. 

In accordance with Hilbert’s definition of a limited function, we shall 

say that a three dimensional array A =(aijx), and also the corresponding 


purely formal tri-linear expression 
(1) A(E,p,o)= Gijnvir 


is limited, in case there exists a bound F > 0 such that for all é, p, and o 
in H, and for all integers h, m, and n, 


(2) | A(E™, p™, | S EM(E)M()M(c). 


An equivalent definition would result if (2) were altered by letting h = m—n. 
For abbreviation, we shall say that A is E-limited if (2) holds. 

If any subscript of aij, is held fast, while the other two vary indepen- 
dently from 1 to «0, we obtain a component matrix of A. If two subscripts 
are held fast, while the third varies from 1 to o, we obtain a component 
vector. The following Property I is easily proved by use of (2) and the 
corresponding definitions of limited linear and bi-linear forms; Properties II 
to IV can be demonstrated by direct methods like those used in similar con- 
nections in the consideration of bi-linear forms. 


Property I. If A is E-limited, then each component vector, and each 
component matrix of A is E-limited. 


Property II. If A is E-limited, then, if p and o are in H, > aijurjs 
j,k=1 
converges uniformly with respect to the index i. 


Property III. If A is E-limited, then, for all p and o in H, the vector 
oo 
(> aijerjse) lies in H and its modulus is at most EM(p)M(c). 
j,k=1 
| Property IV. If A is E-limited, then, for every o in H, the matrix 
co 
( S aijxse) is limited, with EM(c) as a bound. 
k=1 


We can consider evaluating a tri-linear form A(é, p, 7) in 13 different 
ways, either as a triple series, or as an iterated series in twelve different ways. 


Property V. If any one of the twelve iterated series for A(Eé, p, o) 
converges for all (&, p, «) in H, then all of these twelve series converge and 
have the same sum for all (é, p, o) in H. 
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Recognize that in the statement of Property V it is not assumed that A 
is limited. Let us discuss only the special case where we suppose that 


co co 
(3) WE, pc DY 


converges for all (&, p, ¢) in H. This implies that $j, on the right in (3), 
converges for all (p,o) in H. Therefore, by virtue of the property of uniform 
finiteness for a bi-linear form, it follows that, supposing 1 to be fixed, the 
matrix (dijx) is limited. Hence, the double sum jx can be changed to 
either possible iterated form. Thus, A(é, p, o) converges to W(é, p, o) 
under each of the following methods of iterated summation: Si[> ;(Sx) ].; 
Dil Since the last method converges for all (é, in H when p 
is held fast, it follows from the uniform finiteness of a bi-linear form that 


co 
the matrix (> aijxr;) is limited. Then, starting from Di[de(S;)], the 
j=1 


fundamental convergence properties of a limited bi-linear form show that 
A(é, p, «) converges to W(é, p, 7) under each of the following methods of 
iteration: D4%(5;); Sx[Si(S;)]. In this fashion, we show that all of the 
12 iterated forms for A(é, p, 7) converge to W(é, p, o). 


Property VI. If A is E-limited, then, for all (€, p, 0) in H, the formal 
series for A(é, p, 7) converges to an unique value when evaluated in any of 


the thirteen possible ways, and 
(4) | A(ép,o) | S EM(é)M(p)M(c). 


The methods used in establishing the convergence properties of a limited 
bi-linear form would easily demonstrate that, if A is H-limited, then the 
particular iterated series W(é, p, 7) of (3) converges and 


(5) | W(ép,0) | SEM (E)M(p)M(c). 


Hence, it follows from Property V that (4) is true if A(é, p, o) is evaluated 

as an iterated series in any of the 12 possible ways. To complete the proof 

of Property VI, it would be necessary to show that A(é, p, 7) converges to 

W(é, p, 7) when evaluated as a triple series; that is, it should be proved that 
co co 


n 
(6) lim => vi Dijk jSks 
4,j,k=1 4=1 


where the right member, W(é, p, o), is known to converge. We omit the 
proof of (6), which is easily accomplished by the aid of (5). 
Three successive applications of the Schwarz inequality * lead to the 


* Hellinger-Toeplitz, loc. cit., p. 293. 
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following result, which corresponds to a well known property of bi-linear 
forms. 


co 
Property VII. If the expression V= % aijx converges, then A 4s 


i,j 
limited, with V as a bound. 


By reference to the definitions of continuity + which apply to functions 
defined in Hilbert space, and by use of the preceding properties of tri-linear 
forms, standard methods suffice to establish the following facts: 


Property VIII. If A(é, p, «) is limited, then it is continuous simul- 
taneously in its arguments for all points in the region S defined by the 
following inequalities, where 91, g2, and gs are any assigned positive numbers: 


(7) M()Sm; M(o)S 9s. 
oo 
If > @ijx converges, then A(é, p, 7) is completely continuous in its argu- 
4,j,k=1 


ments for all points (é, p, «) satisfying (7). 
co 
We shali call C(é)= a cubic form when ¢ijx is a sym- 


4-i,k=1 
metric function of (1, 7, k). A cubic form is said to be limited, with F as 


a bound, in case 
(8) |C(é™) | S EM*(E), 
for every € in H and for every n. 

Property IX. A necessary and sufficient condition that C(é) be limited 
is that the corresponding tri-linear form A(é,p,c)= >> be 
limited. 


It is obvious that, if A(é, p, 7) is limited, then C(é) is limited. To 
prove the converse, we note that the following identity is true: 
C(Em —o™)+ C(é™ —p™ —o™)]. 
This identity can be verified by expanding the finite triple sums occurring, 


combining terms, and recalling that cij, is a symmetric function of (1, j, k). 
From (9) we see that, for all (€, p, «) whose moduli are at most 1, 


(10) | A(E™, p™, o™) | S 108E/24, 


¢ Cf. Hellinger-Toeplitz, loc. cit., p. 307-308. 
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if C is E-limited. Consequently, A is limited, with 36£/8 as a: bound. 


3. Uniform Finiteness of a Tri-Linear Form. 


Property X. If any one of the thirteen methods for evaluating a tri- 
linear form A(é,p,o0) converges for all (é,p,0) in H, then A is limited. 


The case of Property X where we assume that A(é,p,o) converges as a 
triple series, for all (£,p,0) in H, can be treated by essentially the same 
simple process which serves to prove the corresponding result for a bi-linear 
form, which is presumed to converge as a double series. Presuming that the 
instance of the triple series has been treated, it follows from Property V that 
we can complete the proof of Property X by discussing merely the case where 
the special iterated series W(é,p,a) of (3) is assumed to converge for all 
(€,p,0) in H. Under this hypothesis, to show that A is limited, it will be 
sufficient to prove that | W(é,p,o) | is bounded in Hy, because 


n 
(11) | ‘ |= | W(E™, p™, o™) |. 


To establish the desired result by an indirect process, let us suppose that 

W(é,p,0) is not bounded in H,; it follows that there exists an infinite 

sequence of points (6), ¢), Wp) in Hi such that lim | W(4p, dp, ¥p) | =-+ 00. 
poo 


Let us agree to change the signs of all codrdinates of those vectors 6, for 
which W (6p, dp, << 0; then, W(4p, dp, ¥p)= 0 for all p and 


(12) lim W (6p, dp; Yp)= +0. 


We shall proceed to a contradiction by defining vectors (y,¢,7) in H, for 
which W(», does not converge.* 

For future use, recall that, in the discussion of Property V, it was seen 
that, if W(é,p,o0) converges for all (é,,0) in H, then each component 
matrix of A is limited. 


LemMMa 1. If m and n are assigned integers > 0, there exists a d > 0, 
where d=1, such that, if (é,p,0) are points in H, for which M[p—p™ ] 
Sd and M[o—o™ ] Sd, then 


(13) | W(E™, po) —W(E™, p™, o™) | 


On applying the Schwarz inequality with respect to i in W(é™, p,o) 
as given by (3), we obtain 


*The same notion is the basis of the proof given by Hellinger-Toeplitz, loc. cit., 
p. 321, in establishing the uniform finiteness of a bi-linear form. 
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(14) pe) | * > ( 

Let K be a common bound for the n limited matrices A,,- --,An where 
Ai =(Gijx) j,n-1,2,...- Then, if is in H,, from (14) we obtain 

(15) | wie, P> a) | = Kn*M (p)M(c). 


We employ (15) twice in the following reduction: 


| W(E™, p, o)— W(E™, | 
= | W(E™,-p — p™, a) | + | W(E™, —o™) | 
= Kn* [M(c)M(p—p™)+ M(p™)M(e—o™)]. 


Hence, the statement of Lemma 1 is satisfied if d is chosen as the minimum 
of 1 and 1/2Kn*. 
To proceed with the construction of (y,¢,7), select a sequence (¢1;) 

oo 

where ¢,;>0 and }c71;1. On account of (12), there exist vectors 
j=1 

(a, in H, such that W (a, Bi; > Let C11%1, 

and o; = C1171: then, (é,, p1, 01) are in H, and W(&, p:, 01) > 2. Therefore, 

there exist integers m,; > 0 and nm; > 0 such that W(é&°™, > 2, 

Now, let us define a block of the codrdinates (yi, z;, tj) of (n, £, 7) as follows, 

where 8j1) are, respectively, coordinates of (€1, pi, 01): 

(16) m1) 5 23 and tj = (7 = 1, 

We note that )S en S1; M(E™)S1; M(r™ )=1; 


(17) W (9, com), ) 9. 


Let d= d, correspond to m =m, and nn, as stated in Lemma 1. 
It follows that, if (,f,7) are eventually defined so that, in addition to 
satisfying (16), M(€—¢™ )Sd, and M(r —+™ )S dh, then 


(18) W(y™, 1. 


At this point we have completed the first stage of the definition of 
(y,€,7). To proceed with the second stage, we define c2;=d,¢c,;. Since 
each component matrix of A is limited, there exist bounds R, > 0, F, > 0, 
and G, > 0 such that, if (€, p, o) are in H,, then 


(19) | W(E™,p,¢) |W(Ee,o™) | SG, 
In view of (12), there exist vectors (#2, B2,y2) in H, such that 
W (a2, Bo, yo) > (3 + 2B, + 2F, + /c*22. 
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Let & = po o2=Cooy2; then, there exist integers mz > 


and m2 > n, such that 
(20) W (£25, > 3 + + 2Fi + 20h. 


Let us extend the definition of (y,{¢,7) as follows, where (iz, Tj2,8j2) are, 


respectively, coordinates of (£2, p2, : 
(21) ys—=2ia, (m1 Kime); ja, ty = (M1 CJ Sm). 


We note that M(n™®)S (0711 + + Ci2)%S1. Similarly, 
M(e™)S 1 and )S 1. Let Pin = (Yizjte j28ke ) Then, 


we verify that 
(22) W (9°, ) W p22, ) 


Me me 


4=1 j,k=1 d=m+1 j=1 k=1 j=mgtl k=1 
From the definitions of R,, F,, and Gy, it is seen that the absolute value of 
the right member of (22) is at most (2R; + 271+ 2G,). Hence, by use of 
(20) it follows from (22) that 


(23) W (9, ) > 3. 


Let d = dz correspond to m = mz and n = mz thru Lemma 1. It follows that, 
if (y, £,7) are defined as points in H, subject to (16), (21), and to the con- 
ditions ¢)S d, and M(r — S dy, then 


(24) > 2. 


We have now completed the second stage of the definition of (7, {,7). 
Each succeeding stage depends on the preceding one as the second depended 
on the first. For instance, to commence the third stage, we define 
C3j = d2C23; Re, F2, and Ge, etc. Then, there exist vectors (a3, 83, ys) in A; 
such that 

W (as, Bs, ys) > (4 + + 2F 2 +242) /c*ss 5 


we define (&3, 3,03), and integers ms > mz and n3 > M:. We extend the 
definition of (y, £,7), and obtain a d; = 1 from Lemma 1 so that, finally 


(25) W (yn, £7) > 3, 


provided that £ and + are eventually defined so that M({—¢‘")=d, and 
M(r—-7+))= d;. The continuation of this process thru its successive stages 
yields a sequence of values (ni, mi, di) and a well determined set of codrdi- 
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nates for (, , 7). We remark that these vectors are in H, because, at the 
i-th stage of their definition, we have 


and, similarly, M(¢)=1 and M(r“)=1. Moreover, for every i, 


co co 
j=i+1 
and, similarly, M(r—7”)=d;. Consequently, the successive inequalities 


(18), (24), (25), ete., are valid: 
W 


Hence, W(n, ¢,7) diverges. This contradicts our original hypothesis con- 
cerning W(é,p,0) and completes the proof of Property X. 

If we assume that a complete theory for (m—1)-linear forms has been 
developed, we could establish the analogue of Property X for m-linear forms 
by use of the method just employed for tri-linear forms. In the discussion 
of the m-linear case we would refer to (m—1)-linear forms in the places 
occupied by bi-linear forms in the proof of Property X in this paper. 


UNIVERSITY OF MINNESOTA, 
Frsruary 15, 1930. 
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The Constants of the Disturbing Function. 
By K. P. WILLIAMs. 


1. Newcomb’s development of the disturbing function requires the cal- 
culation of quantities , where 


and the by‘ are the coefficients in the expansion 
(1 + s? — 2s cos 0) = (1/2) bn® + bn cos 6 + dn cos 26 - 


where n = 1, 3, 5, 7.* In order to obtain the required derivatives Newcomb 
introduced a general set of quantities 7 = 1, 2,° , 6, 
The quantity Dc,“ is a linear function, with positive integral coefficients, 
of cn, +, The computation problem therefore reduces to 
the determination of the cn‘+J’. Newcomb’s method of obtaining these 
numbers has been commended for its accuracy. It is, however, long, although 
addition and subtraction logarithms were employed to compute the continued 
fractions that are the foundation of the method. Apparently the same process 
had to be carried out for each of the values of n.+ Newcomb’s failure to dis- 
cover certain remarkable recursion relations that allow the c,‘"? to be obtained 
from the ¢,‘+/, the from the cs‘), etc., both rapidly and accurately, 
probably came from his method of handling the quantities. He introduced 
them as hypergeometric functions with rather complicated parameters. He 
then apparently looked through the list of relations given by Gauss to find 
formulas that might be useful. Such a method will evidently fail to reveal 
relations that owe their origin to the special parameters involved. 


2. In this paper a rapid and accurate method of computing the coeffi- 
cients used by Newcomb will be developed. It is adapted throughout to 
machine computation. The recursion relations that are used will be obtained 
by contour integration. This seems the modern way of dealing with the 


*For simplicity of typing the manuscript the letter s was used in place of the 
customary a, that is, s =a/a’, where a is the semi-major axis of the orbit of the inner 
planet and a’ that of the outer. 

+ Newcomb’s exposition is given in Astronomical Papers of the American Ephem- 
eris, Vol. III, Chapters II and III. Tables of the constants for certain pairs of 
planets will be found in the last memoir of that volume, and in Vol. V of the same 
papers, pp. 339-348. 
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problem. By breaking up the integrand in various ways, integrating by parts, 
etc., one can hope to discover all-important relations connecting the numbers 
being considered. Some of the relations employed are already in the litera- 
ture, but they will be developed in order to give completeness to the method. 
For the same reason the relation that is used to express D™c,‘” in terms of 
the cna‘ will be obtained by integration, although it is not required in the 
actual problem. Those of the c,‘+/) that are calculated directly are found 
by series identical with or similar to series recently given by Brown. 


I. THe FUNDAMENTAL EXPRESSIONS. 


3. Let 
(1) G=1-+ s?— 2s cos 8, 
and put 
z—=e%, «t=(—1)% 
so that 
(24) G=1+s?—s(z+1/z) 
(24) =(1/z—s)(z—8) 
=(z— 8) (1—sz)/z 
= — s(z— 1/s) (z— 8) /2. 
We have from (2%) 


G-n/2 


1 we 
(— s)*/2 1/s) 
It is seen that G-"/2 has branch points at z= 0, s, and 1/s, the latter two 
points being also infinities. It is also seen that the function is single valued 
in the ring between | z | —s and | z | —1/s, so that within this region it can 
be expanded in a Laurent series. Therefore 


G-n/2 =(1/2) bn 
4=-00 


Since 
G-"/2 (1/z)—= G"/2(z), 


it follows that bn“? = We can accordingly write 
= (1/2) ba Pzt +(1/2) dp 
i=0 i=1 
The expansion being valid on the unit circle we have 
(1 + s?— 28 cos 6)-"/2? =(1/2) +(1/2) Pet? 
i=0 4=1 


(3) =(1/2)bn® bn cos i6. 
i=1 
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In accordance with the theorem of Laurent 


(4) by? =(1/m) f 

where the integral may be taken around the unit circle. Since ba“? = 6b,“ 
we have 

(4’) by =(1/m) f 


4. In order to obtain ultimately the cn‘s? of Newcomb we introduce 
the general set of quantities 


(5) g(4 = zi-1(z— s)IG-i-"/2 dz, 


the path being the circle |z|—1. The dependence of g upon s need not 


be exhibited. 
The function g is expressible in terms of the hypergeometric function, 


and the relation between the two will be obtained for the case n — 1. 
We have, using (2””), 


(1, j, giti-1/2 (z — s)-1/2 (1 — sz) -9-1/2dz, 
or, putting z = st, 


g(t, 1)= f (¢ — 1)-1/2 (1 — 
the path being the circle {=1/s. The path can be changed into: 


(1) The real axis from to t= 1+ «, 

(2) A semi-circle of radius « about t= 1, above the real axis, 

(3) The real axis from t= 1—e to 

(4) A circle about t= 0, 

(5) A line from to f=1—e, 

(6) A semi-circle of radius « about t= 1 and below the real axis. 
(7) The real axis from {= 1-+.¢tot—1/s. 


It is easily shown that the portions of the integral from (2), (4), and 
(6) approach 0 as «—>0, that the portions from (1) and (7) cancel each 
other, and that those from (3) and (5) are equal. Therefore, since the 
description of (2) leads us to replace (¢ —1)-!/? by 
t)-1/2 = — — t)-1/2 


we have 


1 
g(t, j, 1) ti+t-1/2 (1 — 4)-1/2 (1 — 
0 
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But it is well known that 


T'(b)T(c—b) 
T'(c) 


1 
u>-1(1 — u)>1(1 — uz) F(a, b, c, z) 
0 
where [' is the ordinary gamma function and F is the hypergeometric 


function.* 
It follows that 


g(t, J, 1) 


X PG +i+1,8). 


Using the relations 


1)=<aI(z), T?(1/2)—7, 1)=(j +1)!, 
we find 
msi*4[1-3- -(27 + 21—1) 
g(t 9,1) = 


X PG H1/2, j+i+1, 

5. Let us now put 

(7) —= L(j,n) g(t, 7,0), 

where 

L(0,n)—=(1/m) 8-0/2, 

) L(j, n)=(1/m)n(n + 2) (n 27 
For simplicity we set 

(9) Cn 

We have 

Cn? =(1/m) gi-1G-n/2qz 

so that 

In particular, 

(11) b,, 


II. THE CoMPUTATION OF SERIES FOR THE ¢;,‘*’)). 


6. The present method requires the direct calculation of certain of the 
c,), Brown has given rapidly, converging series for c,“2 and c,‘11 +; these 
with a well known recursion relation will give the remaining c,‘. We need 


* Whittaker and Watson, Modern Analysis, 3rd Ed., p. 293. 
t Monthly Notices of the Royal Astronomical Society, Vol. 88, pp. 459-469. As a 
matter of fact we use a series for c,(9) in place of Brown’s series for e, (41), 
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also the values of c,“1%), 7== 1, 2,- --, 6. Series similar to those of Brown 
will be obtained for j = 1, 2, 3; recursion relations will be used for 7 = 4, 5, 6. 


%. From (6) and (8) we have 


(12) 
-(2;—1 1-3: - -(27+2%—1)] 
where 
(13) a=—jt1/2, b=jtit12, 


It follows from the differential equation for the hypergeometric function 
that F(a, b,c, satisfies the equation 


(14) s(s?—1) (d?F/ds?) + [(2a + 2b + 1)s? —1— 2c] (dF/ds) 
+ 4absF = 0. 


Let us now make the change of variables 


(15) 
We then have from (12) 


(16) 
(5) 
where 
(17) H (a,b,c, y)=(1+ F{a, b,c, y/(1+y)}- 


Using (14) it is found that H satisfies the equation 


4y(1 + y)®(@2H/dy?) + 4(1 +)? [c +(2 + ¢e—a—b)y] (dH/dy) 
+(1 + y) — 4ab + (1 + 2c — 2a — 20)y] H=0. 
If we make use of (13) and denote H when expressed in terms of 1, j, 
and y by H(i,j,y) we find 
+ [1 — 27 — — 47? +(1 — 27) H(i, j, y)= 0. 
8. The equation (18) has the one singular point y=—1, but is 
regular at that point. It appears from (17) that the value of AH desired 
is the expansion about y= 0 in which the constant term has the value 1. 
The equation (18) is satisfied by the series 
(19) 1+ ay + ay? +: 


where, in particular, 


a =(2j + 4ij + 47? 
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The value of y in terms of s is 


(20) y= s?/(1—s?), 
Thus y is positive sinceeO << s<1. Buty>1if s >2%/2. Since the series 
(19) does not converge for y > 1, on account of the singular point y= —1, 


it is necessary, in certain cases, to use the analytic continuation of the series. 
This is easily done; the following considerations will govern the development. 
The greatest value of s for the major planets is for Venus-Karth, for 
which s = .723, giving y= 1.097. We will derive an expansion for H about 
y=.6. Such an expansion will converge for | y— .6 | < 1.6, since the only 
singular point of (16) is y—=—1. 
Putting t= y — .6, we write (18) in the form 


4(.6 + ¢) (1.6 + ¢)?H” (4, 7, t) 
(21) + 4(1.6 + t)[t+7 .6(2—j)+(2 j, t) 
+ [1—2j —4ij + .6(1 —2j) +1 — j, 0. 
This equation is satisfied by 
H=bo+bit+ 


where bo is obtained by substituting y—.6 in (19) and b, by substituting 
y= .6 in 
+ + 3asy2 
The other coefficients are determined in terms of by and Qj. 
The actual series for the values of 1 and j required are given in V. 
It will be seen that they converge rapidly. 


III. THe Recursion RELATIONS. 


9. In order to obtain the recursion relations for the ¢n‘*/? we establish 
such relations for the functions g(1, 7, ”). 

We begin by deducing by contour integration a well known relation 
connecting the values of c,‘” for three successive values of i. 


We have from (5) 
g (1, 0, 2*-1G-"/2qz, 
Observing from (2*) that 


0G/0z2 = —s-+ s/2?, 
we see that we can write 


g (i, 0, 1) = —(1/s) f 2t-1@-n/2 (0G-/dz) dz + g(i— 2, 0,1). 
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If we integrate by parts, observing that on account of the single valued 
property of G-"/? along the path of integration, the integrated term in the 
familiar formula is zero, we obtain readily 


g(t, 0, 1)= (s + 1/s)g(t«— 1, 0, 1)— | g(t— 2, 0,1). 
From (7) and (8) it follows that 
(22) 
21 — 2 2% — 3 

10. We have 


from which we obtain 


(23) g(t+1,j +1, 


If we multiply the two members of this relation by L(j + 2,n—2), 
and observe that 
(24) L(j + 2,n—2)—=(n— 2)L(j +1,n), 
we find 


nm—2 


or, changing 1 into i— 1, and 7 into 7 —1, 


1 
(49) ge 4-159) (4-1,4+1) 
(25) Cn SCn 
11. From (2*+) it follows that 
(26) G-i-n/2 — G-5-1-n/2 (1/z— (z— 8), 


from which it is seen that 
(27) g(t, +1, 
Multiplying by Z(j7 -+1,m) and observing that 


L(j+1,n)=(n + 2j)sL(j,n), 
we obtain 
(28) Cn gf 4 (nm + 


12. Replacing i by i—1 in (27) we have 
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(29) g(t—1, j, n)= 9 2,7 +1, 0)—sg(t— 1,7 + 1,n). 
On the other hand we have by integrating by parts, putting 
dv =(z— 8) 


the result 
i—1 
g(t, j, 2) iS dz 


+ s(n +27) (z — s) (1 — 1/22) 


2G+1) 
| — oi—2, +L). 


From this we derive 

(30) 2(7 +1) g(t, j, n)— 2(t — 1) sg —1, j, n) 

=(n + 27)sg(i— 2, +1, n)—(n + 27)8g(4,7 + 1,0). 

! Eliminating g(i— 2,7 + 1,n) between (29) and (30) and then elimi- 
nating g(ti—1,j7-+1,n) by means of (27), we have 

(31) 2i—2)sg(i—1, j, m)—[2(j + + m) 
=(n + 

Multiplying (31) by Z(j7-+1,”) and afterwards replacing by 7 +1, 


we have 


(32) (m+ 27 + 271) —[2(j + 1 + 1)—(n + 27 + 2) 87 Jen 


12. In order to obtain the next relation it is convenient to set 
A=g(i+1,j,n), X= g(i—1,j+1,n), 


B=g(i,j+1,n—2), ¥=g(i,j+1,n), 
C= Z=g(i+i1,n+1,n). 


SO 


SC 


| 
€ 
WwW 
( 
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( 
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Using (26) it is seen that 


(33) A=Y—sZ. 

On the other hand 
(34) C=—sY+Z. 

If we integrate by parts we obtain 

so that 
(35) 2UB+2(j+1)A=s(n+ 2%) (X—Z). 


But if we put 


G-s-n/2 —=(1 + 3? — sz — s/z) G-5-1-"/2, 
we find 
(36) B=(1+s8s?)¥ —sZ— sX. 


Eliminating X between (35) and (36) we obtain 
(n + 2j + 2i)B+2(j +1)A—=(n + 2) [ (1 + ¥ — 287]. 
But from (33) and (34) 
A—sC =(1-+ s?)Y¥ — 2sZ, 
so that 
(n + 2j + 2i)B 4 2(j +1)A =(n + (A — 80). 

We thus obtain finally 

(87) (n—2)g(i +1, j, n)—=(n + + 2i)g(i,j +1,n—2) 
+ s(n + 2j)9 (ij +2,n—2). 
If we multiply by L(j7 + 2,n— 2) and use (24) as well as the relation 
L(j + 2,n—2)—=(n + 2j)sL(j + 1,n—2) 

we find 
(38) (mn — 2) (m + 27 4 2i) Cao A 


a relation obtained by Innes in a different way.* 
If we eliminate c,‘-1-J*)) between (28) and (32) we find 


(39) —=(n + (m+ + 2) 


* Monthly Notices of the Royal Astronomical Society, Vol. 69, p. 639. The relation 
is however printed erroneously. 
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All the necessary recursion relations have now been obtained. 


13. Although the aim of the present paper is to give a convenient method 
for computing the c,‘+), we shall for the sake of completeness, as stated in 
§ 2, obtain the basic formula by which the Dc,‘ are expressed in terms of 
the 

We have 


8(09/0s) = — js f z'-1(z— 


—(j+ n/2)s (0G/0s) dz. 
But 
0G/ds = — 2(z — s)—(2z/s)0G/0z. 


If we use this expression and integrate by parts we find 


(40) j) (i, j, n) +(m + 2j)8g(i,j +1, 0). 
Put 
D= s(0/8s) ; 
then from (7) we have 


(41) Den? = g(t, j, n)DL(j,n)+ L(j,n)Dg (4, j, 0). 

If now we multiply (40) by L(j,n) and use the relation 
(n + 27)sL(j,n)= L(j + 1,0) 
to transform it we find by (41), since 
DL(j,n)= [(n + 27 —1)/2] n), 

the ultimate relation 

(42) Den P = [ (nm + 20 + 47 —1)/2] 4+ 
We have for instance 


Den = [(n + 2i—1)/2] + 
= [ (nm + /2]2en\ + (n + 2 +1) + 


etc.* 


*It is not desirable to give general algebraic expressions for Dme, (i) for larger 
values of m, but merely to compute the numerical coefficients. A table of the coeffi- 
cients is given by Newcomb, loc. cit., V., p. 313. 
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IV. OUTLINE OF THE COMPUTATIONS. 
14. To compute the ¢,‘+/).* 
The plan is to compute each column of the array starting from the bottom. 
(1) From the value of s compute the values of 


y= s?/(1—8*), = 1/(1—82), 


(43) ¥=s+1/s, = s/(1— 


(2) From the series expansions compute the values of ¢, and ¢,“. 
(3) From (22) we have 


2%—1 
(44) C1 SC, 


Beginning with the values of c,“® and c, compute successively 

(4) Using the series expansions compute ¢,{1%!, ¢,(1%2), 

(5) From (28) we have, for n = 1, 


(45) = 4(1 + 27) 


This formula enables us to complete the second, third, and fourth columns, 
by working from the bottom upwards.{ The computation is made to include 
the case 1 = 0, so as to give ¢,1), ¢,“1), ¢,13), Such quantities were not 
employed by Newcomb, but are needed here in order to start the table of the 

(6) The remaining columns are found in a similar way except that the 
bottom elements are gotten by recursion relations instead of from series. 
From (32) we find, on putting n—1 and j = 2, 3, 4, successively, 


25590, (%3) — (268, — Vy) 
(46) (%4) — (288, — 9y) 
29800, (%5) — (30s, — 11y) 
(7) We also need ¢,?”. From (39) we have, putting n—=1, i——1, 


*It is assumed that the c,(i,j) are needed up to i=10, j=6. More rows and 
columns can be added if necessary. For small values of s the entire computation can 


be shortened by methods that will suggest themselves. 
+ Since ¢,() is an elliptic integral of the first kind, it can be computed by a 


rapidly converging theta series, thus checking the first column. 
+ If we solve (45) for c,(i,j+1) we have a means, in conjunction with (44), to work 


downwards, adding new rows. 
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(47) 99ye,-15) — (22 — 12s,) 


15. To calculate the c,‘*?. 
(1) Putting n=3, 1——1 in (38) we have 


(48) —=(1 + 27) 4 
which gives the first row in the table up to 7 = 5. 

(2) Putting n=3 in (25) we have 
(49) C3 = gc, + 


which allows the table to be extended to as great a value of i as desired. 
(3) We need the values of cs‘-14) in order to start the table of the 


¢s‘*), From (28) we have 


(50) Cg gf + 27) 
This will give the values from cs-1” to cs“). We also require ¢,‘1®, 
From (39) 

(51) — (22 — 1481) 


16. The calculation of the c,‘*) is similar to that of the c,‘*?, etc. 

It is seen that there will be one fewer columns in the array of the c,‘#/ 
than in that of the c,‘+/. If necessary, a new column can be added to the 
c3‘*) as the last columns were added in the case of the c,‘*/’, calculating 
the final element of the column by (32) and working up the column by (28). 

The recursion formulas that form the distinctive feature of the present 
method are (25) and (28). They are the only ones that are repeatedly used 
with the exception of the classic formula (22). These formulas possess in a 
marked degree the characteristics essential for computational purposes. They 
do not lead to an accumulation of errors for coefficients are small and there 
are no negative terms, and furthermore they are rapidly used. Formula (25) 
is particularly accurate for n= 5,7. The coefficients in (25) do not depend 
upon either i or j, while those in (28) are constant down a column. This 
is a great advantage. Formula (32) does not have the merit of (25) and 
(28). This is seen by inspecting (46). Errors accumulate through its re- 
peated use. On this account it is desirable to compute c,‘1* to two more 
places that will be retained in c,“1%* etc. The rapidity of convergence of the 
series makes this practical. A similar criticism can be made of (39). No 
extensive use of it is made, however.* For smaller values of i, it may happen 


* Newcomb’s method of obtaining approximate values for numbers in columns to 
the right of those accurately computed was solely one of induction. 


t 
a 
us 
pl 
ex 
ab 


Wituiams: The Constants of the Disturbing Function. 583 


that (39) gives cn‘’/? as the sum and not the difference, of two quantities, 
and the formula becomes more accurate.* 


series in ¢= y — 


1.000 
— 0.025 


— 0.000 


V. Tue NuMERICAL SERIES. 


000 00 
000 00y 


000 


1%. The series employed in § 14 (2) and (4), and whose derivation was 
explained in II follow.t The series in y are used if y=.3, otherwise the 
6. 


== 4-5-11-13-17-19(s/4)8y* multiplied by one of the series 


0.985 836 16 
— 0.022 336 71t 
+ 0.001 933 39#2 
— 0.000 270 3728 
+ 0.000 049 43¢4 
— 0.000 010 
+0.000 002 


== multiplied by one of the series 


1.000 000 00 0.987 065 29 

— 0.022 727 27 — 0.020 485 382 
j) + 0.002 130 68y? + 0.001 643 37? 

— 0.000 341 45 — 0.000 214 74 
gs + 0.000 074 69y4 + 0.000 036 714 
— 0.000 020 — 0.000 006 78¢° 
+ 0.000 006 
+ — 0.000 002 26y7 
+ 0.000 000 88y8 
¢, (101) 16-13-17-19- 21(s/4)14y% multiplied by one of the series 

1.000 000 00 1.544 629 77 
y -+ 0.937 500 00y + 0.880 010 952 
e — 0.053 485 58y? — 0.043 047 37? 
) + 0.007 136 42y + 0.004 720 1928 
F — 0.001 385 03y4 — 0.000 726 91¢* 
| + 0.000 340 46y° + 0.000 137 82¢° 
— 0.000 099 06y® — 0.000 030 
d + 0.000 032 + 0.000 007 
— 0.000 012 01y8 — 0.000 002 
+ 0.000 004 78y® 
e — 0.000 002 04y1° 
e + 0.000 000 93y11 
*For instance, in the case of Venus-Earth, if we determine o,(1,6) from (39) 
nD using Newcomb’s values for c, (1-4) and c,(1,5) we find precisely his value to all seven 
places. 

0 + The series in y for c,(10) is the same as one of the series in Brown’s paper 


10 


except as to the number of terms and decimal places. Brown also gives expansions 
about y=.5 and y=1. All the series here given were computed by Miss Irene Price. 


| 

+ 0.002 556 82y2 
443 

+0.000 104 
— 0.000 030 25y5 

+ 0.000 010 

— 0.000 003 

+ 0.000 8 
— 0.000 | 

i 
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32 - 


1.000 
+ 1.903 
+ 0.825 
— 0.064 
+. 0.010 
— 0.002 
+ 0.000 
— 0.000 
+ 0.000 
— 0.000 
+ 0.000 
— 0.000 
+ 0.000 
— 0.000 


C, (193) 256-17 - 


series * 


1.000 
+ 2.875 
+ 2.653 
+ 0.701 
— 0.062 
+ 0.011 
— 0.002 
+ 0.000 
— 0.000 
+ 0.000 
— 0.000 
+ 0.000 
— 0.000 
+ 0.000 
— 0.000 
+ 0.000 


INDIANA UNIVERSITY. 


13-17-19 - 21-23(s/4)18y% multiplied by one of the series 


001 
000 


00 2.426 804 77 

1By + 2.832 665 16¢ 
15y? + 0.727 879 22¢2 
— 0.045 893 56¢3 
1ly* + 0.005 842 
— 0.000 987 
84y6 + 0.000 199 02¢¢8 
17y7 — 0.000 045 05¢7 
11y8 » + 0.000 009 92¢8 

56y1° 

12y11 

89418 


19 - 21 -23-25(s/4)15y* multiplied by one of the 


00 3.824 315 72 
00y + 6.768 654 73t 
00y2 + 3.801 102 4922 
+ 0.583 328 
50y4 — 0.039 025 67t4 
56y® + 0.005 305 
2278 —0.000 941 
Vy? + 0.000 193 22¢7 
04y8 — 0.000 033 
82y? 

8110 

44y12 

48y18 

18y14 

58y15 


*In spite of the number of integers that occur in the coefficients of the various 
series the power of s/4 reduces it in every case to a small quantity. For example in 
the case of Venus-Earth, for which log s = 9.85 9337, log y = 0.04 0346, the coefficient 
of the series is found to be 0.00 03601. 
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A System of Six Rectangular Biquadratics. 


By WATERS DEAN. 


This paper discusses a special set of six points in the inversive plane, and 
certain biquadratic curves related to them. It takes up the following topics: 


I. Representing the three vertices of a triangle by complex quantities 
a, b, and c, and studying the locus traced out by a point moving so as to sub- 
tend equal angles (modulo 7) at two sides ab and ac of the triangle, we know 
that this locus is a biquadratic having a double point at a, cutting itself at 
right angles there, and passing through the other two vertices of the triangle, 
its two Fermat points (denoted by f and f,) and the point o. Then, in addi- 
tion to the biquadratic cutting itself at right angles at a, and passing through 
b, c, f, f: and oo, there are five other curves which bear the same relation to 
the set of six points a, b, c, f, f, and o, namely: five biquadratics cutting 
themselves at right angles at b, c, f, f, and «©, respectively, and passing through 
the other five points of the set. Thus, the three vertices of the triangle, the 
Fermat points, and the point o are a special set of six points such that there 
can be found six biquadratic curves, each having a double point at one of the 
six points, cutting itself at right angles there, and passing through the other 
five. 

Moreover, it is shown that this set of six points can be broken up into 
two triads which are apolar. 


II. The study of the conditions under which, given a set of six points, 
the biquadratic having a double point at each and passing through the others 
will be rectangular. (A rectangular curve is one cutting itself at right angles 
at a double point.) A set of six points in the inversive plane is chosen, with 
the restriction that one of them be the point o, and the necessary conditions 
are derived. 


III. We next give the geometrical interpretation of the conditions 
derived in Section II. It is known that five points have a biquadratic invariant 
I,.* For any given four points this is a covariant biquadratic curve C,. The 
relation of the four and any point on C, is symmetrical. It is found that the 
set of six points mentioned in Section II is such that J, vanishes for any five, 
or, in other words, that the covariant C, of any four is on the other two. 


*This invariant I, is given in a “Note on Neuberg’s Cubic Curve,” by Professor 
Morley, American Mathematical Monthly, Vol. 32 (1925), pp. 407-411. 
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IV. It is then pointed out that the six points, together with the asso- 
ciated biquadratics,"may be taken as the fundamental points and curves of a 
Geiser involution in the inversive plane. 


We have before us the problem of finding the locus of a point which 
moves so as to subtend equal angles, modulo =, at two sides of a given triangle 
abc.* (By “equal modulo 7” we mean that either the angles are equal, or 
they differ by x.) If we denote our moving point by a complex quantity z, 
we may first try to find its locus when it moves so as to subtend equal angles 
(modulo 7) at the sides ab and ac. The line from b to z is a vector 
z—b=p,e*, Likewise, the line from a to z is a vector z— a = p.e*® and 
that from c to z is a vector z— c= pse*s, Now we wish the angles azb and 
cza to be equal, or else to differ by z. If we take the quotient (z— b)/(z—a), 
we find that it is equal to (p:/p2)e*®), where 0,— 6, is the angle azb. 
Similarly, (z—a)/(z—c) is equal to (p2/ps) where 6. — 63 is the 
angle cza. Now form the quotient 


[(2— b)/(z— a) ]/[ (2 — a) /(2 —c) ] = (pips/p2”) ), 


If the angles azb and cza are to be equal, we must have 6, — 4. = 62 — 0s, 
or 6, + 26.0. If azb —cza—n, we have 0, — Thus, 
the exponent of “e” in the quotient [(z— b)/(z—a) |/[(z—a)/(z—c) ] 
either vanishes or reduces to im, so that, in either case, the quotient reduces 
to a real quantity. Therefore, we have as a first fundamental equation: 


(1) [(z— b)/(2— a) ]/[ (2 —@)/(2— c)] = a real quantity. 
But, since a real quantity always equals its conjugate, we may write 
(2) 

= [(2— b)/(2—4) 
(3) (2 —a)?(2—b) (2 —%)—(2 — — b) (2 —c) =0. 


* This is, of course, an old problem. See, for example, Salmon’s “ Higher Plane 
Curves.” The problem is also discussed in an article by Professor M. T. Naraniengar, 
in the Proceedings of the Edinburgh Mathematical Society, Vol. 28, p. 73. The curve 
was called by the Belgian geometers the “focale & noeud.” It is identical with the 
strophoid, which was first considered by Barrow in Lectiones Geometricae (1669), 
p. 69. Further references are: Van Rees, Correspondance Mathématique de Quetelet, 
tome V, p. 361; Lebon, Journal de Mathématiques Speciales (1895); Teixera, Traité 
des Courbes Speciales Rémarkables, tome I, p. 30. <A history of the problem is given 
in Loria’s Speciale Algebraische und Transcendente Ebene Kurven (1902), pp. 66-67, 
where various additional references are given. 
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The curve given by (3) is, inversively speaking, a biquadratic passing 
through  ; projectively speaking, it is a circular cubic.* We shall think of 
it as a biquadratic. It is obvious that the curve passes through a, b, and c. 
Since the two Fermat points subtend equal angles, modulo z, at the sides of 
the given triangle, it is evident that our curve also passes through these points. 

If we consider the point z in a position very near to a, we know, of course, 
by hypothesis, that angle azb—angle cza. The angles abz and acz have 
become infinitesimal, and may be considered as equal. Then the angle baz = 
angle zac; that is, the angles at the vertex a become more nearly equal as z 
approaches a. This shows that the curve (3), passing through a, bisects the 
angle at a. In fact, it can be shown that this curve not only bisects the angle 
at a, but it has a double point there, and cuts itself at right angles at this 
point. Let us denote this curve by A. 

But A is not the only curve which furnishes us with a solution of our 
problem. For we may also have 


(4) (z—c)?(Z—d) (— b)—(Z — 2)?(z — a) (2 —b) = 0. 


This is the locus of a point z which moves so as to subtend equal angles. mod. z, 
at the sides ac and bc. It is a biquadratic on «© which passes through ¢, cuts 
itself at right angles there, and bisects the angle at c. It also passes through 
a and b and the two Fermat points. We denote this curve by C. Similarly, 


(5) (z — b)2(%— (2 — 2) —(Z— b)?(z — a) (z —c) =0 


will be the locus of a point z moving so as to subtend equal angles, mod. z, 
at the sides be and ba. It is also a biquadratic passing through a, b, c, f, fi 
and oo. It cuts itself at right angles at b, and bisects the angle at b. We 
shall speak of this curve as the curve B. 

So we have found three different curves which are solutions of our prob- 
lem. We thus have a net of biquadratics on the six points a, b, c, f, fi and ©. 
Now, since our biquadratics have double points at a, b, and c, respectively, 
and cut themselves at right angles at these points, is it not natural to sup- 
pose that we can find three more curves of the net, which have double points 
at f, f: and ©, respectively, and which cut themselves at right angles at these 
points? This assumption is found to be true. 

No simple method of obtaining the equations of the two biquadratics 
having double points at f and f, has been found, but we may find the equation 
of the one having a double point at o as follows: the curve will have an 


* See explanatory note at the end of this paper. 
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equation of the form LA+MB-+NC=0, where L, M, and N are real 
constants, which are to be determined. They must be determined in such a 
way that the curve will cut itself at right angles at 0. This means that the 
coefficients of the terms in 272, 27Z, 22” and zz must all be zero. The coeffi- 
cient of 272? is zero already. Equating the coefficient of z*z to zero we have 


(6) N(22—a4—})—0. 

Equating the coefficient of 22% to zero we have 

(7) L(b+ce—2a)+ M(a+c—2b)4+ N(a+b—2c) =0. 

Equating the coefficient of 22 to zero, 

(8)  L[2a(b + @)— 2a(b + c)]+ M[2b(a4 2)— 26(a + c)] 
+ N[2c(a + b)— 2é(a + b)] =0. 


In (6), (7), and (8) we have three linear homogeneous equations in three 
unknowns L, M, and N. They have solutions different from zero only if 


2a—b— 2-—a—b 
b+c—2a a+c—2b a+b—2c = 0 
|  2b(4+2)—2b(a+c) 


Adding the sum of the second and third columns to the first makes each ele- 
ment of the first column zero. Obviously, then, the values L = M—N =] 
will satisfy equations (6), (7), and (8), so that our biquadratic having a 
double point at infinity and cutting itself at right angles there is 
A+B-+C=0. A biquadratic cutting itself at right angles at infinity is 
known to be a rectangular hyperbola. In our case, the curve also passes 
through the three vertices of the triangle and its two Fermat points. The 
rectangular hyperbola passing through the three vertices of a triangle and ils 
two Fermat points is known as the Kiepert hyperbola of the triangle. So 
our curve is nothing more than the Kiepert hyperbola of the triangle. 
We may now state the following theorem: 


THEOREM 1. The three vertices of a triangle, its two Fermat points, and 
the point infinity form a set of six points such that the biquadratic having a 
double point at any one of them, and passing through the others, is rec- 
tangular. 
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THE Srx RECTANGULAR BIQUADRATICS ASSOCIATED WITH THE TRIANGLE abc. 


CurvE A—Biquadratiec with Double Point at a 
CurvE B—Biquadratic with Double Point at Lb ...........202-, 
CurvE C—Biquadratic with Double Point atc xxxxxxxxxx 
Curve F—Biquadratic with Double Point at f — — — — — — — 
CurvE F,—Biquadratie with Double Point at f, —— ——- —— — 
Curve H—Kiepert Hyperbola 
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In addition, these points fall into two triads abe and ff; © which are 
apolar. If abc and ff, are to be apolar, we must have 


Babe —(f +f, +20) (ab + ac + be) 
+(a+b +0) (ffi t foo + fie)— sffico =O. 


Then the sum of all quantities multiplying © must equal zero, or 
—(ab + ac+ bc) c)f'+ fi:)— should equal zero. 
Replacing a+ b+ c by s; and ab + ac -+ be by s2 we write: 


(9) — + + f:)— 3ff1 should equal zero. 
f and f; may be expressed in terms of a, b, and ¢ as follows: 
f= VV2/3Te, fi 8/3 2/303, 


where + ob + and v2 =a-+ 7) + 0¢ (w being one of the com- 
plex cube roots of unity.) 
We have now 


f = 281/38 + 02701) /3T v2, 

ffs = 81?/9 + 0102/9 — + 02701 
Substituting these values in equation (9) we have 

— 8, + 28,7/3 —(s8,/3) [ 52701) 
—s,?/3 — 0102/3 + (81/3) + T2701) 
should equal zero. 
$17/3' — 82 — V1V2/3 should equal zero. 

Now 

= (a + wd + we) (a + wb + = 8,’ — 352. 
Then we have 

$,?/3 — 82. — 8,7/3 + 8. = 0; 


which shows that the triads abe and ff;0 are apolar. This gives us 


THEOREM 2. The three vertices of a triangle are a set of points which 
is apolar to the set consisting of the two Fermat points of the triangle and 
the point infinity. 


We now take, on a curve K (namely, a biquadratic which cuts itself at 
right angles), the double point and five other points, and derive the condition 
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under which the biquadratic having a double point at each and passing 
through the others, will be rectangular. If we choose K to be a biquadratic 
cutting itself at right angles at infinity, we know that this is a rectangular 
hyperbola, and since the other five points must lie on this curve, we see that 
we may take as their co-ordinates 7% = mi yi =1/m (1=—1, 2, 3, 4, 5). 
Here z and y are Cartesian co-ordinates, and are not complex. 

If we wish to write the biquadratic passing through one of the points, 
say %1Y:, Which also passes through o, we need only write the equation of a 
circular cubic passing through z,y;. This will be of the form - 


(10) — 21) + 
+ + (y— 41) + e(y—1)? 
9(y—n)= 9, 


(a, b, and c are real, arbitrary constants, and not the a, b, and c of the pre- 
vious section.) When 2; =m, and y,;—=1/m, this cuts the hyperbola when 


(11) [(m—m,)? + (1/m — 1/m,)*] [a(m — m)-+ b(1/m—1/m,)] 
+ ¢(m — mz)? + d(m — m;) (1/m —1/mi) 
+ e(1/m— 1/m;)* + f(m—ms)+ g(1/m— 1/m,)= 0. 
Since this is to have a double point at m:, 1/m, and cut itself at right angles 


there, we must have f—g —0 and e—— ». Putting these values in equa- 
tion (11), simplifying, and removing the .uctor (m— m,)*, we have 


(12) [m?m,? + 1] [amm,(m— m,)— b(m — 


+ cm®m,? — dm?m,? — cmm, = 0. 


This is obviously a quartic in m, the coefficient of m* being am,°. We may 
accordingly write equation (12) as 


[m?m,? + 1] [amm,(m — m,)— — m) ] + 


— dm?m,? — cmm, = am,?(m — (m — az) (m — ag) (mM — ax), 


pass through the points mz, 1/m2; ms, 1/ms; m4, and ms, 1/ms, 
where a, @2, ds and da, are the roots of the quartic. But we wish our curve to 
Accordingly, we may substitute m2, ms, ms, and ms for a, d2, ds, and d, in 
the last equation, which then becomes 


(13)  [m?m,? + 1] [amm,(m — m,)— b(m — + 
— dm?m,? — cmm, = am,3(m — mz) (m — mz) (m— m4) (M— Ms). 


We are trying to find the conditions under which the biquadratic having 
a double point at m:, 1/m, and passing through the four other points 
M2, 1/m2; ms, 1/ms3 ms, ms, 1/ms and the point at infinity will be 
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rectangular. This will amount to finding some relation on m, m2, m3, m4 and 
ms. In (13) we have a relation involving all five m’s, but it also involves the 
arbitrary constants a, b, c and d. We must get rid of these constants in some 
way. To do this, we take equation (13) and let m=m, mm, =i and 


mm, = — 1 successively, thus obtaining the three equations 
(14) c(m,° — m,?)— = am,3(m,* — + — + 
(15) —2ct + d=(a/m,) — + — im,*o3 + 


(16) + d =(a/m,) (14 + m,‘*o4), 


where oi, o2, og and o, are the four symmetric functions of m2, ms, ms and ms. 

Solving the simultaneous equations (15) and (16) we obtain c—a/2 
og — 01) and d =a/m,(1— m,? o2 + Substituting these back 
in equation (14), we find that each term contains a as a factor, so that this 
may be cancelled out, leaving an expression which involves only m; and the 
symmetric functions of the other four m’s. This expression is, after some 
reductions have been made, 


(17) C71 + m,? — 2M, — 2m, = 0. 


This equation involves m,; in a way different from that in which the 
remaining four m’s are involved. This is because we started out by letting 
our biquadratic have a double point at m,, 1/m;. But we wish to treat all 
the m’s alike; i. e., we wish to find the condition under which the biquadratic 
having a double point at any m and passing through the others will be rec- 
tangular. So we must find a relation which will treat all the m’s alike. To 
do this, we introduce the symmetric functions of m1, m2, ms, ms and ms, which 
are denoted by 81, So, 83, $s and s;, and which are related to the o’s as follows: 


Ss; = +o, S3 = M302 + os, S5 == M404. 
Sp = M10; + S4 = M103 + 
Also, we have 
= 38, — Mm, = (84m, — 85) /m’, = 


Putting these into equation (17) and simplifying, we have: 
(18) (Ss — 3)+ — = 0. 
Equating coefficients of like powers of m, gives 

(19) = 3, 8, = 


Equations (19) give the condition which we sought; it proves to be two 
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relations On m3, M2, Ms, ms, and ms; if we desire to have just one condition, 


“ we may effect this by substituting for the s’s their values in terms of the o’s; 
this gives: m, 03 + o,=3 and m, + =3m, oy Elimination of m, from | 
d these two equations gives 
(20) 0103 — 1004 + 30,2 +3 =0. 
: This is a relation on m2, ms, mg and ms, but it will hold for any four of the } 
m’s. For instance, we might have started working with a biquadratic having 
a double point at mz, and then we should have arrived at a relation (20) : 
involving mi, ms, ms and ms. So (20) holds for any four of the m’s. 
- Equation (20) is fundamental in this work, so we state 
2 THEOREM 3. If we take, on a biquadratic which cuts itself at right 
k angles at infinity, the point infinity and five other points whose co-ordinates | 
is are 1/m,; m2, 1/m2; ms, Ms, and ms, 1/ms, then the con- 
e dition that the biquadratic having a double point at mi, 1/m, and passing q 
e through the other five points shall be rectangular ts: o,0; — 100, + 30,7 + 3 | 
= 0, where the o’s are the symmetric functions of m2, ms, msg and ms. i 
Il. 
e 
‘ In order to get a geometrical interpretation of the condition given in tl 
1 equation (20), we investigate the connection between our six points and ' 
Neuberg’s cubic curve for three points. 
: This curve is defined as follows: starting out with three points 2; 41, \ 
Y2, Neuberg’s cubic is the locus of points 2, y, satisfying the con- 
dition.* 
AosA14 + Ai4 1 j 
A’ = | Asi + Avs 1] =0, 
+ Asa 1 


where Ass is the squared distance between the points x2y2 and x3y3, and simi- 
larly for the otherA’s. This curve passes through the points 714:, t2y2 and 
t3¥3- In other words, if four points lie on a Neuberg cubic, A’ vanishes for i 
them. 

If we subject the four points involved in A’ to an inversion with center 
at x;ys and radius equal to k, we get 


* See the note by Professor Morley, referred to above. 
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where 
AosA14 AzsAisA45 + AraAosAss 1 
I, = AsiAz4 AsiAzsAas + AzsAssA15 1 = 0. 
A12As4 + AsaA1sA25 1 


If A’ =0 is the original Neuberg cubic, then Jz = 0 is a new curve, which is 
the locus of a point 7.y,, the other four points being given. The curve whose 
equation is J, 0 is a biquadratic; it is a covariant biquadratic curve of the 
four points 2, 1; 22, Y2; Vs, Ys and Zs, ys. This curve, which may be denoted 
by C2, is the “inverted Neuberg cubic with respect to one of the points (say 
%s, Ys) of any three of the remaining four (say 21, ¥1; Zz, Y2 and 2, Ys). 
The fifth point z,, y, is the variable point which traces out the locus.” * If 
five points lie on an inverted Neuberg cubic, J, must vanish for them. 

It should be noticed that while the Neuberg cubic seems to involve only 
four points, it really involves five, since it is a biquadratic on infinity. So 
it involves the four points which are explicitly contained in it, plus the point 
infinity. The inverted Neuberg cubic, or better, covariant biquadratic Cz 
involves five points explicitly, since, on inversion, infinity goes into 2; ys, and 
this appears in the equation. 

After this digression on the Neuberg cubic and the covariant biquadratic 
C+, we discuss the connection between these curves and our set of six points. 

If we wish four of our points, say m2, 1/m2; ms, 1/ms3; ms, 1/m4, and 
ms, 1/ms to lie on a Neuberg cubic, we must have 


(my — + (my — ms)? + 
[ (ms — ma)? + + 
[ (m2 — ma)? 4 | [ (ms—ms)® 


The problem of evaluating this determinant is quite interesting in itself, but 
since it involves many detailed operations which would be tedious for the 


* Morley, loc. cit., page 408. 
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reader, and which are unimportant for the purpose of this paper, we may 
omit them, and let it suffice to say that the determinant may finally be 
reduced to 


(A—B)? C 1 | 
1)? | (A—C)? B 1 | PLA 
(B—C)? A l A?(B—C)? A l 
where 
A = + B=mzm, + M3msz, C= mzms + 
This gives 


(o, — 1)?[— 3(A — B) (B— C) (C—-A)] 
—(AB+ AC + BC)(A—B)(B—C)(C— A)=0. 
Then either 


3(o,—1)*+(AB + AC + BC)=0 or (A —B)(B—C)(C—A)=0. 


Making the second expression equal zero makes one of its factors zero. If, 
say, A—B=0, then A=B and mm;,=m.m,+ m3m;. This 
makes either m; = mz or m,z= msg. We assumed our six points to be distinct, 
so this relation cannot hold. Therefore, we have 


3(o,—1)?+(AB+ AC + BC)=0, 3(o,— 1)? + o,03 — 40, = 0, 
304” — 60, — 40, + 0,0; + 3 = 0, 0103 — 100, + + 3=—0. 


Thus the condition that four of the points lie on a Neuberg cubic is 
exactly the same as the condition that the biquadratic having a double point 
at one of the six points and passing through the others shall be rectangular, 
since in each case the condition is 


100, 304” 3 = 0. 


Since this holds for any four of our five points, we know that any four 
of them lie on a Neuberg cubic, or A’ vanishes for any four of our five finite 
points. However, this really involves not four but five points. For when we 
are given a set of n points in the inversive plane, we have, in reality, n +1 
points, for the point infinity may always be regarded as an additional point 
of the set. So this condition involves, in reality, five points of our set, 
namely, four of the five finite points and infinity. If we do not like to bother 
with the point infinity, we can invert with respect to a point as. So that 
now, instead of dealing with a set of points m,, 1/mi; m2, 1/m2; ms, 1/ms; 
Ms, 1/mg; ms, 1/ms and infinity, we are dealing with a set of points a1, do, 
Q4, ds ANd ae, where ai(t1— 5) is the inverse of the point m:, 1/m; 
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and dz is the inverse of infinity. The old condition for rectangularity will 
invert into a new condition, and this will be the condition that the biquadratic 
having a double point at one of the six (finite) points a,,- - -, da, and passing 
through the others shall be rectangular. The old condition involved four 
points, and said that any four of the five finite points in the old set lay on a 
Neuberg cubic; the new condition involves five points and says that any five 
of the points a,° - *, ds lie on a covariant curve Cz (since a Neuberg cubic 
inverts into a C2), or better, that J, vanishes for any five of the six points. 

Now, suppose we investigate more closely our set of points ai,:*-, dg. 
Four of these, say dz, a3, dg and a; will determine a covariant curve Cz which 
passes through a2, a3, a, and a;. Any point on this curve, together with the 
points a2, ds, a, and ds, will satisfy the condition J;—0. We have already 
seen that any five of our set of points a;,- - -, a, satisfy the condition J, = 0. 
That is, J, will be zero for the points a, dz, ds, a4 and as and also for the set 
of points d¢, @2, a3, d4 and as. From this it is evident that a; and dg lie on 
the curve determined by dz, as, a, and as; that is, the C, determined by 
Gz, Az, d, and ds passes through a; and ds. In the same way we see that the C2 
determined by any four of the points is on the other two. 

We may also put it as follows: 


Choose a set of five of the points, say d2, 3, ds, ds and dg. Then 


G2, Az, determine a C, which passes through a; and dg, 
Az, M3, M4, Ag determine a which passes through a; and 4s, 
G2, As, As, ag determine a C2 which passes through a, and as, 
G2, determine a C2 which passes through a, and as, 
Az, A4, As, Mg determine a C2 which passes through a, and dp. 


It is to be noticed that all these C2’s pass through a,. Thus we may say: If 
we choose a set of five of the six points, then, by choosing sets of four points 
from this set of five points, we determine five C,’s. All five of these C,’s then 
pass through the sixth point. 

The results of the last three paragraphs are the most important ones 
arrived at in this paper. Accordingly, we re-state them, for better emphasis, as 


THEOREM 4. If we have a set of six points, which are such that the 
biquadratic having a double point at each, and passing through the others is 
rectangular, then the invariant I, vanishes for any five of them. The covariant 
curve Cz determined by any four is on the other two. Moreover, if we choose 
a set of five of the sia points, and set up the five covariant curves C2 which 
are determined by sets of four points chosen from this set of five points, then 
all these five C.’s pass through the sixth point. 
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IV. 


It is proper to regard the six points and associated biquadratics, which 
we have studied so far, as the fundamental points and curves of a Geiser invo- 
lution in the inversive plane. 

In the inversive plane, circles play the rdle which lines play in the pro- 
jective plane. A Cremona transformation in this plane is one which trans- 
forms circles into curves which behave like circles; i. ¢., into curves Cn* 
which are rational, which form a triply infinite system, and which are such 
that any two of them have as many free points of intersection as do two 
circles. 

Professor Morley, starting from this definition,t has determined that 
there are four symmetric Cremona transformations in the inversive plane, 
and has given some of their properties. The transformations are: 


A. One which transforms circles into circles, 

B. One which transforms circles into C,’s with four double points, 

C. One which transforms circles into C;’s with six four-fold points, 

D. One which transforms circles into C,;’s with. seven eight-fold points. 


These transformations are all involutory. 

Type C involves six points, and is therefore the one to which we shall 
confine our attention. This transformation sends a circle into a C; with six 
four-fold points. These six points are the fundamental points of the trans- 
formation. What are the fundamental curves? They are, of course, the 
transforms of the fundamental points. The transformation sends the C; on 
which a given fundamental point F is situated into a circle. Since the point 
F is of multiplicity four, a point P, in describing C;, passes through F four 
times. The transform of P, called P’, describes a circle, and this circle must 
meet the transform of F’, which is a curve Cn, just four times. A circle and a 
Cy, meet 2n times; therefore, 2n = 4, n = 2, and the fundamental curve is a 
biquadratic, or Cz. As a matter of fact, it can be shown that the biquadratic 
corresponding to a given fundamental point has a double point at that point, 
and passes through the remaining five fundamental points. Thus our funda- 
mental system consists of six points and six biquadratics, each biquadratic 
having a double point at one of the six points, and passing through the others. 

To a general circle corresponds then a C; with four-fold points a; 


* See explanatory note at end of paper. 

+ Unpublished report in mathematics seminary, Johns Hopkins University, Decem- 
ber, 1926. The question as to whether a transformation so defined is one-to-one is 
not of interest here; it was, however, discussed by Professor Morley in the report 
mentioned here. 
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(t=1,---,6). When the circle is on a;, the corresponding fundamental 
biquadratic A, is a factor of C;; the circle then corresponds to the other factor, 
a Cs with a double point at a, and.triple points at the other a’s. 

When the circle is also on d2, then Az factors out from C;, and what 
corresponds to the circle is a C3, with ai, d2 as simple points and dg d4 ds dg 
double points. 

Finally, to the circle on a, dz, as corresponds the circle on d4, ds, ds. 

To what Cremona transformation in the projective plane does this trans- 
formation correspond? In the projective plane, a Cremona transformation 
transforms lines into curves which behave like lines. So we must see what 
the effect of our transformation on a line will be. In the inversive plane, a 
line is simply a circle on infinity. Let us put one of the fundamental points 
of our transformation at infinity. Then, by (1) above, the transform of a 
line will be a C; with infinity as a double point, and five triple points. But a 
C; with infinity as a double point is, projectively, an octavic with J and J as 
triple points. Thus we see that our transformation corresponds to one in the 
projective plane which sends a line into an octavic with seven triple points. 
This is the well-known Geiser involution, and by analogy we call Type C the 
Geiser involution in the inversive plane. We can now restate our main 
theorem thus: 


There is a Geiser involution for which the six biquadratics are all rec- 
tangular. This requires three conditions on the six points. 


Note on Curves in the Inversive Plane. 

For the sake of those readers who are not familiar with the handling of 
curves in the inversive plane, I append the following note: 

In this plane we use as co-ordinates z= z + ty and 7= «— ty (a and y 
being the ordinary Cartesian co-ordinates of a point.) . These are variously 
called minimal, circular or absolute co-ordinates. A curve is given by an 
expression in z and Z, equated to zero. It is generally written in the form of 
a self-conjugate matrix such as 


2” 
Lites @ @& Qn 
| dic b, & Cn-2 
ds be Ps dns 


Ty 

‘ 

it 

i 

4 

0 

re) 

| | 

] 

as bs Ce d, = 0, 

an Bus das Ps 


Dran: A System of Sia Rectangular Biquadratics. 599 


where the p’s are real and the other numbers are complex quantities and their 
conjugates. This is read by multiplying every element by the quantities 
heading the row and column in which the element stands and adding all such 
products together. Thus, the curve written above would start off as 


+ G2 + + + == 0, 


A curve is always named after the highest powers of z and 2 occurring in it. 
For instance, if the term of highest power is pnz"2" the curve is called a bi-n-ic, 
and is denoted by Cy. It is easily seen that this curve is, projectively, a 2n-ic, 
with an n-fold point at J and an n-fold point at J, since if we express py2"2" 
in Cartesian co-ordinates it becomes pn(z? -++ y*)” and this is the leading term 
of the curve when written in the ordinary way. The simplest curve is the C; 


1 Zz 
Z| 


Or po + a2 + G2 + p,22 = 0, which is a circle, since it is a conic on J and J. 
The next simplest is the C, or biquadratic 


1 2? 
1 P. ay a2 
Z ay P, 0, 
Zz de bi P, 


or 
Pot ane + 4 Pyzd + + 0,72 + = 0 


which is projectively a quartic with J and J as double points. 

If, in a Gn, the coefficient of z"2" is zero, the C, passes through infinity. 
If, in addition, the coefficients of 2” 7-1 and 2" 2"! are both zero, the curve 
has a double point at infinity. Thus, writing the curve in matrix form, we 
see that by striking off the element in the lower right-hand corner, we make the 
curve pass through infinity. This causes the curve to be, projectively speaking, 
a (2n—1)ic, with I and J as (n—1) fold points, for our highest term 
will be of the form 


— (ke, + ike) + 2 (ky — the) 
= (hey + the) (x + ty) + (ki — the) — ty) J 
= (2? + y?)"1 [2k — 2koy]. 
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Taking off in addition the next two elements in the lower right-hand corner 
makes infinity a double point, and makes the curve equivalent to a curve in 
the projective plane of order 2n — 2, with (n — 2)-fold points at J and J. We 
see immediately that a circle on infinity is a straight line, while a C2 on 
infinity is a circular cubic. A C, with a double point at infinity is a conic. 

In general, we may say that starting in the lower right-hand corner of 
the matrix and striking off p diagonals in succession makes our C’, have a p-fold 
point at infinity; it is a curve in the projective plane of order (2n — p) with 
(n—p) fold points at J and J. Given a curve in the inversive plane whose 
highest terms are of the form kz°z4 and 22%, where p+ q, then the curve 
is a Cn, where n is the greater of the two integers p and gq, which passes 
through infinity p — q or g— ptimes. It is, in the projective plane a curve 
of order p + q which passes through J and J each either g or p times. Thus, 
a curve whose highest terms are of the form 2*2 and 2° is a C. with infinity 
as a simple point. It is projectively a curve of the third degree which passes 
simply through J and J; i. e., a circular cubic. 

A C, with an n-fold point at infinity is a curve in the projective plane of 
order n, not passing through J and J. Accordingly we may say that an ordi- 
nary curve of order n in the projective plane is, in the inversive plane, a Cy, with 
an n-fold point at infinity. A curve of order n in the projective plane which 
passes through J and J each m times becomes, in the inversive plane, a Cn_m 
with infinity as (n——2m)fold point, whose highest terms are of the form 
gnmz™ and z™z"™. Thus, a curve of order nine in the projective plane, which 
passes through J and J each three times, becomes a C, with infinity as a 
triple point, whose highest terms are of the form z°z* and 7°z°. 

One more point concerning these curves must be called to the attention of 
the reader: A C,, and a Cm have in common 2mn points.* For the Cn, being 
a 2n-ic with n-fold points at I and J, and the Cm being a 2m-ic with m-fold 
points at I and J, intersect in 4mn points; but the intersections at J and. J 
use up 2mn of these, so that, as a consequence, we may say that they have 
in common only 4mn — 2mn = 2mn points. 


* The common points are either actual intersections or common image-pairs. 
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Concerning the Rational Curves R:(JJ) and 
By H. E. ARNOLD. 


1. The rational space quintic curve, R;°, is given parametrically by four 
binary quintics 


(1) E,°: Vi =(a,t)5, 1, 2,3). 
The pencil of apolar quintics 
(2) p(bt)® + a(ct)® 


has been called the fundamental involution, and the necessary and sufficient 
condition that a binary quintic represent a plane section of the curve is that 
it be apolar to the fundamental involution. 

In general there is a unique quartic apolar to the fundamental involution, 
and therefore a rational space quintic possesses a unique quadrisecant line. 
But if the four conditions imposed on the binary quartic by making it apolar 
to the quintics (2) are not independent, then there is a pencil of quartics 
apolar to the fundamental involution. This means that the curve possesses 
an infinity of quadrisecant lines, and it is said to be of the second species.t 
We shall designate this type of curve by the symbol R,°(JI), and shall call 
the pencil of apolar quartics, 


(3) A(Bt)* + 
the “ auxiliary involution.” The curve lies on a quadric and the «’ quadri- 


secant lines form one set of rulings. 
The rational plane quartic curve is represented by three binary quartics 


(4) R,*: (ait), (t= 0,1, 2), 
and the fundamental pencil is the involution of quartics apolar to (4). The 
form (3) will be considered also as the fundamental pencil of R-*. 

The two curves R,* and R,°(IZ) can therefore be regarded as being 
determined, to within projections, by a pencil of binary quartics, or by means 
of the unique binary sextic, ¥, apolar to such a pencil. 

Setting 
Bi Bj 
Yi Yi 


(5) pi = 


* Presented to the American Mathematical Society, October 27, 1928. 
t Bertini, “ Sulle Curve Gobbe Razionali Del. 5. Ordine,” Collectanea Mathematica 
in mem. D. Chelini. 
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the combinants * of (3) are expressed in terms of these determinants. The 
invariants for various special types of the curve R,* have been found ¢ and in 


the following table we give the relationship of some of these forms to the 
quintic R,° (IZ). 
Conditions on Quartic 
Pencil of Quartics Ossesses 
of R,°(II) 
I, —(12/— 3612)? =0 1 bitangent Degenerate | 
flex conic 
I, —(12’— 3612)? = 0 2 bitangents Biflecnode 
I. 16,8 0 
I, 36I,)? = 0 3 bitangents 3 biflecnodes 
I. 16/,° 0 
(qt)? =0 J 
I,=0 1 linear 1 cusp 
inflexion 
I. 0 
[ (12’—4I2)?—I,]? 2 linear 2 cusps 
+128 (I2’/—4I2) inflexions 
Ie 0 
[ (1e’—4I2)?—I,]? 3 linear 3 cusps 
a 128 2 (I.’—4]I2) | inflexions 
I, 64], (I.’— 4T.)—(I2’— 4I,)? 0 
Apolar sextic ¥ 1 four-point R.* reduces to 
has triple root contact rational 
tangent cubic 
Apolar sextic ¥ 2 four-point R.* reduces 
is cube of a quadratic contact to conic 
tangents 


* The relations between the Morley and the Salmon combinants (Salmon, Modern 
Higher Algebra, 4th Edition, pp. 219-221) are: I,—=—B; I,’=—12B—A; 
I,=D; (qt)*=P; (st)* =Jd. 

¢ Rowe, “ Covariants and Invariants of the Rational Plane Quartic,” Transactions 
of the American Mathematical Society, Vol. 12, p. 304; Winger, “ Self-Projective 
Rational Curves of the Fourth and Fifth Orders,” American Jowrnal of Mathematics, 
Vol. 36, p. 59. 

t Thomsen, “The Osculants of Plane Rational Quartic Curves,” American Journal 
of Mathematics, Vol. 32, p. 207. 
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2. The curve R,°(IJ) for which J, vanishes is particularly interesting. 
The vanishing of J, is the condition that the pencil (3) be the first polars 
of a binary quintic. For the plane rational quartic J, 0 is the triple point 
condition, and it is known that the canonizant of the quintic form gives the 
parameters of the triple point. 

Let us take as the base quintic form 


(6) (at)® aot® + 5ayttr + + + Bagte* + 


The fundamental involution is readily obtained from the auxiliary involution, 
and we note that the five points of the curve which are given by the roots 
of (6) lie on a plane, which we shall call the plane z. Let us designate by 
(at,) (at)* and (at.) (at)*, respectively, the first polars of (¢:,71) and (t2, t2) 
with respect to (6). It can easily be verified that 


(7) (te— ter) (at,) (at)* —(tr1 — tir) (ate) (at)* = (tit2 — tet1) (at)>. 
But 


(8) (tre — ter) (at,) (at)* 
and 
(9) (tr, — tyr) (ate) (at)* 


are plane sections of the curve. Moreover, when the quintics giving three 
plane sections are linearly related the planes are in a pencil, and hence the 
planes (8) and (9) intersect on 7. Thus if P; and P2 are any two points 
of the curve, and q, and gz their polar quadrisecants, respectively, we have 
the planes Pig, and P2q, intersecting on the plane z. 

If we let R,°(II) be given by 


Lo = t[Ar (Bt)* + pa (yt) *] 
| &==7[Ai (Bt)* + (yt) *] 

| —=[r2(Bt)* + 


where Ai(Bt)* + wi(yt)* and A2(Bt)* + we(yt)* are any two members of the 
auxiliary involution, then the curve lies on the quadric 


(11) — 0, 
and the equation of the plane z is 
(12) — — A123 = 0. 


The equations of the plane sections (8) and (9) are given by 
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(13) (tipo — T1Az) — + (71A1 — (T2%2 — tots) —= 0 
and 

(14) — (71% — + — (71%2 — 123) 0, 
respectively. 

If C be the conic in which 7 cuts the quadric (11), and if S, and 8, 
be the points in which C is met by the quadrisecants q; and q2, respectively, 
then as P2 moves along the curve while P; remains fixed, the planes (13) 
and (14) give rise to a pencil of lines through 8; As S2 is brought into 
coincidence with 8, the line 8,82 becomes tangent to C, and we have the 
theorem: If I, vanishes the plane through a point P, of the curve and tts 
polar quadrisecant q, cuts the plane =m in a line which is tangent to the conic C. 
A simple geometric method for finding the pole of a given quadrisecant is 
thus afforded. 

But the tangent line to C at S, lies in the plane of the two generators 
through that point, and hence the conic C may be further characterized as 
being the locus of points through which pass a unisecant and a quadrisecant 
generator such that the point on the unisecant is the pole, with respect to 
(at)°, of the quarttc gwing the quadrisecant. The curve itself may 
then be considered as being specialized in this way when the invariant J, 
vanishes, 

If we let ¢==0 be one of the roots of (6), then the polar of (0,1) gives 
the quadrisecant through this point. But t—0 is then also a root of the 
polar quadrisecant, and hence one of the four points has moved up to the 
conic C. This gives the theorem: At the five points whose parameters are 
the roots of the base quintic (6), the tangent line to the curve, the tangent 
to the conic, and the quadrisecant through the point considered are coplanar. 


3. In the theory of the rational plane quartic the undulation invariant 
I, was obtained as the eliminant of the two forms (t)* and (yt)* of the 
fundamental pencil. If we impose the condition that the I, of the auxiliary 
involution of R;°(IJ) vanish, then each member of the system of quadri- 
secants would have a root in common. Since the quadrisecants form one 
system of generators of the quadric on which the curve lies, that surface 
would have to be a quadric cone. But then a plane through two of the 
elements of the cone would cut the quintic in seven points. Similarly, if 
(Bt)* and (yt)* had two roots in common a plane through two elements 
would meet R,°(ZI) in six points. If, however, the two quartics have three 
roots in common the curve has a triple point at the vertex of the cone.* We 


* Mueller, Dissertation, Die Rationale Kurve Fiinfter Ordnung im Fiinf-, Vier-, 
Drei- und Zweidimensionalen Raum. Leipzig (1910), p. 78. 
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conclude, therefore, that I, cannot vanish for any R,°(II) which does not 
have a triple point. 

The R,°(IZ) with a triple point corresponds, then, to the R.* with three 
undulations. As in the case of such a plane quartic the sextic © for R,°(JZ) 
is not a unique form, but any member of a net of sextics will serve to recover 


the curve.* 


4. The R,°(II) which possesses two four-point contact tangents is in- 
teresting because it sets up a null system. Taking the equations of such a 
curve as given by Colpitts,t 
(15) (II): fot’, tr*, 
the equations in planes are found to be 
(16) 37°, €&—=—dir*, 30°. 

Hence it can be shown without difficulty that the five planes which osculate 


the curve at the points cut out by the plane (é~)—0 meet in a point which 
itself lies on (éx) ; dually, a point in space gives rise to a plane through itself. 


5. A pencil of binary quartics has also been studied from the point of 
view of a pencil of line sections of R.*. In what follows we will make use 
of this interpretation. 

Consider an R.* with distinct nodes B, C, D, and the o° ecubies C,* 
which pass through B, C, D, and any fourth point A not on R.*. Each 
such cubic C,* cuts R.* in six more points, and we have therefore o°* binary 
sextics. :Such a system of cubics is determined by six linearly independent 
members, and likewise the involution of sextics is defined by the six corre- 
sponding sextics. But there is a unique sextic f* —(dt)® apolar to the six 
independent sextics. Any sextic apolar to f* is a member of the involution, 
and one cubic C,* passes through the six points corresponding to the given 
sextic. The roots of /* give the contacts of the six cubics C.* which have 
six-point contact with R.*. 

Now any line through A, together with a conic on B, C, and D is a 
degenerate cubic C,*. This means that the four points on a line through A, 
with any two arbitrary points of the curve R.*, give a sextic apolar to f*. 
In other words, the quartics obtained from the pencil of lines through A 
are apolar to f®. Hence the theorem: The‘roots of the unique sextic apolar 


* Neelley, “ Compound Singularities of the Rational Plane Quartic Curve,” Ameri- 
can Journal of Mathematics, Vol. 49, p. 391. 

¥ Colpitts, “On Twisted Quintic Curves,” American Journal of Mathematics, 
Vol. 29, p. 336. 
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to the pencil of quartics obtained from the line sections through a fixed point 
not on R.* are the parameters of the contacts of the sia cubics C.* which 
pass through the nodes of R.* and the fixed point and have six-fold contact 
with the curve. 

Furthermore, when we examine the degenerate cubics C,° which pass 
through one and two fixed points, respectively, of R2*, we obtain the theorem: 


The four points ‘on a line through A are such that any three of them 
form the canonizant of the first polar of the fourth with respect of f*; the 
second polars of f* with respect to two points on a line through A gwe 
harmonic sets. 


We note particularly the case where the point H# on the quartic, taken 
with the points A, B, C, D, determines a conic, which in turn cuts out another 
point of the curve. Calling this sixth point Ff, we see that the net of line 
sections of R.* gives rise to quartics apolar to the second polars 
(dtz) (dtr) (dt)*, where EF and F are in an involution J,,,? formed by the 
conics on A, B, C, D. Thus the quartics of the net of line sections are not 
apolar to a net of quartics,—the second polars of f*—as might seem to be the 
case, but to the pencil of quartics obtained from the quadratic involution. 
We may take as the base quartics of the pencil the pure second polars of f* 
with respect to the two points £, and EF, at‘which conics on A, B, C, D have 
contact with R,*. Designating this pencil by 


(17) A(dta,)?(dt)* + w(dtn,)? (dt)*, 


and noting that the net of line sections of R.* is apolar to (17), we see 
that (17) is the fundamental pencil of the curve. The net of second polars 
of f* therefore contains the fundamental pencil. We can thus say that 


The «7 points of the plane give rise to a net of binary sextics, f*, each 
including among its second polars the fundamental pencil of the quartic Ret. 
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On Varieties of Three Dimensions with Six Right 
Lines through Each Point. 


By H. SIsam. 


Among ‘surfaces, it is a well known and quite useful theorem that if, 
through each point of the surface, there pass just two distinct right lines 
lying on the surface, then the surface is a quadric. It is the purpose of this 
paper to prove an analogous theorem for varieties of three dimensions; namely, 
if through each point of the variety there pass just six right lines which lie 
on the variety, then the variety is a cubic hypersurface in four dimensions. 

Denote by Vz; such a variety of three dimensions. Since each rectilinear 
generator at a point P of V; is a fourpoint tangent to V; at P, the variety 
has, at each of its points, six fourpoint tangents and lies in a space of four 
dimensions.* No three of the generators through a generic point can be 
coplanar; otherwise the quadric cone of three point tangents to Vs; would 
be composite and the six generators through that point would not be distinct. 

Let a given generic point O on V; be taken as origin and the tangent 9; 
to Vs at this point be taken as the coordinate space w= 0. Let the equation 
of Vs be given in each of the forms 


(1) w= ¥,2)+ y, 2) + (2, 2) +° 
and 
(2) w= A(a,y)+ 2B(2,y) + 2C (2, y)+ 2D(a,y)+° °°, 


where ¢; is homogeneous of degree 1 in x, y, z and A, B, C, etc. are power 
series in z and y only. 

We shall suppose the codrdinate system chosen so that no generator in 
the neighborhood of the origin lies in a space z= const. Let the six systems 
of rectilinear generators on Vs be defined on the variety by the equations 
(3) z=u-+zoi(u,v) 2t;(u, v) (4 = 1, 2, 3, 4, 5, 6) 
where 
(4) 

(uv) = oo +0, +o, +4, 
(uv) to + 4+ 1, 2,3, 4, 5, 6) 


* Compare, e.g., the author, “On Three-spread Satisfying Four or More Homo- 
geneous, Linear, Partial Differential Equations of the Second Order,” American 
Journal of Mathematics, Vol. 33 (1911), pp. 97-128. 
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in which are constants and are homogeneous of degree 
jinwand v. From (2) and (3) we have, further, for the generators of each 


system 
(5) w=A(u,v)+ 2[B(u, v)+ Auoi + Acti] 


and the restrictive conditions on the coefficients in (2) 


(6a) C+ Byoi + Bots +(%!) [Auuoi? + 2Auvoiti + Avoti?] =0 


(6b) D+ Cues + + (4%!) [Buuoi? ++ +(%4!) 


(6c) E+ Dyos + Dots + (35!) +> -] +> 
(6d) + Foti + (4%!) +: -=0 
ete. 

Each rectilinear generator at the origin lies in w= 0 and also satisfies 


the equations 
= 0 o3 = 0 = 0 ete. 


In particular, since the six distinct intersections of ¢.—=0 ¢;—0 lie on 
= 0, we have 


(7) ps = + Bodo, 


where @, is linear and f, is quadratic in z, y, z. 
Consider, now, the cubic hypersurface 


(8) $s + %(w— Bow + yow(w — Biw* + =0 


where @, and f are the forms defined in (7), the quantities Bo, yo are con- 
stants, as yet undefined, and f, is an undetermined linear form in z, y, z. 
We shall show that the quintic cone 


(9) $s — % $4 — Bods = 0 


in w= 0 has each of the generators w —0 ¢2 = 0 $3; = 0 of Vz; at the origin 
as a double generator. It will then follow that this quintic has ¢.—=0 as a 
component and that the residual cubic component passes through each of 
these generators and is thus of the form yo¢s + Bids = 0, 80 that 


(10) ps = + Bobs + yohobs + Bide”. 


If, in (8}, we take for yo and f; the quantities defined by (10), the expansion 
in series of the cubic hypersurface (8) will coincide with (1) to the terms 
of ¢;5 inclusive. 

To show that the cone (9) has the given lines as generators, we take 
the codrdinate system so that any one of the generators at the origin is 
w= =y=0 and that 
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with Six Right Lines through Each Point. 


= — y’, 

bs = 2B, (x, y)+ 
where B. and A; denote respectively the second degree terms of B and the 
third degree terms of A in (2). Let, also 


Oy (LYZ)== + + Gory, 
then, from (7), 
ps = Bootz® + +° 
Since z = y = w = 0 is a generator, ¢; vanishes forz = y=0. Let 
From (6a) and (6b), since ooo = too = 0, we have 
(11) == 0,7 =—(Boow + Mov), 
where o; and ?, are the first degree terms of o and ¢ respectively for the system 
that contains the line = w=0. 
From (6c) we now have 
ds (u, 1)= + (Boo + Goo") 


But, in codrdinates u, v, 1, we have 


Aids + Bobs = + (Boo + Goo") 
Hence the cone + B2¢3)= 0 in has the generator y 
= w= 0 as a double line, and, since this is any one of the six generators 
at the origin, ¢5 is of the form (10). 
Next, we shall show that the cone 


(12) — + Bods + + yobs” + = 0 

in w= 0 has each of the generators w= ¢2 = ¢3; 0 of Vs; at the origin 
as a triple line from which it will follow at once that 

(13) = + Bods + + yobs” + 2Bidebs + Bode’. 


If, in (9), we take for By the value determined by (13), then the expansion 
of the cubic hypersurface coincides with that of Vs; as given by (1) to the 
terms of ¢¢ inclusive. 

If we denote by Az, B2,-C2, etc., the terms of A, B, C, etc.,; of second 
degree in u and v, we find, from (6a) and (6b) 


= — [C2 + + Bovts + Az(o,t;) ] 
=— [Dz + Couor + + Bz (arts) | 


from which, using the values of o,, ¢; determined by (11), we have ao, ts 
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determined uniquely in terms of the coefficients of d2, ds, $4, $5. From (6c), 
(6d), and (6e), we now have 


[Duce + Dyvte + Douyor + + C2(oxt1) | 
+ Gy = 0. 


These equations fix the coefficients of the terms of ¢¢(u,v,1) of degree 
not more than two in uw and v uniquely in terms of those of ¢2, ds, da, os: 
It follows that these coefficients are identical with those of the corresponding 
expansion of the cubic (8). But, for (8), the sextic corresponding to (12) 
is identical with — f#o¢2°—0 and thus has a triple generator along 
z=y=—w=0. It follows that the given sextic (12) has each generator 
of w = 2 = $3; = 0 as a triple generator and thus is identical with a constant 
times ¢2* = 0. Hence ¢¢ is of the form given by equation (13). 

Finally, the terms of ¢;(u,v,1) involving uw and v to not more than the 
third power are determined uniquely by those of ¢2,- + -,¢s. In fact, from 
(6a), (6b), we obtain 


— [Cs + Bouoe + + Bavte + — 
+ (Asuuor? + RA + Agvvty?) ] 
= — [Ds + + Covte + Cuts + Bouyoo2+ Bous (oite + 
Bovvtrte + (Bouuor? + + Bsvyts?) + As ty) 


From these equations, o, and ¢; are uniquely determined in terms of the 


From (6c), (6d), (6e) and (6f), we find 


[Diuos + + + + Dovte 
+ + Couv(orte + Covvtrte 
+ (Csuuor? + 2Csuvoits + Csvvts?) + As (rts) ] 
F,=— + + + + D2(oyt1) | 
Gy =— + Fits] H,=0. 


These equations fix the terms of ¢7;(u,v,1) of degree three or less in 
wu and v terms of those of ¢2,: --,¢s. It follows that these are identical 
with the corresponding terms of ¢,’, which arises from the seventh degree 
terms of the cubic (8) so that ¢;(z2, y, z)— $7 (a, y, 2) = 0 has 
as a fourfold line. Since this holds for each generator w= ¢.—¢;—= 0, 
we have ¢;=¢,’. Thus the cubic (8) has contact with (1) to the terms 
in ¢7 inclusive. Since this contact holds at an origin chosen generically 
on Vs, it follows that the given variety coincides with the cubic hypersurface. 
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The Oscillation of a Sequence.* 
By WaALLIE ABRAHAM HURWITZ. 


1. Introduction. For any given sequence (x) of real or complex num- 
bers 2, Zo, * * let 


Q(z)= lim sup | tm— Zn | 
M->00, 


be termed the oscillation of the sequence. In order that (x) be convergent 
it is necessary and sufficient that Q(z)—0. The oscillation of a sequence 
may be considered as measuring the deviation of the sequence from convergence, 
just as the oscillation of a function at a point may be considered as measuring 
the deviation of the function from approach to a limit at the point. As 
defined, (2) may be a (finite) number = 0 or the symbol + o. 


In order that Q(x) be finite, it is necessary and sufficient that (x) be 
bounded. 


If (x) is bounded, obviously (x) is finite. On the other hand suppose 
that Q(z) is finite, and let Q > Q(z). There exists an integer q such that 
when m=q, n=q, then |tm—a2n| <Q. In particular, for n=q, 
| <Q and |a%n|<Q-+ therefore the greatest of the q 
numbers 


| %1|, Q+|2¢| 


is an upper bound of all | zn | . 

For a bounded sequence, Q(z) may also be defined as the maximum of 
all distances between pairs of limiting values of (x). For a bounded real 
sequence 


(1) Q(2)= lim sup zn — lim inf gp. 
n-—>Co 


2. Effect of regular transformation. By the familiar Silverman- 
Toeplitz theorem, in order that the transformation 


k=1 


be regular, i.e., transform every convergent sequence (x) into a sequence (y) 
having the same limit, it is necessary and sufficient that 


* Read before the American Mathematical Society, December 27, 1929. 
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Hurwitz: The Oscillation of a Sequence. 


(I) for each k, lim daz =0; 


(II) lim ¥ 


k=1 


(III) for all n, | is bounded. 
k=1 


The object of the present paper is to consider the change effected on the 
oscillation of a sequence by a regular linear transformation of the form (A), 


and specifically to insure that 
(3) a(y)S A(z). 


The problem has an obvious relation to a result obtained in an earlier paper *; 
it was shown that if the elements of (A) are real, and only real sequences (2) 
are considered, then in order that a regular transformation (A) may be 


such that 
(4) lim sup ¥n S lim sup 2 
00 


n 


and 
(5) lim inf y, = lim inf a 


n->0O 


whenever (2) is bounded, it is necessary and sufficient that 


(6) (IV) lim | ane |—1. 


k=1 


In fact, for a bounded real sequence, it is clear that (IV), being sufficient 
for (4) and (5), is sufficient for (3). But (3) does not imply both of (4), 
(5), so that the theorem mentioned does not show that (IV) is necessary 
for (3). A slight modification of the proof given would establish this 
necessity, even for the complex case; but in the complex case, on the other 
hand, (4) and (5) are meaningless and therefore cannot be used in order 
to show sufficiency. The whole question is therefore now discussed inde- 
pendently ; the following theorem will be proved: 


In order that a regular transformation (A) may be such that Q(y)SQ(z) 
for every sequence (x), (IV) is necessary and sufficient. 


3. Proof of Necessity. To prove the necessity of (IV) we suppose that 
(I), (II), (III) hold, but (IV) fails, and exhibit a sequence (x) for which 
Q(y)> Q(z), thereby establishing a contradiction.t If 


*W. A. Hurwitz, Proceedings of the London Mathematical Society, Series 2, 


Vol. 26 (1927), pp. 231-248. 
+The construction of the sequence (#) involves only minor modifications of the 


proof previously mentioned; loc. cit., pp. 238-239. 
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lim sup | | > 1, 

n->0O 
then for some « > 1, there will exist values of n arbitrarily great for which 
> | >. Choose n; so that 


| | > 
By (1), | ana |—0 as n—> we can therefore choose nz so that 


> | < 1/2, 
k=1 


neg 

| | > 
k=1 

In general, choose np so that 


Np-1 Np 
> |a,2/<1/p, | >; 
ke=1 k=1 
then also 


np 

| | > %—1/p. 

Now define * 
ow define 


— sgn k N15 
SEN An,,k, Np-1 <k = Np- 
Then for all k, | <1, and 2. We find that 


Np 
k=1 


Np-1 Np+1 Np 
k=1 k=npt1 k=np_3+1 
Np-1 
a Any, 
k=1 


=F — 
k=1 


In the last expression the absolute values a the first two terms are together 
not greater than 


| | + S| | <1/(p +1)+1/p < 2/p; 
k=1 k=1 


the absolute values of the last two terms (which are real and of like sign) 
are together greater than 


“Here sgn ¢=|2|/e or 0 according as 20 or 2=0; hence in all cases 
2sgn z=|2|. 
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{a— + 1)]} + [«—(1/p)] > 20— 2/p. 


Hence 


| — Yny | > 2a —4/p. 
Thus 


= lim sup | yn | = lim SUP | — Yny | 


m->CO, n->00 


= lim >2=a(z), 
p—>0o 


and Q(y)> Q(z). 


4. Proof of Sufficiency. It will now be shown that if (I), (II), (III), 
(IV) hold, then Q(y)S Q(z). In case 0, no proof is necessary. 
Let 0(2)—w be finite; since (x) must be bounded, let | 7 | =X for all n; 


let | dna |—An. For «> 0 there is an integer p such that when p> p, 
k=1 
v> p, then |t—a|<o+e If m>p,n>p, 


Ym — Yn => 
k=1 


= (Qm,% — On) te + S 
k=1 k=p+1 k=p+1 
The absolute value of the first term of the last expression is not greater than 
Dp Dp 
2X | | + anx |, 
k=1 k=1 
which, by (I), has the limit 0 as m and n become infinite. Thus 


Q(y) = lim sup | Om xe | 


k=ptl1 
Furthermore 


n n 


k=p+1 k=p+1 v=p+1 
p=p+1 v=p+1 
+ > Am,pAn,v (Lp — 
H=p+1 v=p+1 


But 
Om, utp) (1 — anv) | SXAm|1— An,v | 


u=p+1 v=pt1 


| (> (1 — > | = XA, | 1— | 
v=p+1 
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each of which, by (I), (II), and (IV), has the limit 0 as m and n become 
infinite. Thus 

Q(y) = lim sup | >> Am,pOn,v (tp — tv) |. 


=p=ptl v=ptl 


Finally, 
| > > An, pOn,v (Lp — tv) | S > | || @n,v | (w+ €) 
=(o + €)AmAn, 
so that, by (IV) 
A(y)So+e 


Since this holds for each « > 0, it follows that O(y)So—Q(z). 


5. Variations of the Theorem. For the special sequence used in § 3 in 
order to prove the necessity of (IV), Q(x) is finite; hence 


In order that the regular transformation (A) may be such that Q(y) 
= (zx) for every sequence (x) such that Q(x) is finite, (IV) is necessary 
and sufficient. 


The Silverman-Toeplitz theorem holds if we restrict ourselves to real 
transformations of real sequences; also if every element of (A) is real, then 
the sequence (x) chosen in § 3 is real; hence 


In order that the regular transformation (A) with real elements may be 
such that Q(y) SQ(x) for every real sequence (x), (IV) is necessary and 
suffictent. 


6. An Interpretation. It may not be superfluous to point out that when 
(II) is satisfied, (IV) is equivalent to the requirement that in the sum of 
absolute values of elements of a row of (A), the total contribution of the pure 
imaginary parts and of those real parts which are negative, is negligible. In 
order to state this more precisely and prove it, we note the following lemma: 

For any real numbers ux, Vx, 


(S uz)? + ve)? S (m2 + 
k=1 k=1 


For n = 2, this follows at once by rationalization; for n > 2, it can be shown 
by induction or repeated application of the case n= 2. 


In this formula write uz = | bn |, =| Cnn |, where + 
and bn,x, Cn,x are real: 
(7) (S| One |)? | ene |)? | 
k=l k=l 


12 


| 
In; | 
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Suppose (Ii) holds; then 


(8) lim 
n-0o k=1 
and 
(9) bas Sd | bax | | 
k=1 k=1 k=1 


If (IV) also holds, then by (IV), (8), and (9), 


(10) lim > | | = 1; 
k=1 

and by (IV), (7), and (10), 

(11) lim | cox |—=0. 
k=1 


But (IV) can also be deduced from (II), (10), and (11), since 


n n n ” 
ane | SD | One | + D | | - 
k=1 k=1 k=1 k=1 


Thus: 

If (11) holds, (IV) ts equivalent to (10) and (11). Now let 
(12) b*n,x =(bnx + | bn,k | )/2, = (On — | | )/2, 
so that 

b *n ke if 0, 
{ “nk if <0; 
btn x 0; b-nx = 0. 
Then 
(13) One = + Onze | btn — 


From (10) and (8), by (12), we find 


(14) lim lim Sbaz—0; 


k=1 n—>0o k=1 


while from (14), by (13), we could deduce (10) and (8); from (8) and 
either equation of (14), by (13), we could deduce (10). Thus: 


(II) and (IV) are equivalent to (11) and (14). If (II) holds, then 
(IV) ts equivalent to (11) and either equation of (14). 
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Determination of All the Groups of Order 64. 
By G. A. MILLER. 


INTRODUCTION. 


Among all the groups whose orders do not exceed 100 those of order 64 
present by far the greatest difficulties in view of the very large number of 
distinct groups of this order. The groups of every other order within this 
limit have been published either separately or as special cases of well known 
general categories. In fact, since 64—2° these groups are also included 
among those of order p*, p being a prime number. This general category is 
the subject of a Paris thesis, 1904, by M. Potron, but not all the possible 
groups of order 64 appear therein, and the more general methods of treatment 
which are employed there naturally involve many difficulties which do not 
present themselves in this special category. It may be of interest to tabulate 
here the number of groups of every order not greater than 100 whenever there 
is more than one group of the same order. 


Order 4 6 8 9 10 12 14 16 18 20 21 22 24 25 26 27 
Order 28 30 32 34 36 38 39 40 42 44 45 46 48 49 50 52 
Order 54 55 56 57 58 60 62 63 64 66 68 70 72 74 75 76 
Nember 16 2 13 2 218 2 494 46 2 6 
Order 78 80 81 82 84 86 88 90 92 93 94 96 98 99 100 

Number 6 52 15 2 15 2 12 108 4 2 2 230 5 2 16 

The total number of groups whose orders do not exceed 100 is therefore 1074 


and for each of 37 of these orders there is only one group. 


1. Abelian groups. An abelian group of order p”, p being a prime 
number, whose invariants are p™, p™,:---,p™ is said to be of type 
**,m and there is only one such group if -, my 
represent positive numbers such that m,-+ mz+---+-++m,—™m, and such 
a group is completely defined by its type. Hence there are exactly eleven 
groups of order 2°, which correspond respectively to the following partitions 
of 6 with respect to addition: 6,5-+1,4+2,41+1+1,3+3,3+2441, 
+1-+1+1. It is known that every non-abelian group of order 64 contains 
an invariant abelian subgroup of order 16, but it does not necessarily contain 
an abelian subgroup of order 32.* We may therefore divide the non-abelian 


* Miller, Blichfeldt, Dickson; Finite Groups (1916), p. 120. 
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groups of order 64 into two categories which are composed respectively of 
all those groups which involve at least one abelian subgroup of index 2 and 
of all those which do not have this property. The former category will be 
considered first. 


2. General theorems relating to non-abelian groups. which contain an 
abelian subgroup of index 2. If H represents an abelian subgroup of index 2 
under the group G, then G can be obtained by adjoining to H an operator s 
which transforms H according to an automorphism of order 2 and has its 
square in H, and any operator which satisfies these two conditions gives rise 
to a group whose order is twice the order of H when it is adjoined to H. In 
order to determine these automorphisms of order 2 it is desirable to note that 
every commutator which arises from an automorphism of order 2 of any 
group whatever corresponds to its inverse under this automorphism, and that 
the commutators which arise from an automorphism of an abelian group con- 
stitute a subgroup of this abelian group. 

Since every commutator which results from an automorphism of order 2 
gives rise to a commutator which is the inverse of the square of the former 
commutator, it results that, when the order of a commutator arising from 
an automorphism of order 2 of an abelian group is odd, then every generator 
of this commutator which appears in this abelian group and has an order 
involving no prime factors besides those of the order of the commutator must 
give rise under the same automorphism to a commutator whose order is equal 
to the order of this generator. As this commutator must correspond to its 
inverse under this. automorphism, there results the following theorem: If a 
commutator of odd order results from an automorphism of order 2 of an 
abelian group, and if s is any generator of this commutator whose order én- 
volves no prime factor besides those which divide the order of this commutator, 
then an operator whose order is equal to that of s corresponds to its inwerse 
under the same automorphism. From this theorem it results directly that 
in an automorphism of order 2 of a cyclic group of odd prime power order every 
operator must correspond to its inverse, and hence there is only one possible 
automorphism. of order 2 of such a cyclic group. 

When 4 commutator arising from an automorphism of order 2 of an 
abelian group is of even order, this commutator will give rise to a commutator 
whose order is one-half of the order of the former commutator. In particular, 
when a commutator of order 2 arises from such an automorphism, it must 
correspond to itself under this automorphism. In general, a generator of a 
commutator of even order arising from such an automorphism must give rise 
to a commutator whose order is equal to one-half the order of this generator 
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whenever the order of this generator involves no prime factors except those 
which appear in the order of the commutator. From this it results that when 
the abelian group is cyclic and of order 2”, then there is one automorphism 
of order 2 which gives rise to a commutator of order 2, while in the other 
possible automorphisms of order 2 at least one-half of the operators of this 
cyclic group must correspond to their inverses. There can therefore be only 
two such other automorphisms. Since every abelian group admits an auto- 
morphism in which every operator corresponds to its inverse, and such an 
automorphism of a cyclic group of order 2” can not be the square of another 
automorphism of this group, it results from the given theorems that the group 
of isomorphisms of this cyclic group is of type (#,1). This is a new proof 
of this well known fact and illustrates the usefulness of the theorems noted 
above. 

In view of the fact that the multiplying group can often be used to 
simplify the study of the automorphisms of an abelian group, we note here 
a few more properties of this group. It is especially useful to know some of 
the properties of the multiplying group which corresponds to the transform 
of a given automorphism under the group of isomorphisms. It may first be 
noted that if under an automorphism of an abelian group the multiplier of 
a given operator s is ¢, then under the inverse of this automorphism ¢" is 
the multiplier of ts. In particular, the multiplying group corresponding to 
an automorphism is the same as that which corresponds to the inverse of this 
automorphism. A necessary and sufficient condition that the multiplier of 
an operator s under a given automorphism is the inverse of the multiplier 
of s under the inverse of this automorphism is that this multiplier is in- 
variant under this automorphism. In general, if the multipliers of s corre- 
sponding to two automorphisms of an abelian group are ¢, and ¢2, then the 
multiplier of s in the product of these two automorphisms, in order, is fgtet,, 
where ¢; is the multiplier of ¢; under the second automorphism. 

The preceding theorems may be illustrated by a consideration of all the 
possible automorphisms of order 2 of the abelian group H of order 2% and of 
type («—1,1), «>4. The commutator subgroup corresponding to such 
an automorphism must be cyclic since a non-cyclic commutator subgroup 
would involve all the operators of order 2 contained in H and hence all these 
operators would correspond to themselves in this automorphism. The quotient 
group corresponding to a subgroup involving all the operators of order 2 
contained in H is obviously cyclic. There are three non-conjugate operators 
of order 2 in the group of isomorphisms of H which correspond to commutator 
subgroups of order 2. When the commutator subgroup is of order 4, it is 
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not contained in a cyclic subgroup of order 8, and hence the two corresponding 
automorphisms of order 2 are conjugate. 

When the order of the commutator subgroups corresponding to an auto- 
morphism of order 2 exceeds 4 it must be 2%? since at least one-half of the 
operators of H must correspond to their inverses in such an automorphism | 
in view of the fact that an operator which is the square of an operator of 
highest order must correspond to its inverse therein. There are two cyclic 
subgroups of order 2%? in H and each of these is a commutator subgroup 
arising from an automorphism of order 2. When the commutator subgroup 
of this order is generated by the square of an operator of highest order con- 
tained in G and the corresponding central is non-cyclic, every operator of H 
corresponds either to its inverse or to its 2**—-1 power. These two auto- 
morphisms are not conjugate under the group of isomorphisms of H, but the 
two automorphisms of order 2 which arise when the central is cyclic and the 
commutator subgroup remains unchanged are conjugate. When the commu- 
tator subgroup is the other cyclic subgroup of order 2%?, the four possible auto- 
morphisms are conjugate in pairs. Hence the following theorem: The group 
of isomorphisms of the abelian group of order 2% and of type (a—1,1), 
a > 4, involves fifteen operators of order.2; three of these are invariant and 
the other twelve are conjugate in pairs. Hence there are nine such auto- 
morphisms which have the property that no two of them are conjugate under 
the group of tsomorphisms. 

A very simple illustration of the general theorems noted above is fur- 
nished by the operations of order 2 in the group of isomorphisms of the 
abelian group of order 2 and of type (1, 1, 1---). Im this case all the 
commutators must correspond to themselves in such an automorphism, and 
hence the number of such non-conjugate automorphisms is equal to the largest 
integer which does not exceed a/2. When the abelian group is of order 2¢ 
and of type (2, 1,1: - -), the commutator subgroup which corresponds to an 
automorphism of order 2 must again appear in the central under the auto- 
morphism, and the number of the independent generators of this commutator 
subgroup may be any natural number which does not exceed «/2. When the 
commutator subgroup is of order 2 and a > 3, there are always four such 
automorphisms which are not conjugate under the group of isomorphisms. 
The largest number of non-conjugate automorphisms of order 2 corresponding 
to a given order of the commutator subgroup is obviously 5, and this number 
is always attained when this order exceeds two and its square is less than 
one-half of the order of the group. When this square is equal to one-half 
of the order of the group, there are four such automorphisms, and when it is 
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equal to the order of the group, there are two such automorphisms. This 
gives rise to the following theorem: The number of non-conjugate operators 
of order 2 in the group of isomorphisms of the abelian group of order 2™ 
and of type (2,1,1-- -) is one if m= 2, three if m—=3, and if m > 3 and 
is even it is 1 + 5(m— 2) /2, while when m is odd tt is 3 + 5(m— 3) /2. 


3. Groups which involve either the cyclic group of order 32 or the 
abelian group of order 32 and of type (4,1). It is well known that there are 
always four non-abelian groups of order 2”, m > 3, which involve the cyclic 
group of order 2”-1. As these four groups are so well known, we shall not 
consider their properties here. It was noted in the preceding section that 
when H is the abelian group of order 32 and of type (4,1) there are nine 
non-conjugate automorphisms of order 2, and hence we proceed to consider 
the possible groups of order 64 which may correspond to these automorphisms. 

When the commutator subgroup is the characteristic subgroup of order 2 
and the central is cyclic, there is only one group which does not involve an 
operator of order 32, while there are two groups when this central is non- 
cyclic. When the commutator subgroup is a non-characteristic subgroup of 
order 2, the central must be non-cyclic and there are two additional groups. 
Hence five distinct groups of order 64 result when the commutator subgroup 
is of order 2. Each of these five groups contains three abelian subgroups of 
index 2 in view of the obvious theorem that a necessary and sufficient con- 
dition that a non-abelian group of order p” which involves an abelian sub- 
group of index p contains p+ 1 abelian subgroups of this index is that the 
commutator subgroup is of order p. 

When the commutator subgroup of H is of order 4, the central must 
be cyclic and there is only one corresponding group of order 64. When the 
commutator subgroup is of order 8, the central may be either cyclic or non- 
cyclic and the commutator subgroup may be either of the two cyclic sub- 
groups of order 8. Hence there are four such automorphisms. There are 
three groups when each operator of H corresponds to its inverse, and there 
are two groups when these operators correspond to their seventh powers. When 
the central is non-cyclic and the commutator subgroup is the other cyclic 
subgroup of order 8, there are two additional groups. Hence there are seven 
groups when the central is non-cyclic and the commutator subgroup is of 
order 8. When the central is cyclic, it is the subgroup of order 4 which 
cannot be generated by an operator of order 8 contained in H. There are 
two groups when the commutator subgroup is the cyclic group which is gen- 
erated by an operator of order 16, while there is only one group when the 
commutator subgroup is the other group of order 8. Hence there are 16 
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groups of order 64 which contain the abelian subgroup of type (4, 1) but 
no operator of order 32. 


4. Groups which involve the abelian group of type (3,2) but no abelian 
group of order 32 which involves an operator of order 16. In view of the 
theorem that if a non-abelian group of order p” contains more than one 
abelian subgroup of index p, then each of its operators appears in at least 
one of its p+ 1 abelian subgroups of this index, it is clear that the restriction 
imposed on the groups under consideration is equivalent to saying that when 
the commutator subgroup is of order 2, these groups cannot contain an opera- 
tor of order 16. There are four non-conjugate automorphisms of order 2 
in which the corresponding commutator subgroup is of order 2. When the 
central involves operators of order 8 and the commutator subgroup is the 
characteristic subgroup of order 2, there is only one group, but there are two 
groups when the commutator subgroup is not characteristic. When the central 
is of type (2,2), two groups correspond to each of the two non-conjugate 
automorphisms but only three of these are distinct, and hence there are six 
groups when H is of type (3, 2) and the commutator subgroup is of order 2. 
When the commutator subgroup is the non-cyclic group of order 4, the central 
is of type (2,1) and there are two non-conjugate automorphisms. Two groups 
correspond to one of these, while only one group results from the other. 
Hence three groups of order 64 result from the non-cyclic commutator sub- 
group of order 4. 

When the commutator subgroup is one of the two cyclic groups of order 
4 whose operators cannot be used as an independent generator of H, then 
there are two non-conjugate automorphisms of order 2. In one of these, 
exactly half of the operators of H correspond to their inverses, and this gives 
rise to three distinct groups of order 64, while the other gives rise to two 
additional groups of this order. Only one automorphism of order 2 corre- 
sponds to the other cyclic group of order 4 as a commutator subgroup, and 
this gives rise to two additional groups of order 64. Hence the cyclic com- 
mutator subgroups of order 4 give rise to seven groups of order 64 when the 
central is non-cyclic. It gives rise to two such groups when the central is 
cyclic. One of these two groups involves operators of order 16 which do not 
appear in an abelian subgroup of order 32. 

It remains to consider the case when the commutator subgroup is of 
order 8 and hence it is non-cyclic. The central must therefore be the non- 
cyclic subgroup of order 4 contained in H, and the commutator subgroup 
must be composed of the operators in H which are squares. There are three 
groups in which all the operators of H correspond to their inverses, and two 
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additional ones when all of these operators correspond to their third powers. 
The remaining two automorphisms in which all the operators of order 4 
correspond to their inverses are conjugate and there are two additional groups 
which correspond to one of these automorphisms. There are only two non- 
conjugate automorphisms of order 2 when not all the operators of order 4 
correspond to their inverses. In one of these one-half of the operators of 
order 8 correspond to their inverses while the rest correspond to their third 
powers. Two groups of order 64 arise from this automorphism, while only 
one group results from the remaining automorphisms. Hence ten distinct 
groups result when the commutator subgroup is of order 8, and there are 28 
groups which result from the automorphisms considered in this section and 
are not simply isomorphic with the groups resulting from the automorphisms 
considered in the preceding sections. 


5. Groups which involve the abelian group of type (3,1,1) but no 
abelian subgroup of index 2 which has less than three independent generators. 
Since a group of order 64 which contains the abelian group of type (3, 1,1) 
cannot contain any other abelian subgroup of order 32 when the order of its 
commutator subgroup exceeds 2, it is only necessary to exclude the groups 
from the enumeration of the present section in which one of the two other 
abelian subgroups contains just two independent generators. The group of 
type (3,1, 1) contains seven subgroups of index 2. One of these is of type 
(2,1,1), and the other six are of type (3,1) and are conjugate under the 
group of isomorphisms of H. When the central is of type (2,1,1), there 
are two groups whose commutator subgroup is the characteristic subgroup 
of order 2, and there are three additional groups whose commutator subgroup 
is a non-characteristic subgroup of order 2. When the central is of type 
(3,1), there is obviously only one additional group. Hence there are 6 groups 
of order 64 when the commutator subgroup is of order 2. 

When the commutator subgroup is the non-cyclic group of order 4, it 
must appear in the central of H, and hence this central must be of type (2,1). 
There are therefore two non-conjugate such automorphisms of order 2. In 
one of these, four operators of order 4 correspond to their inverses and this 
gives rise to two groups, while the other gives rise to only one group. Hence 
three groups of order 64 result when the commutator subgroup is the non- 
cyclic group of order 4. When the commutator subgroup is the cyclic group 
of order 4 which is generated by an operator of order 8 and the central is of 
type (1,1,1), every operator of H corresponds either to its inverse or to its 
third power. In the former case there are three groups while there are two 
such groups in the latter. When the commutator subgroup remains un- 
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changed but the central is of type (2,1), then half of the operators of H 
correspond to their inverses while the rest correspond to their third powers. 
There are three such groups. When the commutator subgroup is another 
cyclic subgroup of order 4 and the central is of type (1, 1,1), there are three 
groups and there are two additional groups when the central is of type (2,1). 
Hence 16 distinct groups result when the commutator subgroup is of order 4. 

It remains to consider the possible groups when the commutator sub- 
group is of order 8. As this must be non-cyclic, the central must be the non- 
cyclic group of order 4 which involves the characteristic subgroup of order 2 
and an independent generator of this order. The commutator subgroup must 
involve this central and the subgroup of order 4 which is generated by an 
operator of order 8. Hence at least 8 operators must correspond to their 
inverses and there are two non-conjugate automorphisms. In one of these, 
16 operators correspond to their inverses, while in the other, eight operators 
correspond to their third powers. Hence three groups result when the com- 
mutator subgroup is of order 8 and the total number of groups resulting from 
the automorphisms of this section is 25. 


6. Groups of order 64 which contain an abelian subgroup of order 32 
but no operator of order 8 which appears in such a subgroup. If H is of 
type (2, 2,1) and the central is of type (2,2) there is only one group. The 
three abelian subgroups of index 2 contained in this group are of the same 
type. When the central is of type (2,1,1) and the commutator subgroup is 
the characteristic subgroup of order 2 contained in the central, there are two 
groups. When this commutator subgroup is the square of an operator of 
order 4 in H which is not in the central, there are three groups, and when 
it is another subgroup of order 2 contained in H, there are two additional 
groups. Hence there are eight groups of order 64 which contain the abelian 
subgroup of type (2, 2,1) and two other abelian subgroups which do not in- 
volve an operator of order 8. 

When the commutator subgroup is the non-cyclic group of order 4, the 
central must include the characteristic subgroup of this order contained in H. 
There are three such groups in which every operator of H corresponds to its 
inverse. If the commutator subgroup and the central remain the same, but 
only half of the operators of H correspond to their inverses, there are again 
three groups, while there are two additional groups when none of the opera- 
tors corresponds to its inverse. When the central remains the same, but the 
non-cyclic commutator subgroup of order 4 is changed, there are three groups 
when half the operators of H correspond to their inverses, and there are two 
groups wher. this is not the case. When the central of @ is of type (2,1) and 
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the commutator subgroup is the non-cyclic group of order 4, there are three 
groups in which half the operators of H correspond to their inverses, and two 
groups arise from the other possible automorphism. 

A cyclic commutator subgroup of order 4 implies that the central is of 
type (2,1), and hence it results that there are two such groups. Therefore 
there are twenty groups of order 64 which involve the abelian group of type 
(2,2,1) and give rise to a commutator subgroup of order 4 with respect to 
this abelian group. Suppose that in an abelian group of order 2” an operator 
of order 2% gives rise in an automorphism of order 2 to a commutator of 
order 2%. The square of this operator is multiplied in this automorphism by 
an operator whose order is equal to this square. The central co-set to which 
this square belongs must involve an operator whose order is twice the order 
of this square since every commutator which arises from an automorphism 
of order 2 corresponds to its inverse in this automorphism. This proves the 
following theorem: If an operator of order 2% of an abelian group of order 2™ 
gives rise to a commutator of order 2% in an automorphism of order 2, then 
the central under this automorphism must involve an operator of order 2% 
which generates the same operator of order 2 as the commutator generates. 
From this theorem it results directly that an automorphism of order 2 of 
the abelian group of type (2, 2,1) cannot give rise to a commutator subgroup 
of order 8 since this commutator subgroup would be of type (2,1). 

If a group of order 64 involves the abelian subgroup of type (2,1, 1,1) 
but no abelian subgroup of index 2 which has less than four independent 
generators, and its central is of type (1,1,1,1), there are three groups when 
every operator of H is transformed into its inverse and there is one group 
when the central is of type (2,1,1). When the central is of type (1,1, 1,1) 
but not every operator of an abelian subgroup of index 2 corresponds to its 
inverse, there are two more groups, so that there are six groups which have 
a commutator subgroup of order 2. If the order of the commutator subgroup 
exceeds 2, this subgroup cannot include any operator of order 4 and hence 
its order cannot exceed 4 in accord with the theorem noted in the preceding 
paragraph. If the central is of type (1,1,1) and the commutator subgroup 
involves the characteristic subgroup of order 2, there are three groups when 
half of the operators of order 4 correspond to their inverses, and there are 
two groups in which none of these operators corresponds to its inverse. 

When the central remains of type (1, 1,1), but the commutator subgroup 
does not involve the characteristic subgroup of order 2, there are two groups. 
When the central is of type (2,1) there are again two groups. Hence there 
are fifteen groups of order 64 which involve the abelian group of type 
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(2,1,1,1) but no abelian subgroup of index 2 which has less than four 
independent generators. When all the abelian subgroups of index 2 in G 
are of type (1,1,1,1,1), the commutator subgroup must be of order 4 and 
there are two groups. In one of these, all the additional operators are of 
order 4, while only three-fourths of them have this property in the other. 
The total number of non-abelian groups of order 64 which involve an abelian 
subgroup of index 2 is therefore 118. 


Groups CoNTAINING No ABELIAN SusGrouP oF INDEX 2. 


It was noted in §1 that every group of order 64 contains’an invariant 
abelian subgroup of order 16. The groups which remain to be considered 
may be divided into three distinct categories. The first of these is composed 
of all those which contain only one abelian subgroup of order 16. The second 
comprises all those which involve more than one such abelian subgroup but 
no two of them appear in a subgroup of order 32. The third category is 
composed of those which involve at least one subgroup of order 32 which 
contains three abelian subgroups of order 16. If such a group of order 64 
contains oniy one abelian subgroup of order 16, this subgroup cannot be cyclic 
since such a subgroup must be transformed by the rest of the operators of 
the group according to a subgroup of order 4 in its group of isomorphisms, 
and every subgroup of order 4 in the group of isomorphisms of the cyclic 
group of order 2”, m > 2, contains an operator of order 2 which transforms 
one-half of the operators of this cyclic group into themselves. 

The group of isomorphisms of the abelian group of order 16 and of type 
(3,1) can clearly be represented as a transitive group of degree 8 with respect 
to letters corresponding to its operators of order 8, and when it is thus repre- 
sented it contains a subgroup of order 8 formed by a (2, 2) isomorphism 
between two regular non-cyclic groups of order 4. The remaining operators 
of this transitive group interchange the two cyclic subgroups of order 8 and 
are composed of four operators of order 2 and four of order 4. As the squares 
of the latter correspond to the automorphism in which every operator corre- 
sponds to its fifth power, it results that a group of order 64 which involves 
no abelian subgroup of order 16 besides the one of type (3,1) cannot trans- 
form the operators of this subgroup according to a cyclic group of order 4. 
Two of the operators of order 2 in the group of isomorphisms of this abelian 
group which interchange its cyclic subgroups of order 8 are commutative with 
all of its operators which are not of highest order, and this is also the case of 
the product of the remaining two operators of order 2 which interchange 
these cyclic subgroups. It therefore results that if a group of order 64 con- 
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tains only one abelian subgroup of order 16, this subgroup cannot be of 
type (3, 1). 

%. Groups containing only one abelian subgroup of order 16. In what 
precedes we used the symbol H to represent an abelian subgroup of index 2 
but in this and the next section it will be convenient to use this symbol to 
represent the single abelian subgroup of order 16 contained in G since the 
properties of this subgroup will be frequently under consideration. From what 
precedes, it results directly that H must be one of the three groups whose 
types are (1,1,1,1), (2,1,1), (2,2). We shall first determine all the 
possible groups when H is of type (1,1,1,1), and hence the group of iso- 
morphisms of H is the alternating group of degree 8. This group involves 
two sets of conjugate operators of order 2. Under one of these half of the 
operators of H correspond to themselves and this operator corresponds to the 
substitution of degree 8 in the said alternating group. Hence it cannot ap- 
pear in the group of order 4 according to which H is transformed under G. 
As this operator appears in one of the two sets of conjugate cyclic subgroups 
of order 4 contained in the group of isomorphisms of H it results that H 
appears in only one group of order 64 which transforms the operators of H 
according te a cyclic group of order 4. 

There are two sets of conjugate non-cyclic groups of order 4 in the 
group of isomorphisms of H which correspond to subgroups of the alternating 
group which involve no substitution of degree 8. One of these sets corre- 
sponds to regular groups, and each group is composed of operators which are 
commutative with all the operators of the same subgroup of order 4 contained 
in H. Hence the operators of G cannot transform the operators of H ac- 
cording to this subgroup of order 4 since the resulting group would involve 
more than one abelian subgroup of order 16. The operators of G must there- 
fore transform the operators of H according to a group of order 4 which 
corresponds to the non-cyclic group of order 4 and of degree 6 contained in 
the alternating group of degree 8. Hence there is also only one group of 
order 64 which transforms H according to a non-cyclic group of order 4, and 
there are two groups of order 64 which contain this H but no other abelian 
subgroup of order 16. 

When H is of type (2,1,1) the Sylow subgroup of order 64 in its group 
of isomorphisms is the same as before, but this group of isomorphisms con- 
tains more sets of conjugate operators whose orders are powers of 2 than the 
preceding one. In particular, there are now three sets of conjugate cyclic 
subgroups of order 4 but only one of these involves operators of order 2 which 
are not commutative with half the operators of H. Hence there is only one 


a 
a 
our | 
G 
mi | 
of 
er. 
ian 
unt 
ed § 
sed 
nd 
1s 
ch 
64 | 
lic 
of 
q 
ic 
ns 
De 
ct 
e- 
m 
rs 
8 
ia 
28 
n 
h § 
| 


628 Mitter: Determination of All the Groups of Order 64. 


group of order 64 which contains this H and transforms it according to a 
cyclic group of order 4. To prove that there is also only one set of conjugate 
non-cyclic subgroups of order 4 which give rise to a group of order 64 which 
satisfies the given conditions, it may be noted that when the group of iso- 
morphisms of this H is represented as a subgroup of order 192 in the holo- 
morph of the regular group of order 8 and of type (1,1,1), the subgroup 
of order 24 composed of all the substitutions which omit one letter of this 
group of order 192 is transitive on six letters. It contains two sets of con- 
jugate non-cyclic subgroups of order 4. These are of degree 4 and 6 re- 
spectively. As only the latter can be used according to the considerations 
noted above it results that there are only two groups of order 64 which involve 
the abelian group of type (2, 1,1) but no other abelian group of order 16. 

If H is of type (2,2) the Sylow subgroup whose order is a power of 2 in 
its group of isomorphisms is of order 32 and contains 19 operators of order 2 
and 12 operators of order 4. It can be represented as a transitive group. of 
‘degree 8 involving the direct product of two regular non-cyclic groups of 
order four. One of these corresponds to a cyclic commutator subgroup of order 
4 and hence it requires no consideration here. The other two correspond to 
commutator subgroups of order 8. In the square of one of these all the 
operators of H correspond to their inverses while only half of them correspond 
to their inverses in the square of the other. As one group corresponds to each 
of these automorphisms there are two groups of order 64 which transform 
this H according to a cyclic group of order 4 and contain only one abelian 
subgroup of order 16. 

When H is transformed according to a non-cyclic group of order 4 the 
commutator subgroups arising from its operators of order 2 cannot all be 
non-cyclic. Hence two of them must be cyclic groups of order 4 while the 
third is a non-cyclic group of this order. There are two such non-conjugate 
subgroups of order 4 in the group of isomorphisms of H. In one of these 
the operator of order 2 which gives rise to a non-cyclic commutator subgroup 
transforms every operator of H into its inverse while in the other it trans- 
forms only half of these operators into their inverses. In the former case 
there are two groups of order 64 while there is‘only one such group in the 
latter case. Hence there are five groups of order 64 which involve this H 
but no other abelian subgroup of order 16. Two of these transform it ac- 
cording to a cyclic group of order 4 while the other three transform it ac- 
cording to a non-cyclic group of this order. The total number of groups of 
order 64 which contain only one abelian subgroup of order 16 but no abelian 
subgroup of order 32 is therefore 9. 
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nie: 8. Groups containing five abelian subgroups of order 16 and are gen- 
oe: erated by every pair of them. When G contains at least two abelian subgroups 
ries of order 16 and is generated by every pair of its abelian subgroups of this 
ni order then H has a subgroup of order 4 in common with every other abelian 


subgroup of order 16. Let H, be one such subgroup and let K represent the 
uP cross-cut of H and H;. It is easy to see that K is non-cyclic and that every | 
operator of G which is not also in K has four conjugates under G. The central 
quotient group G/K involves only operators of order 2 and hence it is abelian. 
Every operator of G that is not also in K appears in one and only one abelian 
hg: subgroup of order 16 and hence G must involve five invariant abelian sub- 


ny groups of this order, and it is generated by every pair of these subgroups. 
: Hence we have established the following theorem: If a group of order 64 
7” contains no abelian subgroup of order 32 but involves at least two abelian | 
‘a subgroups of order 16 and is generated by every pair of such subgroups con- 
of tained therein then it contains exactly five abelian subgroups of order 16} 
of and each of these subgroups is invariant. | 
ler Suppose that at least one of the two abelian subgroups of order 16 con- | 
to tained in G is of type (1,1,1,1). Exactly one-fourth of the remaining | 
m operators of G must be of order 2 since every operator of order 4 in @ is / 
nd transformed into its inverse by one-fourth of the operators of this subgroup. | 
ch It therefore results that when G contains one abelian subgroup of type | 
” (1,1,1,1) it also contains an invariant abelian subgroup H of type (2, 2). | 
i If an operator of the abelian subgroup of type (1,1,1,1) transforms into | | 
their inverses all the operators of this H the remaining operators of the former | 
he subgroup must transform H in two ways determined by the two possible 
be automorphisms of order 3 of the four group. On the other hand if half of 
he the operators of H are transformed into their inverses by an operator of the H 
te said group of type (1,1,1,1) the other two transformations under this sub- 
80 group are again completely determined, and hence there are two possible such i 
'P groups of order 64 which involve an abelian subgroup of order 16 and of type | 
(1,1, 1,1). 
" It remains to determine the groups in which the five abelian subgroups 
e of order 64 are of the types (2,2), (2,1,1). There is only one such group 
1 in which each of the five abelian subgroups is of type (2,2) and there is no | 
a5 such group in which each of these subgroups is of type (2,1,1). Hence it / 
g results that every group of order 64 which involves five abelian subgroups of | 
tf order 16 but no subgroup of order 32 which is either abelian or has a central a 
a of order 8 contains at least one abelian subgroup of type (2,2). There is 
one such group which involves four abelian subgroups of type (2,1,1) and H 


hence twenty operators of order 2, and there is one which contains three 
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abelian groups of type (2,2) and two of type (2,1,1), and hence twelve 
operators of order 2. The total number of groups of order 64 which contain 
no abelian subgroup of order 32 but five abelian subgroups of order 16, and 
are generated by every pair of these subgroups is therefore 5. It remains to 
determine the groups of order 64 which involve a non-abelian subgroup of 
index 2 containing three abelian subgroups of order 16. 


9. Groups of order 64 arising from three-fourths automorphisms. In 
what follows the symbol H will be used to represent a non-abelian subgroup 
of index 2 which contains three abelian subgroups of order 16. It is known 
that a characteristic property of such a group is that it admits three auto- 
morphisms in which exactly three-fourths of the operators correspond to their 
inverses. Such automorphisms have been called three-fourths automorphisms,* 
and in the present section we aim to determine all the groups of order 64 
which arise from a three-fourths automorphism of H but do not involve an 
abelian subgroup of order 32. Since one of the products of a three-fourths 
automorphism and the group of inner automorphisms is a characteristic oper- 
ator in the group of automorphisms and the operators of the central corre- 
spond to their inverses under this automorphism, it results that the multi- 
plier so in the general theory of constructing all the groups which contain a 
given group as an invariant subgroup of prime index + can be selected only 
from the different sets of conjugates of order 2 in the central of H. Hence 
the following theorem: The number of the distinct groups which involve as 
a subgroup of index 2 a given group H and transform it according to a three- 
fourths automorphism ts equal to one more than the number of the different 
sets of operators of order 2 in the central of H which are conjugate under the 
group of isomorphisms of H. 

A group resulting from this theorem cannot involve an abelian subgroup 
of index 2 unless the central of H is of type (1,1,1-- -). Moreover, when 
one of the abelian subgroups of index 2 in H is of type (1,1,1-- -) the 
resulting group must involve an abelian subgroup of index 2. It remains 
therefore to consider the case when each of the abelian subgroups of index 2 
in H is of type (2,1,1---). If the resulting group does not contain an 
abelian subgroup of index 2 the operators of order 4 in H must have three 
distinct squares and the commutator of order 2 is the product of these squares. 
When # is of order 16 its central must therefore involve three operators of 
order 2 which are squares, three others which are the product of two squares 


*G. A. Miller, Proceedings of the National Academy of Sciences, Vol. 15 (1929), 
p. 269. 
t [bid., Vol. 14 (1928), p. 819. 
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and a commutator of order 2. Hence there are four groups of order 64 which 
arise from an H whose central is of type (1,1,1) by means of a three-fourths 
automorphism and do not involve an abelian subgroup of order 32. It results 
directly from the theorem noted at the close of the preceding paragraph that 
when the central of H is a cyclic group of even order there are exactly two 
groups which arise from a three-fourths automorphism of H. Hence there 
are four such groups of order 64, two when H involves an operator of order 16 
and two more when H involves three abelian subgroups of type (3,1). 
When H involves an abelian subgroup of type (3,1) but its central is 
non-cyclic there are two such H’s in which the commutator subgroup is 
generated by the square of an operator in the central and two others in which 
this is not the case. Each of the former gives rise to three groups while 
each of the latter gives rise to four groups, according to the general theorem 
noted above. Hence the total number of groups which results from these four 
H’s when they are transformed according to a three-fourths automorphism 
is 14. When A involves no operator of order 8 but contains an abelian sub- 
group of type (2,2) there are three groups of order 32 which may be used 
for H. In one of these the commutator subgroup is generated by an operator 
of order 4 contained in the central, and this gives rise to three groups of 
order 64 while each of the other two gives rise to four groups of this order 


but only seven of these are distinct. It remains to consider the case when 
each of the three abelian subgroups of H is of type (2, 1,1), and the central 
of H is of type (2,1). Three groups of order 64 arise from this H, and 
hence the total number of groups of order 64 which arise from three-fourths 
automorphisms and involve no abelian subgroup of order 32 is 35. 


10. Groups of order 64 arising from other automorphisms. It remains 
to consider the groups of order 64 which involve a subgroup H of index 2 
admitting a three-fourths automorphism but are not transformed according 
to such an automorphism under G and do not contain any other subgroup 
of this index which is either abelian or thus transformed. When H contains 
a cyclic subgroup of order 16 all the operators of H may be transformed into 
their fifth powers under G and there is one such group and there is also 
one such group when the operators of one cyclic subgroup of order 16 fare 
transformed into their third powers while those of the other are transformed 
into their eleventh powers. There are four sets of four operators with re- 
spect to the group of inner automorphisms which interchange the two cyclic 
groups of order 16 in H. In one of these sets there is an operator which is 
commutative with all the operators of an abelian subgroup of order 16 in H 
and hence only three of these sets require consideration here. The one which 
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involves only operators of order 4 gives rise to two groups while each of the 
others gives rise to only one group. There are therefore six additional groups 
when H contains an operator of order 16. 

When H involves three abelian subgroups of type (3,1) and its central 
is the cyclic group of order 8 there is one automorphism of order 2 which 
transforms the operators of highest order in the central and in another cyclic 
group of order 8 into their fifth powers but is commutative with the remaining 
eight operators of this order. There is one group which corresponds to this 
automorphism. Under the Sylow subgroup of order 2” in the group of 
isomorphisms of H these remaining operators of order 8 are transformed 
according to a transitive group of degree 8 and order 16 and hence this Sylow 
subgroup is the direct product of this group of order 16 and a group of 
order 2. There is clearly only one group which transforms H according to 
the product of a three-fourths automorphism and the given invariant operator 
of order 2. It remains to consider the cases when two cyclic groups of order 8 
are transformed into each other. Four of these operators would give rise 
to an abelian subgroup of order 32 and hence they do not require consideration 
here. The product of one of these and the said invariant operator of order 2 
‘gives rise to one group while the product of this and an operator which trans- 
forms H into a three-fourths automorphism gives rise to two groups. As the 
remaining product gives rise to only one group there are six groups which 
arise from this H. 

There are four other H’s which involve an abelian subgroup of type (3,1). 
When the commutator subgroup of H is generated by an operator of order 4 
contained in such an H and one of the abelian subgroups of H is of type 
(2, 1,1) there are sixteen operators in the group of isomorphisms of H which 
transform each of its cyclic subgroups of order 8 into itself and these four 
subgroups are transformed according to the octic group under the group of 
isomorphisms. The said 16 operators are generated by a three-fourths auto- 
morphism and the 8 operaters which leave invariant separately each operator 
in a subgroup of index 2 contained in H. These 8 operators do not give 
rise to a new group. Hence we need to consider only one of the operator’ 
which transform into itself each of the four cyclic groups of order 8 contained 
in H and this gives rise to only one group. 

There are eight operators which interchange two of the four cyclic sub- 
groups of order 8 which do not give rise to an additional group. The re- 
maining eight give rise to six groups,—one set of four giving rise to four J 
groups while the other gives rise to only two groups. When the four cyclic 
subgroups of order 8 are interchanged according to the invariant operator 
‘of order 2 in the octic group there is only one set of four operators which 
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do not give rise to an additional group while there are eight groups which 
correspond to the remaining three such sets. When these subgroups are trans- 
formed according to a non-invariant substitution of order 2 and degree 4 in 
the octic group there is again a set of four operators which does not give rise 
to an additional group, while the other three sets of four operators give rise 
to seven groups. As there is obviously no group which transforms the four 
cyclic groups of order 4 in H according to an operator of order 4 in the given 
octic group this H gives rise to 22 additional groups. 

We proceed to consider the possible groups which result from the H 
which has the same commutator subgroup as the preceding H but one of the 
abelian subgroups is of type (2,2) instead of type (2,1,1). The four cyclic 
subgroups of order 4 in this H are again transformed according to the octic 
group under its group of isomorphisms but the number of subgroups of index 
2 in this H is 3 while there are 7 such subgroups in the preceding H. Hence 
there are only eight operators in the group of isomorphisms of the present H 
which transform into itself each of its cyclic subgroups of order 8. Hence 
there are 3 groups of order 64 which contain this H and interchange only 
two of its cyclic subgroups of order 8 and there are 3 more which transform 
the four cyclic subgroups in pairs according to the invariant operator of 
order 2 in the octic group. As there are four groups when these four sub- 
groups are transformed according to a non-invariant operator in the octic 
group, the number of the groups which result from this H is 10. 

When H has as a commutator subgroup a non-characteristic subgroup 
of order 2 its group of isomorphisms is again of order 64 and there are four 
groups which interchange only two of its cyclic subgroups of order 8. There 
are also four groups which interchange these cyclic subgroups according to 
the invariant operator of order 2 in the octic group. As there are also four 
groups when the four subgroups are permuted according to a non-invariant 
operator of order 2 in the octic group the number of groups which arise from 
this H is 12. There is only one other possible H which involves operators of 
order 8 and there are again only 8 operators in its group of isomorphisms 
which transform each of the four cyclic subgroups of order 8 in H into itself. 
Just as in the preceding case there result 8 groups when only two cyclic 
subgroups of order 8 in A are interchanged or when these cyclic subgroups 
are interchanged according to the invariant operator of order 2 in the octic 
group. When the four cyclic subgroups of order 8 are interchanged according 
to a non-invariant operator of order 2 in the octic group there are also four 
groups, and hence the number of groups which result from this H is also 12. 
The total number of groups which involve an H containing operators of 
order 8 but none of order 16 is therefore 62. 
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It remains to consider the groups which do not involve an H containing 
operators of order 8. There is one such H which involves three abelian 
subgroups of type (2,2) and its group of isomorphisms is of order 32. Half 
of these transform into itself all the operators of the central of H and include 
the group of inner isomorphisms but no three-fourths isomorphism. These 
give rise to groups which contain an abelian subgroup of index 2 and hence 
they need no consideration here. Hence there are only four groups resulting 
from this H. When two of the abelian subgroups are of type (2,2) and the 
third is of type (2,1,1) there are six groups which arise from the auto- 
morphisms which are similar to those of the preceding H. The present H 
has, however, 32 additional automorphisms which transform into each other 
two operators of order 2 in its central. There are twelve groups which corre- 
spond to these automorphisms. When only one of the abelian subgroups of 
order 16 in Z is of type (2,2) its group of isomorphisms is of order 32 and 
the three operators of order 2 in the central of H are characteristic. Hight 
groups result from this H. When the three abelian subgroups of order 16 
are of type (2,1,1) and the central is of type (2,1) the group of iso- 
morphisms of H contains a Sylow subgroup of order 64, and H involves 15 
subgroups of index 2. The groups arising from these isomorphisms are 
covered by the following theorem: There are four and only four groups of 
order 64 which satisfy the following conditions: They involve no operator 
whose order exceeds 4 and their operators of order 4 have a common square 
which generates their commutator subgroup. Two of these four groups arise 
from three-fourths automorphisms while the other two do not have this 
property. The latter contain the H under consideration. 

When half of the operators of H not including the central are trans- 
formed into themselves and the rest into themselves multiplied by a non- 
characteristic operator of order 2 there are two groups. When all of the 
abelian subgroups of index 2 in H are of type (2,1,1) and the central is of 
type (1,1,1) there are two groups when the operators of order 4 have a 
common square and eight groups when the squares are not the same. When 
one of the abelian subgroups is of type (1,1,1,1) and the other two are of 
type (2,1,1) there are four groups. Finally, when two of the abelian sub- 
groups of order 16 are of type (1,1,1,1) there are no additional groups. 
Hence the total number of groups of order 64 which do not contain a sub- 
group of order 32 involving an abelian subgroup of order 16 which contains 
operators of order 8 is 48 and the total number of groups of order 64 is 294. 
The number of those which do not involve an abelian subgroup of index 2 
is 165. 
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A General System of Ordinary Differential 
Equations of the First Order.* 


By FEENBERG. 


Introduction to Part 1. 
The object of this section is to determine necessary and sufficient con- 
ditions that a positive valued scalar function H[w,(2), 
satisfy the inequality 


The following notation and definitions are used thruout the paper: Vectors 
are represented by Clarendon type, scalars and components of vectors by light 
face type. w==(w1,W2,* * +), an ordered set of numbers is a vector. w(k) 
is the vector obtained from w by taking 

w;(k)= 

w;(k)=0, >k. 


A vector is said to have a certain property when all the components of the 
vector have that property. A scalar function of a vector, /(w), will be 
written as /(w;) when all the components of w except w; are zero. A vector 
is on the “extended” range D, [D a sequence of positive numbers, 
if there exists a positive number e such that — eD; < 
< eD;, (j =1,2,°°-). 

Part 1. 

Consider an arbitrary range D and a positive valued scalar function, 
H(w), defined for all values of w on the extended range D. In the following 
theorems the symbols w,w’,w”, 2,2’, 2” represent vectors on the extended 
range D. 

THEOREM I. Necessary conditions that H(w) satisfy the inequality 


w(t) dt] = H[w(t)} at, where w(x) is a summable vector, 


H [w(x)] is summable, and ia w(t)dt is on the extended range D, 


(arb), are 


* Presented to the American Mathematical Society, September 7, 1928. 
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FEENBERG: A General System of Ordinary 


H(cw)—=cH(w), c2=0, H(w' H(s’)+ H(w”). 
Proof. Take w(z)—=w, (w a constant vector). Then wat) 
0 


— H (aw) and H(w)dt =2H(w). By (1.1) 
0 
1.2 H(cw)ScH(w), cZ0. 


c and w are arbitrary; replacing c by 1/c and w by cw H(w)= 1/cH (cw). 


1.3 H(cw)= cH (w). 


Hence 
1.4 H(cw)=cH(w), c= 


0. 
Take w(z)—=w’, OS By (1.1) 


Hf w'dt +. H(w')dt + fi (w" at 


Hence 


1.5 H(w’ + w”)S A(w’)+ A(w”). 


It will be shown that conditions (1.4) and (1.5) are sufficient to prove the 
inequality (1.1) for the case of a finite number of variables. 


THEOREM II. (1.4) and (1.5) are sufficient conditions that H[{w(k)] 
be continuous in w(k), (k =1, 2,---). 


Proof. Define I; as the vector with every component zero except the 
j-th component which is identically one. By (1.4) 


H(cw)=cH(w), H[c(—w)]—cH(—w), c= 0, 


Take w=I1;, c=| |, vj an arbitrary number. Then 


‘H(cw)=H( | 0; | 15) = | 


Take w = — I;, c= 


H(cw)= H(— | | 13) =| | H(— Ij). 


Hence 


1.6 H(w;)S | w; | 


Applying (1.5) & times 


(k= 1,2,° ++). 
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Thus since H(0)—0 and Limit H{w(k)|]=0, H[w(k)] is continuous at 
w(k)=0, (k=1,2,---), Let w+ By (1.5) 
1.8 H(2)— H(z”) 
and similarly 
1.9 —#)= H(2#’)—H(#). 
Take =2'(k), 3” =2"(k). Then 

Limit (k)— 2” (k)] = Limit H[2”(k)— (k)] = 0, 

Limit (H[s(k)] — H[s"(k)]} $0, 

Limit (H[3”(k)] <0. 


Hence Limit H[#"(k)] = and H[w(k)] is continuous in w(k), 


(k= 1,2,° °°). 
Take (w“), w‘?),- - -) a sequence of vectors such that each vector and 


co 

>w' are on the extended range D and >| H(w‘))) converges. That such 
j=1 j=1 

a sequence exists is readily shown from the inequality (1.7). Define 


Then by (1.1) 


Hence 


1.11 Limit 20] == (). 


In particular if w is a vector such that z [H(w;)+ H(—w;)] exists, then 
Limit H(w—w(k)] = Limit w| = 0, and Limit H{w(k)] 
= (w). 

To prove the sufficiency of conditions (1.4) and (1.5) we make use of 
a corollary to Valleé Poussin’s * integral theorem. For clearness the theorem 
is restated here in a restricted form. 

Given a sequence of functions f,(7)= 0, (n = 1, 2,° and a function 
f(x)= 0 such that on the interval (a,b) 


*“Sur L’Intégrale de Lebesgue,” Transactions of the American Mathematical 
Society, Vol. 16 (1915), p. 435. 
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¢,. Limit fn(x) = f(z) “ae.”, 

Co. fn(z) is summable, (n= 1, 2,-- -), 

C3. fn(t)dt is absolutely continuous uniformly with respect to n. 
a 


Conclusion: ¢;, C2, Cs are necessary and sufficient for c,. 


c. f(z) is summable and Limit fa(t)dt f "#(t)dt. Divide the 


interval (a,b) into n subintervals taking a= ty) S tins *S tnn = 0 as the 
points of division. A horizontal function of index n, hn(x), is defined to be 
a function such that hn(z)—= Ain, (hin a constant), on tin S 2 < tisin.* 
If F(z) is a summable function on (a,b) there exist for any method of fine 
subdivision, a sequence of horizontal functions, hn(x), such that Limit hn(x) 


— F(z) “a2.” on (a,b), Limit hn(t)dt and Limit | hn(t) | dt exist 
a n->0O a 
independent of the method of fine subdivision. Take /'(x) a non-negative 


summable function and 4n(z)=0. Then the corollary states that f i t) dt 


a 
is absolutely continuous in z uniformly with respect to n. To prove this 
identify An(z) with fn(z) and F(x) with f(x). 1, ce, c, of the theorem 
stated above are satisfied. Therefore cz; holds proving the corollary. 


THEOREM III. Gwen the conditions (1.4), (1.5) and a vector, g(z,k), 
summable on (a,b), then 


@ @ 

a a 

Proof. There exists a sequence of horizontal vectors, h‘”(2,k), such 


that Limit “ae” on (a,b), Limit f° hj™(t)dt— 


and Limit | (t) | dt = | gs(t) | dt, (7 
a n—>CO a a 
By theorem II. 

Limit H[h™ (2, = H[g(z, “a.e.” on (a,b). 


Limit (k) Ain] = Limit f° hin(t, dt] —HL “s(t, 


«= n 


By conditions (1.4) and (1.5) 


*H. J. Ettlinger. “On Multiple Iterated Integrals,” American Journal of Mathe- 
matics, Vol. 48 (1926), p. 215. 

T%,, 18 for each value of n the subscript of the last division point preceding the 
point 2, i.e., ten 
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ALS h'"(k) Ain] (ke) 

{ (t,k)]dtS Hs (t) 

=>) [A(1;)+ H(—1y)] | dt. 


Therefore 


is absolutely continuous in z uniformly with respect to m and 


i=1 a 


Hence 


THEOREM IV. Given conditions (1.4), (1.5) and a summable vector, 
g(x), such that H[ g(x) ] is finite and Limit H[g(z,k)] = H[g(z)] “a.e.” 
k->00 


on (a,b), Limit “g(t,k)at]— HL g(t)at], lat és 


absolutely continuous in x uniformly with respect to k. Then 


Proof. By theorem ITI. 
Limit HE g(t, k) dt] < Limit H[g(t, k) Jat. 
k->00 a a 


By Valleé Poussin’s theorem H[g(zx)] is summable and 


Limit H[g(t,k)]at— H[e(t) lat. 


Therefore 


The function H(w)= 


j=1 
(1.4). That (1.5) is a property of this function has been shown by Fried- 
tich Riesz.* 


( | w; | p = 1, obviously has the property 


*“Untersuchungen iiber Systeme Integrierbarer Funktionen,” Mathematische An- 
nalen, Vol. 68 (1910), p. 455. 
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Using Riesz’s result the function 


H(w)—[E(¥ (pZ1), (6 =), 


is readily found to satisfy conditions (1.4) and (1.5). 
If H(w) is an even function, [i.e., H(w)— H(—w)}, the properties 


1.14 H(w—w')> | H(w)— H(w’) |, 
1.15 A(w—w’)= | H(w+ 2)—HA(w’ +3) |. 


follow immediately from (1.8) and (1.9). 


Introduction to Part 2. 


Systems of ordinary duferential and difference equations in a countable 
number of variables are treated in Part 2. Such systems have been studied 
by a number of authors.* It is the purpose of this paper to apply the results 
of the preceding section to the establishment of certain general existence 


theorems. 
The set of hypotheses Q are as follows: 


I. a=(,d2,°* +) is a constant vector. D*(xz) is a positive vector. 
function bounded by a constant positive vector R, i.e., 0 = Dj*(x)S1;. The 
vector arguments w(x), w’ (x), (JL —=1,2,: used in 
the following hypotheses are any set of vectors such that for any vector, w(z), 
of the set, | w;(z)—a; |S D;*(z)S1j, (j=1,2,: ++). The properties 
stated are with respect to the interval OS 2b. 


II. w(x) ] = {f:[z, w(x) ], fe[z, w(x) ],° is a summable vector 


III. [Hi(w), H2(w),- - -] is a sequence of positive valued scalar func- 
tions such that on the range D: Dj = 2( | a; | + 7;), (7 =1,2,° 


a. H;(w)S Mj, M; a positive number, 

b. Hil g(t)de] = f, when H;[g(zx) ], is summable and 
g(t)at i on D, (j= 1,2,- 

IV. There exist sequences of positive valued summable functions: 


2.1 (2, w,w’), wW, w’),° 


*W. L. Hart, “ Differential Equations and Implicit Functions in Infinitely Many 
Variables,” Transactions of the American Mathematical Society, Vol. 18 (1917). : 
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Differential Equations of the First Order, 


2. 2 {Ki(z), such that 
23 SIAL K,(t)at}! f° G,[t, w (t), (t) eaists. 
1=0 0 0 a 


V. Finally hypotheses III and IV are such that: 


24 f — file. | 
S w(t), Jae 


2.5 f Ultw(t)] w(t) 
< (¢) Jat, 


(j= 1,2," 


Consider the system y(x)= f, y(t) ]dt +a. A vector absolutely 
0 


continuous in 2 and satisfying the system is a solution. It is shown that 
under the set of hypotheses Q the system has one and only one solution on 
D*(z). 

A difference system is derived from the differential system and with a 
slight modification of the hypotheses @ the existence of a unique solution is 
established. Let the interval (0,0) be divided into n subintervals by the 


points 0 = ton S tins is defined to be a vector, 
the components of which are horizontal functions constant on the subintervals i 
tin (a = 1, 2, n) Defining 


B,[i—1, wn (i—1)] = “ft, wa(i—1) Jat, 


ti-in 


the difference system is 
i-1 
¥u(i)— Balr, yn(r)] +4. i 


With the additional hypotheses: H;[f(z,a)] summable, G;(z, w, w’)= G;(z), | 
G;(x) a summable function, (j —1,2,-- -), the solution is shown to pass 
over in the limit as n becomes infinite, for any method of fine subdivision, to 4 
the solution of the corresponding differential system. 


Part 2. 


THEOREM V. Given the set of hypotheses Q then the system 


f° flty(t)]dt +a 


has one and only one solution on D* (x), OS acd. 
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Proof. By the usual method of successive approximation take 


(2)— yn (1) (i 


By hypotheses Q, II. this sequence exists for all values of &. Define 


UY (z), 


yw y* D(a), 
y® (2) + SU (2). 


By hypotheses Q, II and Q, line 2. 4 
| (a) | + | a; |, 
(a) |S" Gilt (t) (1) Jat, (bE 2). 
0 
By hypotheses Q, III and Q, line 2.5 
2.9 (2)] My, H,[U™ Jat, (k 22). 
0 
Hence by induction 
b 
2.10 H,[U®(2)]< [ f K,(t) 
0 
2.11 | (2) | 
b 
f (t)]dt, (bE 2), 
co 
| (2) | 
b b 


k 
Therefore Limit y; (x)= Limit } (x) exists [= y;(z) say]. 
k->0o 


2.13 Limit yj; (x)= (zx) 
00 


D* (zx) for any fixed value of z is a closed region. Therefore y(z) is on D*(z). 
It remains to prove that y(z) is a solution of the system. By 2.6 


2.7 
(k=1,2,---), p 
Then 
( 


Differential Equations of the First Order. 


Limit yj (2)= y; (2) = Limit (t)]dt + ay. 
k-00 0 
yO] —filby® | 
=f" Gilt y(t), ¥ UY 


@ co b 
=f ¥® My aan l K,(t)dt] 


By Q, 2.3 the term in brackets is the k-th term of a convergent series. There- 


fore 

2.14 Limit J, fily™ (t)]ae— f° y(t) 
k->00 0 0 

Hence 


ys(a)—= fil y(t) + ay, °°). 
y(z)— y(t)]dt+a and a solution exists. 
0 


To prove uniqueness assume there exists another solution, y’(z), on D*(z). 
Then 


Hyly(2)—y¥ (a) 1S (that 
It follows by induction that 


where n is any positive integer. Hence H;[y(x)—y/(x) ]=0 and 


(2) |S ¥ = 0. 


Therefore y’(z)—=y(az) and solution is unique. 

The proof of the existence theorem goes thru, with slight changes in 
the method of proof, if we require that the hypotheses Q, II, III, IV, V are 
necessarily true only when the vector arguments w(r), w’(z), w(z), 
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w’‘? (xz) are on D*(x) and are absolutely continuous on (0,0) and add the 
hypothesis that the function defined by the series Q, 2.3 is absolutely con- 
tinuous on (0,0). Sufficient conditions that Q, 2.4 and Q, 2.5 follow from 
the other hypotheses of the set @Q are 


2.15 | fs (a, w)— f;(z, w’) | S Gj (x, w, w’) H;(w— w’), 
2.16 A; [f (2, w)— f(z, w’)] S Kj (x) Hj(w—w’). 


THEOREM VI. Given the set of hypotheses Q and in addition D*(«)=R, 
there exists a unique solution of the system 


That solution exists is a consequence of Q, I and Q, II. yn(0) determines 
Yyn(1) which by Q, II is in region R. yn(0), yn(1) determine yn(2), also 
in R. It follows then by induction that yn(t) is in R and is unique. 


THEOREM VII. Given 


1. The set of hypotheses Q, 

2. G;(z, w, w’)S Gj(x), Gj(x) a positive valued summable function on 
(0, 6), 

3. H;[f(z,a)] summable on (0,0), (j=1,-°°), 

4, A method of fine subdivision of the interval (0, b). 


Conclusion: Limit yn(x)—=y(x) uniformly in z on (0, [y(x), ¥n(z) 
n->0O 
solutions of the differential and difference systems respectively ]. 


Proof. Consider a fixed value of x and for each value of n the sub- 
division containing z, i.e., tin S 2 < tisin. 


By hypothesis Q, 2. 4, if w(x) and w’(z) are any pair of vectors on R, 


Taking 


| at | Sf | @) | 


Hence given any positive number « > 0, there exists ar. integer nj > 0 such 


= 
| 
4 


| the 
con- 
from 


on 


ub- 


ch 


Differential Equations of the First Order. 


‘that for all values of n > mej, | yn(t)]dt|<«. Therefore 
2.18 | |S + m > 


By hypothesis Q, line 2. 5 if w(2) and w’(x) are any pair of vectors on D* (x) 


— f "sft, w’(t) Jat} Myf" Ky (tat. 
Take w’(x)=a. Then by 1.8 and 1.9 


Limit H;{ [t, w(t) ]dt} 0 uniformly in x and on the region R. 

2 
Therefore given any positive number « there exists a positive integer n’ej 


such that 
2. 20 Hy{ f when n> 


Take n > mej + Then 
| |S f° GO) + 6 
SM; f° +6 


By simple induction 


b 
2.21 HyLy(2)—yn(2)] Scexp [ Ks(thae], 
Then 
b b 
2.22 | Ki(tat] f° 
n> Ne) + 

and Limit ynj(z)= yj(z) uniformly in z on (0,0). Therefore Limit (2) 


=y(z). 
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Theorems V, VI, and VII are extensions of results obtained by H. J. 
Ettlinger * for linear difference and differential systems. 


UNIVERSITY OF TEXAS, 
AUSTIN, TEXAS. 


* For abstract of paper see Bulletin of the American Mathematical Society, Vol. 34 
(1928), p. 708. 
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Generalized Indecomposable Continua. 
By P. M. SwINcte. 


1. Introduction. In this paper it is proposed to generalize some of the 
more useful definitions of indecomposable continua and to prove a number 
of theorems concerning the sets thus defined. The following definitions of 
indecomposable continua are known to be equivalent: 


DEFINITION A. A continuum is indecomposable * when it is not the 
sum of two proper subcontinua (i.e. not the sum of two subcontinua different 
from itself). 


DEFINITION B. A continuum is indecomposable + when each proper sub- 
continuum is a continuum of condensation. 


DEFINITION C. A continuum is indecomposable § when it contains three 
points between any two of which it is irreducible.f 

In the generalization of the first two of these definitions the following 
definitions are useful: 

DEFINITION. The set W is a finished sum of a set of subcontinua (M) 
of W if the sum of the subcontinua of (M) contain W but no M of (M) is 
contained in the sum of the remaining subcontinua of (M). 

DEFINITION. A set Wi, W2,: - -, Wx of subcontinua of a continuum W 
will be called a convergable sequence of W under k when W, = W, Wi. ~ Wi 
(t= although contains Wi, and (Wi-.— Wi)’ ~ Wi. but 
for every subcontinuum C of Wx (Wx—C)’ = Wx. 


Definitions A and B can now be generalized as follows: 


DEFINITION A. A continuum W is indecomposable under index k, 
where k is any positive integer, when W is the finished sum of & subcontinua 
of W but is not the finished sum of & + 1 such subcontinua. 


*Z. Janiszewski and C. Kuratowski, “Sur les continus indécomposables,” Funda- 
menta Mathematicae, Vol. 1, p. 210. 

+ Z. Janiszewski and C. Kuratowski, loc. cit., theorem II, p. 212. 

tIf M is a point set, M’ will be used to denote the set composed of M and the 
limit points of M. A subcontinuum K of a continuum C is said to be a continuum 
of condensation of C when (C —K)’=0C. 

§ Z. Janiszewski and C. Kuratowski, loc. cit., theorem IV (III), p. 215. 

{A continuum C is irreducible between two points a and b of C if no proper 
subcontinuum of C contains a + b. 
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Derinition B. A continuum W is convergable under index k, where k 
is any positive integer, when W contains a sequence convergable under & but 
does not contain a sequence convergable under a higher finite index. 

It is seen that an indecomposable continuum is both indecomposable and 
convergable under index one. And it is readily seen that there exist examples 
which are both indecomposable and convergable under a higher index. 

In this paper the impossibility of generalizing definition C in a certain 
manner wili be shown. As it is based upon the idea of continua irreducible 
between two points an obvious possible generalization would be based upon 
the following definition : 


DerFrinitTion. If N is a finite subset of a continuum UM, then M will be 
said to be a continuum irreducible between the points of N when no proper 
subcontinuum of M contains N but there exist a proper subcontinuum of M 
containing any proper subset of NV.* 

While the proofs of the following theorems are given for the plane similar 
proofs can be given for a Euclidean space of n dimensions. 


2. Continua Indecomposable under Index k. 


Lemma 1. If Z is a connected subset of the connected set C such that 
C—Z=0,4+ Cy separate,t then Ci +Z ts 
connected. 

Assume that C; + Z2—2X-+Y separate. As Z is connected either X 
or Y contains it. Consider for example the case where X does. Then 
C=(C,+ Cir +: Y separate which 
is a contradiction. Thus C; + Z must be connected. 

LemMa 2. If C is a circle, I is the interior of C, and M is a continuum 
then C+ M X I is also a continuum; also every point of M X I is contained 
in a connected subset of M XI which has a limit point in C. 


It is evident that C+ MX I=Z is closed. Assume that 
separate. Let U=M—MX I’ and lett and Y XM=y. As 
C is connected either X or Y contains it. Consider for example the case 
where X does. Then contains CX M and yXC=0. Thus M 
==(U + 2)-+ y separate which is a contradiction. Therefore C-+M XI is 
a continuum. And since it is a bounded continuum every point of M XI 
must be contained in a connected subset of M X I which has a limit point in C. 


*See W. A. Wilson, “On the Separation of the Plane by Irreducible Continua,” 
Bulletin of the American Mathematical Society, Vol. 33 (1927), p. 734. 

{By W=W,+W,+.-.--+W,, separate is meant that W is the sum of the 
distinct non-vacuous sets W; no one of which contains a limit point of any other. 
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THEOREM 1. If the continuum W, indecomposable under index k, is the 
finished sum of the set of subcontinua vj; (i=1,2,:--,k) then 
of W. 

Let T; (j =1,2,° &) be the set of maximal connected subsets 
of it —Vi. Assume that W—T; 
=t,+:::-+t, separate. Then it is necessary that p be less than k+1 
for if not it is possible to take p= +1 and then W is the finished sum of 
the +1 subcontinua T7,+t, (g by lemma 1, which is 
contrary to the definition of a continuum indecomposable under index &k. 
Hence W — T, can be taken as t, + 42 +--+ --+ ty separate, where every ¢ 
is a connected set. As W—T, contains T, consider for example the case 
where ¢, contains J. Every point of ¢,’ — ¢, is a limit point of vi — Vi X vi 
as no point of J, is a limit point of any other Tj. Then just as above, 
t,’—T. is the sum of a finite number, less than &, of maximal connected 
subsets which are closed except for limit points in J, and which each contain 
points of t; since these sets are separate. Proceeding in this manner it is 
seen that (vi —vi X Vi)’ must be the sum of a finite number, less than k, 
of maximai connected subsets which are closed except for limit points in Vj. 
Thus (vi — Vi X vi)’ must be a subcontinuum of W otherwise W is not 
indecomposable under index k. 


Coro~Lary 1. If a continuum W is indecomposable under index k then 
W is the finished sum of a set of subcontinua u; (1=1,2,---,k) of W 
where every point of uj; which is contained in uy + + 
is a limit point of u;—ui X Ui. 

Since W is indecomposable under index & it is the sum of & subcontinua 
v;. And by theorem 1 the points contained in only v; of the #;’s plus the 
limit points of this point set is a continuum; that is uj = [vj — 0; 
X (vr + ve +: is a subcontinuum of W. It 
is thus seen that W is the finished sum of the set of subcontinua u; where 
every point of u; which is contained in U; is a limit point of uj; —Ui K ui. 


THEOREM 2. If W is indecomposable under index k then W is the finished 
sum of a set of k indecomposable subcontinua. 


As W is indecomposable under index & it follows by corollary 1 that 
W is the finished sum of a set of & subcontinua uj (t—1,---,k) where 
[W—(w + Ui-1 Uis1 Ux) |’. Thus if is decom- 
posable it follows that W is the finished sum of & + 1 subcontinua which is a 
contradiction. Therefore u; is indecomposable. 
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Lemma 3. If the continuum M, irreducible between two points a and b, 
is the finished sum of k indecomposable subcontinua ui (i= then 

Since M is not the sum of k—1 of the ui’s, (M—ui)’ ~M. Thus 
(M —ui)’ = A-+B* where A and B are either proper subcontinua of M 
or vacuous sets. Let C consist of the points of all those u;’s, except ui, which 
have points common with A and let D similarly consist of those having points 
common with B. As C+D does not contain u C+D~M. Hence 
CxXD=6. But (M—C)’ is a continuum irreducible between two points ft 
as is also [(M—C)’—D])’=H. But H=[M—(C+D)|’. Thus H is 
a subcontinuum of wu; but is not a proper subcontinuum of it for then C + D 
contains wu; and so M is the sum of &—1 of the w,;’s which is incorrect. 
Therefore [M —(C + D) |’ = [ui — wi K (ur + + x)’ 


= 


THEOREM 3. If the continuum M, irreducible between two points a and b, 
is the finished sum of k indecomposable subcontinua (t= 1,: then 
M is indecomposable under index k. 


Assume that M is not indecomposable under index &. Then M is the 
finished sum of a set of subcontinua vj (j =—1,2,-°--:,k4+1). Let v be 
any one of the v;’s. The set v must contain points contained in only one 
of the wi’s for every point contained in more than one of the w;’s is a limit 
point of points contained in only one of the u;’s as shown in lemma 3. And 
if all of the points of v which are contained in only one u; are contained in 
other v;’s then k& of the vi’s contain M which is a contradiction under our 
assumption. Thus v contains a point q which is contained in only one of 
the u;’s, u say, and which is not contained in any other v;. As M is irreducible 
between a and b (Jf—vu)’ must be the sum of at most two maximal sub- 
continua.{ Consider for example the case where it is the sum of two such 
subcontinua A and B. If v7 X(A + B)= 0 then v is a proper subcontinuum 
of u and .so (u—v)’ =u and so (M—v)’=M and thus contains q which 
is a contradiction. Therefore either A or B contains a point of v. Consider 
for example the case where A X v0. The set M contains an irreducible 
continuum 7 joining A and B.§ But uw contains T and so u==T. Hence 


*C. Kuratowski, “Théorie des continus irréductibles entre deux points,” Funda- 
menta Mathematicae, Vol. 3, p. 202, theorem II. 

+ C. Kuratowski, loc. cit., p. 204, theorem IV. 

¢C. Kuratowski, loc. cit., theorem II, p. 202. 

§ C. Kuratowski, loc. cit., theorem VI, p. 205. 
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if v<X B~0, v contains JT — vu and so there would have to be as many wi’s 
as vi’s contrary to our assumption. Consider then the case where v XK B= 0. 
If then (v—v X A)’ is a continuum it is a proper subcontinuum of wu and 
so q is contained in some other 1; besides v which is a contradiction. Hence 
(v—v X A)’ =X—X,+ X2 separate. And as A+v is a continuum 


M [M—(A + v)]/=Y is a continuum.* And Y+A+X=—=M—Y-+A 
ch +X,+2X. Also A+X; (j=—1,2) is a continuum as (A+v—A)’ 
its =(v—wv XA)’. Therefore either A + X, or A + Xz contains a point of Y. 
ce Consider for example the case where A + X, does. The set Y does not contain 
X; for if so YX A0 although YX q=—0. Hence is a 
18 proper subcontinuum of M containing a+ b which is impossible. Therefore 
D M must be indecomposable under index k. 
ot. 
l CoroLuary 2. If M is irreducible between two points then a necessary 
and sufficient condition that M be indecomposable under index k is that M 
be the finished sum of a set of k indecomposable subcontinua of M. 
b, That the condition is necessary follows from theorem 2. And that it is 
sufficient follows from theorem 3. 
THEOREM 4. If the continuum M, irreducible between two points a and b, 
4, is indecomposable under index k, and N is a subset of M irreducibly connected 
* between a and b, then N and M—N are both dense in M.+ 
7 As N’ is a continuum irreducible between a and b, N’ = M and so N is 


dense in M. 
Assume that M—WN is not dense in M. Since M is indecomposable 


under index & by theorem 2 M is the finished sum of a set of & indecomposable 
subcontinua uw; (i —=1,---,k). And by lemma 3 every point of M is a limit 
point of points contained in one of these w;’s alone. Hence since (M— WN)’ 
~M, (M—WN)’ does not contain every point of M which is contained in 
only one of the ui’s. Let q then be a point contained only in uj = wu and 
which is not contained in (M—WN)’. Let R be a region containing q but 
such that R’ does not contain a point of any u; besides uw nor does it contain 
a point of (M-—-N)’. Then by lemma 2 M X FR contains a maximal con- 
nected subset 7 which contains g. Then both N and wu contain 7’. Thus 
as 7” is a proper subcontinuum of u (u—T”’)’ =u. 

Since N is irreducibly connected between a and b, N—T=—N,+ Nz 


* C. Kuratowski, loc. cit., theorem III, p. 203. 
+See P. Urysohn, “Mémoire sur les. multiplicités Cantoriennes,” Fundamenta 


Mathematicae, Vol. 8, p. 226, theorem 2. 
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+ +--+; separate where ¢ is not less than two. Consider for example 
the case where N, contains a and N, contains b. Then by lemma 1 
and hence t—2. Thus and Nz are each connected. 

As every point of T is a limit point of u— 7” and so of N —T” every 
point of 7 is a limit point of either N, or N.. Hence there must exist a 
point which is a limit point of both. Thus 2+ which 
is a contradiction. Therefore M— WN is dense in M. 


3. Continua Convergable under Index k. It is evident that if 
W:, W2,° : +, We is a convergable sequence of W under & where W is a con- 
tinuum convergable under index & that Wj; is convergable under index 
k—(j—1). 

THEOREM 5. If W is convergable under index two then W is irreducible 
between two points and is the finished sum of two unbounded indecomposable 
subcontinua. 


Since W is convergable under index two there exists a convergable se- 
quence W,— W, Wz, of W under k= 2. Hence (W—W2)’~W but every 
subcontinuum C of Wz is such that (W2.—C)’—Wz2. Therefore Wz is 
indecomposable. 

Let K be a proper subcontinuum of W such that W, is a proper sub- 
continuum of K if such a subcontinuum as K exists. Then (W— W,)’ 
contains (W—K)’ and so (W— K)’-W since (W—W.)’~W. Thus 
every subcontinuum & of K is such that (K —k)’=K and so (K —W,)’ 
=K. But (W—W.)’ contains (K —W-2)’ and so (W — W.)’ = W which 
is a contradiction. Therefore there does not exist a subcontinuum of W 
such as K. 

Assume now that W— W. =X + Y separate. Then W.+ YX is a proper 
subcontinuum such as K. Hence W—W,. must be connected and so 
(W—W.)’ is a proper subcontinuum of W. Assume that (W— W.)’ 
= X-+Y where X and Y are each proper subcontinua of (W—W.)’. Then 
neither X nor Y contains W—W,. Either XY or Y must contain points of 
W:. Consider for example the case where X does. Therefore X + Wz is a 
proper subcontinuum such as K. As this is a contradiction (W— W.)’ must 
be indecomposable. If (W— Wz)’ is bounded then it contains a strongly 
connected proper subset * 7 containing a point of W. such that W.+T7 
contains a subcontinuum such as K. Hence (W—W.)’ must be an un- 
bounded indecomposable proper subcontinuum of W. 


*Z. Janiszewski and C. Kuratowski, “ Sur les continus indécomposables,” Funda- 
menta Mathematicae, Vol. 1, pp. 215-221. 
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e As contains [W—(W—W:)’]’, [V—(W—W2)’ There- 
1 fore by the above reasoning [W—(W— W.)’]’ must also be an unbounded 4 
indecomposable proper subcontinuum of W. Hence W is the finished sum i 
y of the two unbounded indecomposable proper subcontinua (W— Wz2)’ and 
[W—(W— 
h Let a@ be any point of (W—W.)’ which is not contained in 

[w—(W—W.)’/’ and let b be any point of [W—(W—W.)’]’ which is 
f not contained in (W— Wz)’. Then W must be irreducible between a and b 


- otherwise W contains a proper subcontinuum such as K, ; 
As W; contains [W —(W — W.)’]’, W2 = [W —(W — W:2)’]’ otherwise 
W. is a subecontinuum such as K. The following corollary. then has been q 
proven: 


} Corottary 3. If W is convergable under index two and W, Wz is a 
convergable sequence of W under two then W 1s the finished sum of the two 
unbounded indecomposable proper subcontinua (W—Wz2)’ and W.2= i 
[w—(W—W.)’]’. 


THEOREM 6. If W 1s convergable under index k, k 1, then W is the 
finished sum of k unbounded indecomposable subcontinua. 


Since W is convergable under index & W contains a sequence convergable 
under k, Wi = W, ++, Wee Let Wi = (i= 1,2,°° +, Then 
W = My = (My — Mus)’ + (Mer — Mer)’ + (Ms — 
+(M.—M,)’+M;. Since M, is convergable under index two it is known t 
by theorem 5 that (M.—M,)’ and M, are each unbounded indecomposable | 
proper subcontinua of W. Let 7 be such that (M:— M:-,)’ (t = 2, 3,- +, 7) 
is an unbounded indecomposable proper subcontinuum of W but this is not | 
soift¢—j-+1. Assume that contains a proper subcontinuum M which 
has Mj as a proper subcontinuum. Hence (Mj,,;— M;)’ contains (M;,,— M)’ | 
and (Mj,,—M;)’ also contains (M@—M;)’. Thus as —M;)’ 
(Mj.1 —M)’ A Mj,, and (M—M;)’~M. Thus M;,, which is convergable 
under index j-++1 contains the sequence, Mj.:, M, Mj, Mja,- -,Me2, My, 
convergabie under j + 2. As this is a contradiction a subcontinuum such as 
M does not exist. It is then necessary, just as shown in the proof of theorem 5, 
that ( Mj,1 — M;)’ be a continuum but not either a decomposable or a bounded 
indecomposable continuum. Thus it must be an unbounded indecomposable 
proper subcontinuum of W. Hence j= and so W is the finished sum of a 
set of & unbounded indecomposable proper subcontinua. 


THEOREM 7. Let W be convergable under index k and let it also be the 
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finished sum of a set of subcontinua Mi (i. =—1,:++,k). Let K be a sub- 
continuum of W which contains a point contained in My alone and also a 
point not contained in My alone. Then the points of K which are contamed 
in My alone are contained in a finite number of subcontinua of K X My. 


Let Z be composed of all the points of W which are not contained in M» 
alone. Let Q be the maximal subcontinuum of Z-+ K which contains K. 
As Z contains all M;’s except Mr, Z X Q contains at most / —1 maximal 
subcontinua. Let C,,: --,Cq be these maximal subcontinua. Assume that 
separate where n is taken greater than 
if possible. Let Qn, and Wh-tse 
If then (W—Q)’4+W 
for W is a finished sum of the M;’s. And if Q9=W, (W—W;)’~W for 
it equals Q,’. Also (Wi — Wis)’ 4 Wi since (Wi — Wiss)’ = Qn-is2’.. Hence 
since W is convergable under index & it is seen that nk at most. Thus 
Q —C, must be the sum of a finite number of maximal connected subsets. 
Let T be one of these maximal connected subsets such that 7 contains a Ci, C2 
say. Treating T’—C, in a similar manner it is seen that it must be the 
sum of a finite number of maximal connected subsets. Thus proceeding in 
this manner it is seen that K —Z must be the sum of a finite number of 
maximal connected subsets of M, from which fact the truth of the theorem 
follows. 


THEOREM 8. If W 1s convergable under index k then W is indecomposable 
under index k. 


By theorem 6 W is the finished sum of & indecomposable subcontinua M; 
(t=1,---,k). Assume that W is also the finished sum of the set of sub- 
continua Z; (j= 1,---,p). Then Z; contains a point g which is contained 
in it alone. But q must be contained in at least one Mi, My say. And from 
the proof of theorem 6 it is seen that every point of W is a limit point of 
the set of points which are contained in one M; only. Thus 7; must contain 
points which are contained in an M, and Z; only. Let x be such a point. Then 
by theorem 7, z is contained in a subcontinuum of Mn X Z;. Hence as every 
proper subcontinuum of an indecomposable continuum is a continuum of con- 
densation it is necessary that Z; contain My. Therefore p cannot be greater 
than & and so W is indecomposable under index k. 


THEOREM 9. Let W be convergable under index k and let it be the 
finished sum of the k unbounded indecomposable subcontinua M;. Then no 
M; «+1,-++,k) contains a point of k maximal 
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strongly connected proper subsets* of Mi which contain also points of Mi 
alone. 


If the theorem is not true then M; contains a point of & maximal strongly 
connected proper subsets of M; and so there exist a subcontinuum N of W 


- such that (W — NV)’ * W although NW contains a sequence convergable under 


k and so W contains a sequence convergable under index k+ 1. As this is a 
contradiction the theorem must be true. 


THEOREM 10. If W is convergable under index k then there exist a set 
of k points about which W ts irreducible.t 


Let M; be a set of & unbounded indecomposable subcontinua of which 
W is the finished sum. Let a; be a point of M; which is not contained in M; 
(j=1,---,t—1,i1+1,-++,é#) nor contained in a maximal strongly con- 
nected proper subset of M; which has a point common with any M; and 
there exist such points by theorem 9 and because of the fact that M; contains 
an uncountable number of maximal strongly connected proper subsets. If W 
is not irreducible about the set a;-+~- - -a% then there exist a proper sub- 
continuum K of W which contains it. Therefore by theorem 7, since K cannot 
contain all of some Mj, M¢.say, a is contained in a maximal strongly con- 
nected proper subset of M; which contains a point of some Mj, 7 ~c, which 
is a contradiction. Hence W is irreducible about & points. 


Corottary 4. If W is convergable under mdex k then there exist q 
points, q not greater than k, between which W is irreducible. 


There exists by theorem 10 a set of & points about which W is irreducible. 
It is then evident that this set of points must contain a subset between the 
points of which W is irreducible. 


4. Continua Irreducible Between k Points. As stated in definition C 
it has been shown that in order that a continuum M be indecomposable it is 
necessary and sufficient that M contain a set VN of & +1 points, where k = 2, 
such that M is irreducible between any combination of & of these points. Here 
it will be shown that there does not exist a set having this property for & 
greater than two. 

By definition C it is seen that an indecomposable continuum is irreducible 
between two points. A number of theorems have been proven giving neces- 

*See Z. Janiszewski and C. Kuratowski, “Sur les continus indécomposables,” 
Fundamenta Mathematicae, Vol. 1, p. 218. 


+ The continuum W is said to be irreducible about the set N of W if no proper 
subcontinuum of W contains N. 
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sary and sufficient conditions that an irreducible continuum be indecomposable, 
Here the impossibility of generalizing these, in a certain manner, is shown. 

In the remainder of this paper let N + and let M 
be a continuum irreducible between the points of N. If M is also irreducible 
between the points of N — a; + a then a will be called an a; co-end-point of M. 
The set composed of all the a; co-end-points of M will be called the a; co-end- . 
set of M and will be represented by (ai)y-a, or by (ai).* 

It has been shown that if & = 2 a necessary and sufficient condition that 
the irreducible continuum M be indecomposable is that X (a2) 0.t 
However this is not true for & greater than two as shown by the following 
theorem. 

THEOREM 11. If & is greater than two then (ai) X(a;)=0. 


Assume that (ai) X(a;) contains a point a. Let X be any subcontinuum 
of M containing N —a; and let Y be any subcontinuum containing N —a; 
such tht M+~Y. But X+ Y contains N andsoX + Hence 
either X or Y contains a in which case either X = M or Y = M which is a 
contradiction. Thus (ai) X (aj)=0. 

THEOREM 12. If Y is a proper subcontinuum of M containing N—a, 
then (M—Y)’ is a continuum irreducible between a; and any point of 
Yx(M—Y)’. 

Assume that M—Y —X4+Z separate. Hither X or Z contains aj. 
Say that Z does. Then the continuum Z + Y contains N and so Z7+Y—M 
which is a contradiction. Hence M— Y is connected and so (M—Y)’ is 
a subcontinuum of M. It is then evident that (M— JY)’ is irreducible be- 
tween ai and any point of Y X(M—Y)’ otherwise M is not irreducible 
between the points of NV. 


THEOREM 13. If M is irreducible about the points of the finite set Z 
then Z X 0. 

Assume that Z X (ai)=0. Let Yi be composed of all those points of M 
which are contained in proper subcontinua of M containing N —aj;. Let z 
be any point of Z. There exists a proper subcontinuum of M containing 
N—ai+z otherwise Z contains z. Hence Y; contains And 
since Z contains a finite number of points, n say, there exist at least n sub- 


*See C. Kuratowski, “Théorie des continus irréductibles entre deux points II,” 
Fundamenta Mathematicae, Vol. 10, p. 230. See, also P. M. Swingle, “ End-sets of 
continua irreducible between two points,” Fundamenta Mathematicae. 

+ This follows readily from the work of S. Mazurkiewicz, Z. Janiszewski and 
C. Kuratowski. See however P. M. Swingle, loc. cit. 
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e, continua of Y; whose sum contains Z + N — a; and whose sum then equals 
M. Thus Y;=M which is a contradiction, as Yi Kai—0. Therefore 
M ZX (ai). 
le 
f THEOREM 14. If M is irreducible about the finite point set Z then Z 
j- contains a subset of k points between the points of which M is irreducible. 
Since M is irreducible about the finite point set Z, the set Z must contain 
ut a subset X between the points of which M must be irreducible. Let a be the 
t number of points in X. By theorem 13 XY K(a:)40. And by theorem 11 
g (ai) X(aj;)—=0. Hence X contains at least & points and similarly N must 
contain at least x points. Hence 7—k, 
Corottary 5. If Y is a proper subcontinuum of M containing N — a; 
P then, if k is greater than two, (M—Y)’~M. 
j For if (M—Y)’=M then (M—Y)’ is irreducible between & points 
" and by theorem 12 it is also irreducible between two points. Hence by 
7 theorem 14 k = 2. 
Corotiary 6. If k is greater than two then (ai)’ ~M.* 
‘ Let Y be a proper subcontinuum of M containing N—a;. Then 
j Y X(ai)=0. Hence (M—Y) contains (ai) and so (M—Y)’ contains 


(a;)’.. Thus by corollary 5 (ai)’ AM. 


THEOREM 15. If k is greater than two and Y is a proper subcontinuum 

of M containing N —a; then Y contains (aj) (j #1). 
Assume that Y does not contain a of (aj). Then (M—Y)’ contains a. 

Let K be a proper subcontinuum of M containing N—a,;. As k is greater 

than two (NW — ai) X(N —a;)~0 andsoK XY~0. Hence K+YVisa 

subcontinuum of M containing N and so K+Y=—M. Thus K contains 

(4 —Y)’ and so contains a. Hence K contains a+ N —aj; and soK=—M 

which is a contradiction. Therefore Y contains a and so contains (a;). 

It has been shown that, for / = 2, a necessary and sufficient condition i 
that the irreducible continuum M be indecomposable is that (a,)-+(a2)= M.+ f 
The following theorem shows the impossibility of generalizing this for the 
cases where & is greater than two. 


THEOREM 16. If k is greater than two (a,)+(a@2)+: 


* For k = 2 C. Kuratowski has proven that (a;)’ = WM is a necessary and sufficient 
condition that the irreducible continuum M be indecomposable. See C. Kuratowski, 
loc. cit., Fundamenta Mathematicae, Vol. 10, p. 235, theorem I. 

7 P. M. Swingle, loc. cit. 
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Assume that (a,)-+-°--+(a:)—WM. Let Y be a proper subcontinuum 
of M containing N—a;. Then Y X(ai)—0. By theorem 15 Y contains 
the sum of the (aj)’s (ji). Hence 
By theorem 11 (ai) X(a;)=0. Hence M— Y —(a:). Thus 
(ai) (t=1,--+-+,k) is not closed while the sum of 4 —1 of the (a;)’s is 
closed. As this is a contradiction the theorem is true. 

It is possible however to generalize the (ai) co-end-set for k—2 in 
another manner. Let 7; = N — a; and let (Zi)a, =(Z:i) be the set of point 
sets which have the property that together with a; M is irreducible between 
these points. The set (Z;) will be called the Z; co-end-set of M. 

It is evident that for k #2 (Zi) (Z;)4 0 for every M. 


THEOREM 17. If Y is a proper subcontinuum of M containing the set Z 
of (Zi) then Y contains (2;), if k is greater than two. 

Let z be a set of (Zi) and b a point of Z. Then by theorem 13 
zX(b)0. And by theorem 15 Y contains (Db). Hence as the (b)’s con- 
tain z, Y contains (Z;). 

THEOREM 18. If k is greater than two, (Z1)+(Z2) +: +(Z%) AM. 

Let Z be a set of (Z;). Then M is irreducible between the points of 


Z-+a; Then contains Z +a; by theorems 13 and 14. 
Hence contains (Z,)+---+(Z,) and so 
AM. 


THEOREM 19. If B is a set of k+1 points of a continuum C, where 
k ~1 or 2, then C 1s not irreducible between every combination of k of the 
points of B. 

Assume that C is irreducible between every combination of & of the points 
of B. Then C is not irreducible between the combination of any &—1 of 
the points of B for assume that Z is a set of k —1 of these points. Then by 
theorem 14 Z must contain & points. Thus each combination of & —1 of the 
points of B is contained in a proper subcontinuum K of M. Consider the 
sum S of a set of such K’s where S contains and only contains a K for each 
combination of the points of B— where B=6b, desu, taken 
k —1 ata time and where 0; is contained in each of these combinations. Then 
S is a subcontinuum of C containing & points of B. Hence S=M. Thus 
one of the K’s, K, say, contains b;,, and so contains & of the points of B. 
Therefore K,—M which is a contradiction. Hence C is not irreducible 
between every combination of the points of B taken & at a time. 
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Differential Equations Containing Absolute 
Values of Derivatives. 


By Cuetus Opi1a OAKLEY. 


1. Introduction. In this paper we consider the non-linear differential 


equation 


(1) + pw’ + pu t+ 


where 1, fo, 41, 2, @ are real, single-valued and continuous functions of the 
real variable z throughout an interval (a,b) ; and investigate the questions of 
existence and nature of real solutions, separation of zeros, comparison and 
oscillation theorems.* Although equation (1) is non-linear, it will be re- 
ferred to as a linear differential equation with absolute values for, as we shall 
see, the solutions of it follow those of a set of related linear equations, namely: 


(2,)u” + piw’ + pou + qiw’ + u(+),f u’(+); 


(2) (Z.)u” + piu’ + pou — + quu=¢, u(+), u(—); 
(23) u” + piu’ + pou — qu’ —quu=¢, u(—), w(—); 
(24)u” + + pou + — qu=¢, u(—), wu (+). 


These equations will be known as the associated equations or the set asso- 

ciated with (1). 
In §2 we establish the existence of solutions of (1) with continuous 

first and second derivatives. We also lay down certain definitions, call atten- 

tion to the first order homogeneous equation and state without derivation two 

theorems which will be of use in the development of the subject and which 

are readily established. The case of constant coefficients is treated in § 3, 

where, in view of the richness of the material, considerable space is devoted 

to the theory centering around the homogeneous equation. In § 4 we treat 

the case of variable coefficients where the equation is again homogeneous, 

deriving identities and theorems which are in some respects similar to those 

of the Sturmian theory associated with linear equations. While the treat- 

ment is such that the classic theory can be obtained by making identically 

zero the coefficients of the terms involving absolute values, yet it should be 

pointed out that certain relations (which exist when these coefficients are 


* See Bécher, “ Lecons sur les Méthodes de Sturm,” where further references to 


the linear theory will be found. 
+ By a symbol »(+) we shall mean u is positive-valued. 
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identically zero) can not exist when the absolute-value terms are actually 
present and hence that much of the theory herein treated has no counterpart 
in the classic material. It is in this section that the prnicipal results of the 


paper occur. 


2. Existence and Nature of Solutions. We begin with the following 


DEFINITION. A function u(x), continuous in its first two derwatives 
in the interval (a,b), which satisfies the equation (1) will be said to bea 
solution of (1) in that interval. 


The interval may be open or closed. A solution of the first order equation 
would be defined in like manner. It will be instructive to begin the dis- 
cussion of the existence and nature of solutions by examining the first order 
equation 


(3) 
and its two associated equations 


(4) (4:) wu’ + pu+ qu=¢, 
w+ pu—qu=¢. 


In the first place, if ¢==0, a solution u, of (4:1) such “that w,(y)—8(+), 
where y is any point in the interval (a,b), will remain positive throughout 
(a,b) and will, moreover, satisfy (3). In a similar manner a solution wu of 
(42) with initial conditions u2(y)==8(—) will remain negative and will be 
a solution of (3). Now suppose ¢5£0 and consider u, of (4:) such that 
U,(%,)—=5(+). To the right of z, and so long as it remains positive, this 
function u,(z) will satisfy (3). Let Ze being the 
first vanishing point of uw, to the right of 2. A solution u2(x) of (42)* 
with the condition u2(r2)= 0 will match up with uw, with continuous deriva- 
tive for at xz. both. (4,) and (4,) reduce to w(r.)—4¢, with u(22)—0. 
Continuing the process of piecing together these two functions u,(z) and 
U2(x), we obtain a solution u(x), u(y)= 8, of (3), throughout (a,b). 

We turn now to equation (1) and the set (2) and confine our attention 
to what will be a typical example of the manner in which a solution of (1) 
may be obtained by matching up the solutions of (2). Consider, then, a 
solution uw, of (21) with initial conditions u,(%1)—0, 
So long as u,’ remains positive, u, will also be a solution of (1). Equation 
(1), therefore, possesses a solution at least in the open interval (2,22) where 


*The discussion here is typical rather than complete. If ¢(#,)=0 so that 
u,'(#,)=0, it may happen that u,(@) of (4,) continues to be a solution of (3). 
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lly g, is the first vanishing point of u,’ to the right of 2,. Beyond this point 
rt the solution of (2,) will continue to be a solution of (1) if and only 
he if uw,’ remains positive in the neighborhood of wz. We suppose, then 
that uw,’ is negative to the right of zx. and consider a solution uw, of the 
equation (22) such that w2(t2)—wi(a2), Ue’(%2)—=0. It is clear that 
uz will be a solution of (1) if and only if we’ is negative in the right 
“ neighborhood of zz. In order to show that uz’ is negative to the right of 2, 
we notice first that at we have, from equation (2), w”’(x2)-+ pow(z2) 
+ qou(%)—=¢ and that u(r.) is negative. Also, at this point, we get, 
from equation (22), w”’(x2)+ pou(te)+ and the solution 
defined above is such that Ue’ (%2)—= (%2)—= 0. Hence 
‘i Ue’(%2) is also negative and the solution u(x) with continuous first and 


second derivatives of equation (1) persists, through the medium of (2,) and 
(22), in the open interval (21,73) where x; is the point to the right where 
first U2 Or U2’ becomes zero. If uy’ is the first to become zero, then the solution 
u(x) of (1) may switch back to that of (21); but if we is the first to become 
zero, then, if we consider a solution uz; of (23) such that u3(r3)—=0, 
us’ (23) == Us’ (#3), a repetition of the argument carries the solution of (1) on 
by means of equation (2,) and further, perhaps,* by equation (24). Hence, 
by means of the solutions of the associated set (2), the existence of a unique 
solution with continuous first and second derivatives of equation (1)f is 
demonstrated. Moreover this is in essence a general solution according to 


the following 


DEFINITION. (A solution u(x) of (1) will be called a general solution 
in (a,b) tf u(x) contains arbitrary elements such that for every Xp in (a,b) 
and for any whatever given set of constants 8, 8 it is possible to specialize 
those arbitrary elements so as to make u(%)=8, w(%)—=&. 


For suppose we take any point y, fixed in (a,b), and contemplate the 
set of solutions v(x), v(y)=9, v’(y)—o’, where o, o’ are arbitrary real 
numbers; and further consider any point 2 in (a,b) and two constants 3, &. 
Now we have just shown that there exists a solution u(x), u(a)—8, 
w’ (%)== 8, which, if followed to the point y, will be such that u(y)—«, 


*A solution of (1) could, of course, follow those of (2,), (2,) and (2;) only; 


or of (2,) and (2,) only; ete. 
¢ By similar methods the existence of a solution continuous in its first n-deriva- 


tives of the equation 


(1) u™ + pur) +: + | | 
+ q2| ur? 


could be demonstrated. 
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u'(y)= 01’. Hence by specializing o’ to o:, we obtain from v(z) the 
solution u(x), u(2%)= 8, wu (%)=—8. Thus o’, x) is the 
general solution and the arbitrary elements are o, o’. This does not, however, 
give us the desired information concerning the way in which the arbitrary 
elements enter into the general solution. We notice that even if wu, is a 
solution of the homogeneous equation 

(1’) u” + pw’ + 

it does not follow that ku,, where & is a constant,* will be a solution; nor 
will the sum of two solutions (uw, + we) in general be a solution. Although 


the arbitrary elements evidently do not enter linearly, the notion of linearly 
dependent solutions is an important one. We have immediately the 


THEOREM I. A necessary and sufficient + condition that two solutions 
of (1’) be tinearly dependent is that the wronskian vanish identically. 

By methods that are standard in the treatment of linear equations the 
following theorem can be established. 


THEOREM II. Any solution of (1’) which together with its first de- 
rivative vanishes at a point y, vanishes identically.t 

We shall exclude this solution from consideration throughout this paper. 

The general, positive-valued solution u, of the homogeneous equation 


(3) u’+pu+q|u|=—0 
is us cxexp[— f {p(é)+ 


where ¢; is a positive constant and cy is any point in (a,b); and the general, 
negative-valued solution we is 


Uz = coexp [— 348) 


where cz is a negative constant. Hence 


U2 =(C2/c,)exp [2 q(€) dé] 


*In general ku, will be a solution of (1’) when and only when k is positive. 

* See Bécher, “Certain Cases in Which the Vanishing of the Wronskian is a 
Sufficient Condition for Linear Dependence,” T'ransactions of the American Mathe- 
matical Society, Vol. 2 (1901), p. 139. Theorem I (p. 140) shows that u,=—cuw, 
provided u.~0. If u,—=0, then u,—0 necessarily and we may use the same con- 
stant c. Finally, from the continuity of u,’, wu,’ (in particular at the zeros of w,), 
it follows that we must have the same c throughout (a, 6) even though u, changes 
sign in (a, b). 

¢ Theorems corresponding to I and II could be formulated for equation (1), ¢ =0,; 
in footnote +, page 661. 
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The general, complex-valued solution 2(2)—u(2)+ iv(e), and 
real, and v(x)540, is * 


f 
—(hs2/k,)exp [— f + 2iks exp [— fp 


where k, > 0 and kz is real and not zero. We call attention to the fact that 
the first term of z is the general, positive-valued solution, that the second 
term is the general, negative-valued solution, and that the last term is a 
solution of the ordinary linear equation. If qgs40, equation (3’) can not 
have a pure imaginary solution. 


3. The Case of Constant Coefficients. We write down the equation 
(5) u’ + au 
and the associated set 


wu” + au’ + agu+ bu’ + dou =0 
(6) (6.) wu” + aw + a.u— bw’ + dou =0 
(63) wu” + au’ + a.u— bw’ — b.u=0 
(6,) + aw’ + au + bw’ — = 0. 


Along with (5) and (6) we shall need to consider the quantities 


Mrz = 1/2 {—(a, + 61) + [ (a1 + 01)? — 4 (ae + ]*} 
thor, Moz = 1/2 {—(a, — b1) + [ (a1 — b1)? — 4 (a2 + bz) 
Msi, M32 = 1/2 {—(a, — b1) + [ (a1 — b1)2 — 4(a2 — 2) |*} 
Mery Mag = 1/2 {—(a, + 61) + [ (a1 + b1)? —4 (a2 — be) 

A; = (a1 + — 4(a2 + be) 
A, =(a, — b1)? — 4(a2 + de) 
A; =(a, — b,)2 — 4(a2— be) 
A, =(a, + 01)? — 4(a2— bz) 


which are the roots and discriminants respectively of the characteristic equa- 
tions corresponding to the set (6). If A; <0, we write mj, = aj + 1B;, 


*If z=u-+ iv is to satisfy (3’) we must have, (a) v’ + pvu=0, (b) wu’+ pu 
+ q(u? + v?)% =0 simultaneously. Equation (a) is immediately integrable. Equa- 
tion (b) represents a particular type of non-linear equation in which, because of the 
peculiar way in which v enters, the variables are made separable by making the trans- 
formation v= gt and afterwards choosing g in such wise as to satisfy the equation 
9’ + pg = 0. 

Read with + sign, M with — sign; (j =1,2,3,4). 
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% —iBj, j= 1, 2, 3, 4; i—=(—1)*%. We shall designate by yj, 
$j, tj, real solutions of (6;) as follows: 


( Exp.) { (7) yg + e™27, 0, F 
(8) vj e™ + Ay=0, mj, = = my 


(Trigonometric) (9) = ec, sin(Bj + Ay <0, 


where ¢;, Gz are the arbitrary elements and s; represents either exponential 
function yj; or v;. 

It is convenient at this point to consider some properties of (7) and (8) 
that are of fundamental importance to our problem. In the first place, sup- 
pose in (7) that mj:, and mjz are of the same sign. Then y;, with appropriate 
initial conditions to make c, and cz of one and the same sign, will represent 
a solution of (5) throughout any finite interval (a,b). This follows at once 
because in this case neither y; nor y;’ is ever zero and this solution of (5) 
with these boundary conditions remains forever on a solution of one and the 
same associated equation (6;). If boundary conditions necessary to make 
Ci, C2 Of opposite sign are imposed, then y; vanishes at one and only one point 
Z and y;’ vanishes not at all. In this case y; will represent a solution of (5) 
to the right (or left) of 2. Similarly, if mj, and mjz are of opposite sign, 
then a solution y; of (7), with initial conditions such that c, and cz are of 
opposite sign, will vanish at no point while its derivative y;’ vanishes at one 
and but one point z,. For y; to vanish at one and only one point zp» and also 
for y;’ to vanish at one and only one point x, it is both necessary and suffi- 
cient that ci, c. be of opposite sign and that at the same time mj,, mjz be 
of the same sign. Further, if mj;, mj2 are negative, then x» will lie to the 
left of 71; if mj, mj2 are positive, x will lie to the right of z;. Moreover, 
the distance (2, — %)=(log mj, — log mjz)/(mjz2— is not zero and 
is independent of ci, cz. Examining vj and assuming c.m; + 0, we note: that 
there always exist two and only two points z and 2, such that v;(z))=0, 
v; (%,)—= 0; that if m; is negative, x will lie to the left of z,; that if m; is 
positive, 2» will lie to the right of 2,; that (7, —2))—=1/my, is not zero and 
is independent of ¢:, cz. Hence any function s;(7) of the form (7) or (8) 
will possess the property that 0, sj’(z1)—= 0, provided that mj:, 
are of the same sign and ¢,, cz are of opposite sign. 

With these things in mind, we seek conditions on the coefficients of (5) 
so that a solution u(x), u(y)—8(+), u’(y)=8(+) of (5) shall be 
made up entirely of solutions s;(z) and which shall have as many zeros as 
possible in the interval from minus infinity to plus infinity. We shall con- 
sider that 8, 8’ have been so chosen that c,, cz, are of opposite sign. Two things 


ea 
hal 
hg 
| 
| 
ij 
By 


Absolute Values of Deriatwes. 665 


are evident at once:—First: In order that zeros of wu exist to the left of 
y, 8: must vanish to the left of y, say s:(%)—= 0, where a < y. Second: In 
order that zeros of u exist to the right of y, s,” must vanish to the right of y, 
say s:/(7,)—=0, 2: > y. And it follows immediately from the considerations 
above that m,, and m,2 must both be of the same sign and negative. Assuming 
that mi, and mz are negative, we follow this function s, up to the point a 
and there connect with a solution of (62). 

The solution u(x) of (5), then, will follow s; up to 2, where it will join 
to so(x) with initial conditions 8:(@1), = 0. If 
is to vanish to the right of 2, say at 22, it follows that mei, m2: must both be 
positive. We assume this condition on m1, mz2 and note that this gives u(z) 
two zeros so far—one at 2 and one at x2. In order for sg to join with s2 at 
a, and to be such that s,’(z3)— 0, v3 > %2, it is necessary that msi, mse be 
negative. Now if s, matches up with s; at zs and vanishes to the right at 24, 
say, it is obvious that s,, s2, 83, 8, will continue to match up throughout any 
finite interval (a,b) and form an oscillating solution u(x) of (5). But the 
condition for s,’ to vanish at 2, and for s, to vanish at a, is that ma, mae 
be positive and this is impossible in view of the conditions already imposed 
ON 11, M2, M21, M22, Msi, We have therefore established the following 


THEOREM III. There exists no solution u(x) of (5) made up wholly of 
exponential parts s;(x) which vanishes more than twice in any interval (a,b). 


Because of the fact that a solution of (5) may possess two and only two 
zeros we lay down the following 


DEFINITION. A solution u(x) of (5) will be said to oscillate in an in- 
terval (a,b) if, in that interval, it vanishes as many as three times. 


While the totality of conditions 
(10) Mev(-++), msv(—), mav(+), 


is not realizable, yet the order of the signs exhibited is of highest importance. 
For suppose we follow a solution u(z) as we did (in the above discussion) 
up to the point z,; and ask if at this point the solution could be continued 
by t, of trigonometric form (9)? An examination of the m’s shows that A, 
can not be less than zero when m,;(—), ™12(—), ™oi1(+), m™s1(—), 
Ms2(—). It is not difficult to show that it is impossible for any A; to be 
negative when the other m’s follow the law of signs (10). Hence the 


TxxoreM IV. There exists no oscillating solution u(x) of (5) made up 
of three exponential parts and one trigonometric part. 
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Suppose, now, ™m11(—), mi2(—), ™m2i(+), meze(-+) and that we have 
followed through on a solution wu up to the point z. If A; < 0, a solution 
ts of (63) and of form (9) will connect with s, at 22. It is obvious that t;’ 
will vanish to the right of x, at some point which we shall call z;. Further, 
if A, < 0, ¢ will match up with ¢; at zs and will vanish -to the right at a4 
from which point, it is apparent, s;, so, ts, t, will continue to match up to 
form an oscillating solution of (5). This establishes the 


THEOREM V. There exists a class of oscillating solutions u(x) of (5) 
members of which are made up of two exponential parts (where u is positive- 
valued) and two trigonometric parts (where u is negative-valued). It may 
easily be verified that: There exists another class of oscillating solutions u(x) 
of (5) members of which are made up of two exponential parts (where wu és 
negative-valued) and two trigonometric parts (where u is positive-valued), 
and that these are the only two classes of oscillating solutions containing two 
exponential parts. 


By the same methods the following two theorems are obtained: 


THEOREM VI. There exist four classes of oscillating solutions u(x) of 
(5) members of which are made up of three trigonometric parts and one ea- 
ponential part. 


THEOREM VII. There exists one class of oscillating solutions u(x) of 
(5) members of which are made up wholly of trigonometric parts. 


We list the possibilities and conditions for the sake of reference: 


For SOLUTIONS oF (5). 
Number of 
Type Conditions Classes of 
Solutions 


I. Four trigonometric parts. A, <0, 42<0, A;s<0, A, <0. 1. 


II. Three trigonometric parts, 4:< 0, 42<0, A;<0, my(+); 4. 
One exponential part. A, <0, Ac <0, mgv(—), Ay < 0; 
Ai <0, mav(+),43 <0, A, <0; 
miv(—), 42 <0, As<0, A, <0. 

III. Two trigonometric parts, A, <0, A2<0, mgv(—),ma(+); 2. 
Two exponential parts. Miv(—), Mov(+), As <0, Ay < 0. 


Now in general the distance between consecutive zeros between which a 
solution is positive-valued will not be the same as the distance between con- 
secutive zeros between which the solution is negative-valued. Whence. it 
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follows that the zeros of two oscillating solutions wu, and uw, of (5) may 
[depending upon the coefficients a:, a2, b:, 61, ¢ and upon the initial con- 
ditions (y1)—= 81, Us’ (y1) 81’ 3 U2(y2)= 52, Ue’ (v2) 82"]: (Ist), separate 
singly or coincide as in the theory of linear equations; (2nd), separate by pairs ; 
and (3rd), as an intermediate case, alternately separate and coincide. (The 
figure explains the terminology employed). 


Separation. 


Coincidence. 


(Linearly dependent 7 


solutions ) 


Coincidence. 
(Linearly independent 
solutions) 


Alternate separation 
and coincidence. / 
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4, The Case of Variable Coefficients. We begin the discussion by estab- 
lishing the following 


THeEoREM VIII. Consider the equation 
(1’) + pw’ + pou + qi |u| 


where Pr, pa, are real, single-valued and continuous in an interval (a,b). 
If neither (p2+ q2) nor (p2— q2) is zero in (a,b), then between consecutive 
zeros of u’ there ts one * of u. 

Assume the contrary and consider first the case where u is positive and 
(pe-+q2)>0. Now at points where uw’ our equation becomes 
wu” = —(p2+ qe)u and wu” is negative; the curve is therefore concave down- 
ward. There must exist, however, a point Z between 2, 72 where w’ is zero 


because of the fact that wu’ is continuous and goes from minus to plus. But 


the differential equation is not satisfied by such a point for we have (p2-+ qz) 
> 0, w’(Z)—=0, u(Z)> 0, and hence w”(Z) is positive. Similar arguments 
for the cases where wu is positive and (pz + q2)< 0, and where w is negative, 
(p2—q2)=0 will each lead to a contradiction from which the theorem 
follows. The corresponding theorem in the linear theory {| appears as a 
special case when g; == q2= 0. Also it is of interest to note that if we remove 
the non-vanishing condition imposed on the quantities (p2 + q2), (p2— qe), 
say from the latter, then the theorem will hold for wu positive but not for 
wu negative. 
We shall now consider equation (1’) written in the form 


(1”) d(Ku’)/de—L | w|—N|u|—Gu=0. 
We shall have need to consider also the associated equations 
(2:”) d(Ku’)/dx— Luv’ —Nu— Gu=0 
(2” (22%) d(Ku’)/dze+ —Nu— Gu= 0 
) (23”) d(Ku’)/dx+ + Nu— Gu=0 
(2.”) d(Ku’)/dx— Lw’ + Nu— Gu=0. 
Let uw; be a solution of an equation of the form (1”) with coefficients Ki, Li, 


Ni, Gi; and similarly let w2 be a solution of an equation of the form (1”) 
with coefficients K., L2, N2, G2; from which it follows that 


* Rolle’s Theorem would prohibit there being more than one. 

* The author obtained this theorem from the lectures of R. G. D. Richardson, 
who has had it in his notes on “Linear Differential Equations of the Second Order” 
for years. The author is not aware of its presence elsewhere in the literature. 


tab 
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(11) d(Kyuz’)/da — L; | | | | — = 0 
(12) d( Kuz’) /dx — Le | us’ | — | | — = 0. 


Multiplying (11) by we and (12) by —w, and adding we get, after sim- 
plifying by means of the equation themselves, 


(13) — /dz =(G, Ge) Use +(K, — Kz) 
+ Ly | us’ | | | + Ni | | te — | we | te 


From this the following identity is readily obtained: 


(14) (ts /U2)( Kitty’, — Kou2’u;) ]/da=(G, — G2) uz? 
+ uy? (| ur’ Le (| ue” |/u2) 
ur? (| N2(| ue |/ue2)]. 


This is a generalization of the Picone identity * in the linear theory and 
reduces to that in the event L=N =0. 

Of two functions y:(xz), y2(x), continuous in an interval (a,b), y2(z) 
will be said to oscillate more rapidly in (a,b) if it has more zeros than y;(z) 
in that interval. Let us now consider the question of the rapidity of the 
oscillation of the zeros of u, and wz (solutions of the two equations (11) 
and (12) respectively) under the following conditions on the coefficients: 
L,, Ni, Nz are non-negative; K,= K.>0, G,= G2; not all of the 
quantities Z,, Le, Ni, Ne, G1, Ge, are identically zero simultaneously. Let 
21, Z2 be consecutive zeros of u,; which is taken to be positive between 21, Ze. 
We can now state the following 


THEOREM IX. Any solution uz of (12) which is negative at some point 
y: % Sy Se, vanishes at least once in the open interval (21, 


Proof. Suppose, first, that 0, Now u2(y)< 0 and 
u2(€), will remain negative unless it vanishes in (21, 22). As- 
suming that wu. does not vanish, we integrate (14) between the limits 2, 22. 
The left-hand side yields zero. On the right-hand side we have a positive 
quantity in view of the conditions on the coefficients. The contradiction 
establishes the existence of at least one zero of uz in (2, %2). Suppose, next, 
that uw. vanishes at one or both of the end points of the interval considered. 
Even in this case it is true that w2 has at least one zero in the open interval 
(1, for then at 2, and at the determinate quantity u,’/u2’ would 


* See, for instance, Ince, “Ordinary Differential Equations,” p. 226. 
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replace the indeterminate one u;/uz in the left-hand member of (14) and an 
integration between the limits z:, +, would give the desired contradiction. 
Thus, in (2, 22), U2 oscillates more rapidly than 1. 

If u, and uz are solutions of the same equation (1”), then equation (14) 
becomes, as a special case of considerable importance: 


(15) Al K — u2’u,) |/da = K[ (ure — /Ue J? 
+ |/ur — | ue’ |/u2) + (| — | Ue |/u2). 


THEOREM X. (Given equation (1”) with the following conditions on the 
coefficients: L, N non-negative; K >0. We consider a solution u; supposed 
positive between its consecutive zeros 21, t2. Then, a necessary and sufficient 
condition for another solution uz to vanish twice and only twice in the closed 
interval (21, %2) is that the wronskian W(u, U2) be zero at some point y: 


SyS 2. 


Proof of necessity. We first note that if wz is positive in (%, %2) and 
vanishes at 2, and x2, then W =0 and the solutions are linearly dependent, 
and second that w2 can not otherwise vanish twice in (21, 2) and be positive 
between its zeros ; for then the wronskian of two linearly independent solutions 
of one and the same associated linear equation [either (21) or (22) ] would 
have to be zero at some point in (2, 22) and that is impossible. Hence if 
Uz is to vanish twice in the interior of (21, x2), it must be negative between 
its consecutive zeros. We have, then, w2 vanishing twice in (2:, 72) and nega- 
tive in between its two zeros, say yi, yo. If y1 = 21, then W[w:(21), ] 
=0. Similarly for And if y; y2==%2, and are simul- 
taneous consecutive zeros of solutions u:, w2 which are in general linearly 
independent. This possibility we noted in the case of constant coefficients. 
Finally we take y; and with ue(é)< 0, yi < < yo, and ex- 
amine the ratios u;’/u1, U2’/U2. The former passes continuously through all 
real values from plus infinity to minus infinity between z,, x2 while the latter 
passes continuously through all real values from plus infinity to minus in- 
finity in the sub-interval (y:, y2). These ratios are, consequently, equal at 
some point in (2, 22) which implies that the wronskian vanishes. This com- 
pletes the first part of the proof. 


Proof of sufficiency. Let the wronskian be zero at some point y. We 
have already seen that if wu. is positive, then W=0 and the solutions are 
linearly dependent. Discarding this case, we see that uz is negative at the 
point y and will remain negative throughout (2, x.) unless it vanishes in 
that interval. We suppose that wz is negative throughout (2, 72) and fix at- 


an 
ion. 
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tention on the identiy (15). Integrating (15) between the limits 2, and y, 
we have zero on the left-hand side and, because of the hypotheses on the 
coefficients, plus on the right-hand side which contradiction insures a zero 
of uz between 2, and y, say at y,. Similarly integrating between y and 22, 
we obtain another zero y2 of uw. Finally, if y: coincides with «, or if ye 
coincides with 22, an integration between x, and 22 as limits will bring about 
the desired contradiction. That wz can have no zeros other than y; and y2 
we have already noted. The proof is therefore complete. 

As immediate consequences of Theorem X, we set off the following 
corollaries : 


Corotuary I. No solution us can vanish twice in the open interval 
(11, and be positive between 2, >. 


Corotuary II. If W[w(y), ue(y)] =0, and WHO, 
then < 0 necessarily. 


Corotiary III. There exists a single infinitude of solutions uz each of 
which, in the interval of consecutive zeros 21, 2 of a given solution u,, vanish 
twice and only twice. 


CoroLtuary LV. No solution uz can vanish more than twice in the closed 
interval (21, Z2); that is, separation is at most by pairs. 


The information gained from and the arguments used in the previous 
theorem are sufficient to establish the following 


THEOREM XI. Under the hypotheses of Theorem X, a necessary and 
sufficient condition for a solution uz to vanish once and only once in the open 
interval (2, 2) is that the wronskian W(u;, U2) be zero at no point in 


Similar theorems could be developed for u; negative and uz positive by 
changing the conditions on the coefficients. The non-symmetric character of 
identities (14) and (15), however, suggests that it would be impossible to 
interchange the role of u,; and wz and at the same time keep one and the same 
set of hypotheses on the coefficients. And it should be pointed out explicitly 
that, in the event separation is by pairs, say, as is the case in Theorem X, 
this separation by pairs does not necessarily persist either to the right or to 
the left of the interval (z,, 22). The same could be said about single separa- 
tion. As an illustrative example, let us suppose that, in the interval (2, z2), 
separation is by pairs w2 vanishing at y, and at y2 and fix our attention upon 


* This becomes the separation theorem in the linear theory if L=N =0. 
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a small interval Ar beginning at y. and extending to the right. It is clear } 
that the zeros of u, and w2 will separate singly and mutually beyond Ag, if, © 
in that interval, L, N pass to zero and remain identically zero to the right. 
As a matter of fact this is a more stringent condition than is necessary on © 
the coefficients. Single separation would result to the right of Av if the 7 
coefficients were changed continuously to constant values of such sort that 
there would result an equality of distance between consecutive zeros. And 
there would be other conditions on the coefficients which would necessarily 
bring about alternate separation of the zeros of uw, and wo. 

Or it would be possible to pass from partial separation (i.e., alternate 
coincidence and separation) to single separation by the same type of changes 
on the coefficients. As a matter of fact, it is possible, in going from left to 
right, to pass from any one type of separation to any other with the exception, 
of course, of the case of coinciding zeros and linearly dependent solutions. 
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